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A cloud chamber with lead plates was employed to investigate the electron-photon component 
of extensive atmospheric showers at sea level. Showers containing on the average 8 x 10°, 
eX LO": and 3 x 104 particles and passing at distances of 0 —3 m from the chamber were 
selected. Energy spectra of the electron-photon component were derived, and the fraction of 
high-energy electrons and photons at distances of 0—3 m and 0—0.3 m from the shower 
axis were determined. The lateral distribution of high-energy electrons and photons at dis- 
tances of 0 —0.3 m from the axis was also obtained. 


A study of the energy spectra and of the lateral 
distribution of the electron-photon component of 
extensive atmospheric showers (EAS) has pre- 
viously been carried out both at sea level! and at 
high altitudes.*»? In these studies the region be- 
tween 0 and 10 m from the shower axis was inves- 
tigated. Comparison of the obtained spectra with 
those calculated according to the cascade theory, 
assuming the energy of the generating particle to 
be infinite,? showed that the experimental spectra 
near the shower axis are poor in high-energy elec- 
trons,* particularly at very small distances from 
the shower axis (mainly 0—1m), i.e., in the ac- 
tual shower core. 

However, previous studies!»* did not permit a 
sufficiently accurate separation of shower cores, 
and few cases in which the EAS passed at a dis- 
tance up to 1 m from the cloud chamber were reg- 
istered. Therefore, the energy spectra of the elec- 


*It must here be noted that the theoretical integral spectra 
were calculated for electrons only. However, an experimental 
separation of electrons and photons in the cloud chamber has 
until now proved impossible because of the large conversion 
probability in the upper wall of the chamber. 


trons and photons in this region were investigated 
with insufficient accuracy. 

In reference 3 showers with a number of par- 
ticles N= 2x 10° were investigated. For small 
distances between the shower axis and the cloud 
chamber a very large particle flux density (~ 100 
per 0.15 m?) was observed in the upper section. 
Therefore, a separation of discrete particles was 
difficult, a fact which lowered the precision of the 
obtained results. The results of references 1 and 
3 differ markedly from each other. It became, 
therefore, essential to investigate in detail the elec- 
tron and photon energy spectra in EAS at sea level 
in the region 0 —3 m from the shower axis, choos- 
ing showers with a small particle flux density. 


MEASUREMENT METHOD 


A rectangular cloud chamber‘ containing lead 
plates successively 1, 2, 2.5, 2, 2.5, and 1.5 cm 
thick (a total thickness of 120 g/cm”) was used 
as the registering device. 

The energy of the electrons and photons was de- 
termined from the total number of particles in the 
cascade showers which they produced in the lead 
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plates of the chamber (cf. references 1 and 3). 

In practice account was taken not of the total num- 
ber of particles moving forward in all sections 
within an angle of 180°, but only of particles in the 
region of the shower maximum. At the shower 
boundary where one or two particles should have 
been observed, the latter were strongly scattered 
in the lead and it was impossible to count them re- 
liably. Owing to the error in counting the number 
of scattered particles, the electron energy may be 
about 10% too low. 

The monitoring device was chosen with a view 
to making a more efficient separation of EAS with 
axes close to the cloud chamber possible. Two al- 
ternate methods for the selection of showers were 
employed. (The general plan of the array is shown 
in Fig. 1. = 
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FIG. 1. General plan of the array. The cloud chamber is 
represented by the dashed rectangle at the center. The coun- 
ters of the monitoring system are in trays 1—6; H —hodoscopes 
for the first monitoring system; 7—12 are the trays for the 
second monitoring system. 


1. In the first method the EAS was separated 
from the general flux of cosmic particles with the 
aid of counters connected to coincidence and anti- 
coincidence circuits. The group of counters 5 —6 
(at the center of the array) was connected to four 
channels of a coincidence circuit. The area of the 
counters connected to one channel amounted to 0.16 
m?. Each group of counters 1—4 (located at a 
distance of 3 m from the center) was connected 
to three channels of a triple coincidence circuit; 
the counter area for each channel was 0.13 m?. 

A shower was recorded only in the event that a 
fourfold coincidence in the counters of the group 
5 — 6 was not accompanied by a threefold coinci- 
dence in any one of groups 1—4. To determine 
the location of the EAS axis and the number of 
particles in the shower a GK-7 hodoscopic device 
consisting of 24 groups of 12 hodoscope counters 
each (counter area oc = 330 cm”) was employed. 
The hodoscopic device made it possible to pick 
out showers whose axes passed not further than 

3 m from the chamber; the precision in locating 
the axis was ~1 m. 
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An earlier® theoretical calculation distribution 
of the distances of the EAS axes from the center 
of the array for a given monitoring system indi- 
cated that 50% of all the showers registered by 
the array should have axes located 0-3 m from 
the chamber. In the experiment, however, 30% of 
all shower axes were found within a radius of 3 m. 
Such a discrepancy between the experimental and 
calculated values can be explained if account is 
taken of the fact that the number of hodoscopes 
fired upon passage of showers with = 3 x 10° par- 
ticles was insufficient for a determination of the 
shower-axis location. In the processing of the 
hodoscopic data this caused such events to be 
counted among the showers with axes more than 
3 m from the chamber. 

In Fig. 2 the solid line indicates the distribution 
of the distances from the cloud chamber to the axes 
of the showers chosen for processing. Showers 


with N~ 8x10? were registered most efficiently. 


FIG. 2. The distribution of 
the numbers C of EAS by the 
distances R of their axes from 
the cloud chamber. The solid 
line indicates the experimental 
distribution for the first moni- 
toring system; the dashed line 
indicates the distribution for 
the second monitoring system, 
obtained by theoretical calcu- 
lations. a 4 2 
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2. In the second method of measurement an ex- 
tensive atmospheric shower was recorded only 
when the particle flux density above the cloud 
chamber (registered by the counters) exceeded 
the particle flux density registered by counter 
groups located away from the center. 

Groups 1 —4 contained 12 counters each, while 
groups 5 and 6 had 18 each (cf. Fig. 1). The area 
of each counter was 100 cm? in the first measure- 
ment series and 38 cm? in the second. In the event 
of an EAS passing through the array, a voltage 
pulse, of amplitude proportional to the number of 
counters fired in a given group, was formed in 
each of the electronic circuits connected to the 
counter groups 1—6. If we denote the number of 
counters fired in the i-th group by mi, then the 
condition for the registration of a shower can be 
expressed as 
it, = 2, Rigen 

To determine the total number of particles in 
the recorded showers, a hodoscopic device, con- 
sisting of six groups of 24 counters each (the 
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area of each counter was 100 cm”) was employed. 
The distribution of the shower-axis distances from 
the cloud chamber (indicated in Fig. 2 by the 
dashed line) was calculated for the given monitor- 
ing system.° 

In the first series of measurements the moni- 
toring system registered most efficiently showers 
with N= 1.2 x10‘, in the second series — show- 
ers with N= 38 x 10‘ particles.* The axes of 70% 
of all recorded showers were not farther than 3 m 
from the chamber. 

To check the effect of the passage through the 
roof over the building in which the measurements 
were carried out, one tray of counters, connected 
to the hodoscopic device, was placed on the roof. 


MEASUREMENT RESULTS 


In all, 2370 EAS were registered with the first 
monitoring system, while 1830 showers with N 
= 1.2 x 104 particles (after 680 hours of operation ) 
and 436 showers with N =3 x 104 (after 420 hours 
of operation) were registered with the second mon- 
itoring system. The mean flux density of charged 
particles, determined with the aid of the hodoscopes 
on the roof, was 20% less than the density in the 
room. 

The data from the hodoscopes of the first moni- 
toring system yielded the lateral distribution of 
charged particles in the showers with N = 9 x 10°, 
as shown in Fig. 3. It can be seen that this distri- 
bution has the form 


fe 1.0 On 


e(>0)~r™, 


log p(>0) 


FIG. 3. Lateral distribu- 
tion of charged particles in 
showers with N = 9 x 10°; 

r is the distance from the 
shower axis in meters, p(>0) 
is the electron flux density 
per m?, 


Q5 logr 


The measurements yielded the integral energy 
spectra of the electron-photon component, as shown 
in Fig. 4. The flux density per square meter of 


*This was achieved by decreasing the counter area (by a 
factor of 2.6) in the monitoring system (we assumed the ex- 
ponent « in the shower number-of-particles spectrum to be 


constant). 
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FIG. 4. Integral energy spectra of electrons and photons. 
p(=E) is the flux density of electrons and photons with ener- 
gies >E (per m?) in one shower (the energy E is expressed in 
ev). The solid curve is the theoretical curve for s = 1.2 and 
E, = 10*° ev, normalized in terms of the experimental results 
for E = 10° ev and N=1.2x 10*; e-N =3x 10°, x-N=1.2 
x 10*, and o—N =8 x 10°. 


electrons and photons with energies higher than E 
was determined as follows: 


N (> E) =\ (N(B/o(E))4E, 


ig, 


p(SE)=N(SEYIC, 


where C is the number of showers, o(E) — the 
effective area of the chamber for electrons with 
energy E, and N (E) the number of such elec- 
trons and photons. 

The electron and photon energy spectrum thus 
obtained can be represented in the form 


_ = 0.65-++0.05for E = 2-10%— 10°ev, 
Meal Oe for E = 2-0* — 10!’ey. 


This agrees with our earlier results,® and also 
with the results of the Japanese authors® who, for 
somewhat larger distances (1—5 m), obtained 
y=1 for energies of 2 x 10®-10* ev, and y=1.5 
to 2 for energies of 10°—5 x 10° ev. 

To check whether the energy spectrum of the 
particles in a shower varies with the number of 
particles N in the shower, we plotted the ratio 
of the electron and photon flux density for showers 
with N=3.0x104 and N=1.2x 104 (cf. Fig. 5). 


oe (> E) = const/EY 
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TABLE I 
———————— nn | ae 
| Present work ) J | P) | [J 
iam 2a ea 
N 8-103] 1,2-104 | 3-10#! 105--3-108 | 6.4-10# 8-104--3- 10° 
p (== 10°),. mr? 1.32] 4.90 9.08 | 
0), m7? 8 13 bn 
ee | ‘tex4l i543 [taza | 1425 oxi | 2B 
TABLE II 
————._— l_—cawa— nnn 
r,m | 0-1 | ee | 2-8 | 3—6 | 6—10 10—20 
a | 3.66 1,04 0.48 0.185 0.027 0.008 
cee | 132 30.3 | 245 | 0.65 | 0.4 0.05 
10-40CN 264 73 8.6 6.5 3.0 255 
2, (2E\p, (=O axis. To estimate the number of high-energy 
; FIG. 5. The ratios of the — electrons in the region of 0 —3 m from the cham- 
flux densities of electrons and her, the theoretical lateral distribution of elec- 
“4 ee Lhe evel nee foe trons with E = 10° ev, obtained from cascade 
showers with N = 3 x 10* (p,) a 4 
and N = 1.2 x 10*(p,). The en- theory for a value of s= 1.5, was employed. 
4 1 : : ° : . * : 
ergy is given in ev. This distribution is listed in Table II (second 
’4 9 10 log E line). The third line was obtained after taking 


It can be seen that the fraction of high-energy 

(E = 2x 10° ev) electrons and photons is smaller 
in showers with N= 3x 10‘ than in showers with 
Ni 1,2,< 10°, 

In addition, the fraction of high-energy electrons 
and photons relative to all the electrons in the 
shower was determined for showers with various 
numbers of particles. As before, this fraction 
was found from the ratio of the flux density of 
electrons and photons with E = 10° ev, obtained 
from the cloud chamber data to the flux density 
of all electrons, obtained from the data of the 
hodoscopic counters:* 

A = (> 10°)/p(> 0). 

The value of A obtained is listed in Table I 
together with data by others, pertaining to a dis- 
tance 0 —3 m from the shower axis. As can be 
seen from Table I, all the results obtained for 
showers with different numbers of particles agree 
with each other within the limits of the experimen- 
tal errors. 

In working with the second monitoring system, 
we could not determine the location of the shower 


~~ *The flux density p(>0) was determined from the cloud- 
chamber measurements. On the average p(>0) obtained from 
the chamber measurements is 20% higher than that obtained 
from the hodoscopic data. This is explained by the effect of 
the passage through the upper wall of the chamber. The effect 
of the passage through the roof of the building is still not ac- 
counted for in these calculations; the correction for this effect 
is introduced in the comparison with the theory. 


into account the experimentally observed distribu- 
tion of the distances of the recorded shower from 
the cloud chamber. The fourth line includes an 
allowance for the change in the mean number of 
particles N ina shower with increasing distance 
from the axis to the chamber. From Table II it 
can be seen that for this monitoring system no 
more than 4% of the total of recorded electrons 
with E = 10° ev will be registered at a distance 
of more than 3 m from the axis. Using this esti- 
mate, we obtained the data listed in Table I for the 
region of 0 —3 m. 

It has been assumed previously’ that near the 
EAS axis the fluctuations of the high-energy elec- 
tron and photon flux density, registered by a cloud 
chamber, do not have a Poisson distribution, and 
this partially explains the discrepancy between the 
results of references 1 and 3. In the present inves- 
tigation we checked the validity of that assumption. 
For this purpose the 1800 EAS recorded with the 
second monitoring system were divided, in the 
order in which they had been registered, into 36 
groups of 50 showers each. The number of elec- 
trons and photons with E = 10° ev in each group 
was calculated, and the distribution of the obtained 
values, shown in Fig. 6, was then found. The 
smooth curve in the figure represents Poisson’s 
integral distribution, corresponding to the known 
mean number of particles per effective chamber 
area. It is clear that the experiment does not 
yield a Poisson distribution. 

Later we excluded from consideration those 
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FIG. 6. Integral distribution of 50 EAS by the 
number N of electrons and photons with energies 
= 10° ev recorded in the cloud chamber; x-—ex- 
perimental points for all showers, 0 — points ob- 
tained on excluding the 12 cases in which the QS 
shower core passed through the chamber. The 
curves are the Poisson distributions for the cor- 
responding cases, 


0 


12 cases* in which the EAS cores passed through 
the chamber, and the distribution, also shown on 
Fig. 6, was plotted. This turned out to be close 
to a Poisson distribution. Thus, as was assumed, 
the main deviation from a Poisson distribution is 
connected with the fact that in the relatively few 
cases when an EAS core passes through the cloud 
chamber, the flux density of the high-energy elec- 
trons and photons exceeds the mean flux density of 
these particles within the investigated distance of 
0—3 m. 

The passage of a core through the cloud cham- 
ber was identified by simultaneous satisfaction of 
three criteria: 

1. The electron and photon flux density, deter- 
mined from the measurements in the chamber, 
had to exceed at least by one order of magnitude 
the electron flux densities determined with the 
aid of the hodoscopes located near the chamber. 

2. The number of high-energy (= 10° ev ) 
electrons and photons observed in the chamber 
had to be greater than 7. 

3. Electrons and photons with an energy = 6 
x 10° ev had to be observed in the chamber. 

The mean flux density p (= 10°) of high- 
energy electrons and photons was 70 m~ in the 
shower core and 1.25 m~” 0.3 —3 m from the axis. 
Therefore, the fraction of high-energy particles (A) 
in the total electron and photon flux depends strongly 
on whether the events of the passages of cores through 
the chamber (A = 15%) are included in the general 
statistics or whether they are not included (in 
which case A x 10%). From this it is clear that 
the apparent “softening” of the experimental spec- 
trum for showers with N = 3 x 104 particles com- 
pared to showers with N=1.2 x10‘ can be ex- 
plained by the fact that in the second series of ex- 
periments not even one passage of a shower core 


*This number corresponds to that calculated for the given 


monitoring system. 
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through the chamber was registered (the passage 
of two or three cores was expected from the cal- 
culations ). 

In view of the fact that the number of high- 
energy electrons and photons N(=E) which 
entered the cloud chamber did not have a Poisson 
distribution, we did not take the error in the cal- 
culation of N (=E) to be of the form YN, but 
applied the formulas of the general theory of 
errors. We considered the number of high- 
energy electrons N (=E) obtained by us to be 
a linear combination of the form 


<= i 
N=o,n,+ pong t...+ Onltas 


where nj is the number of events when pj elec- 
trons with an energy =E are observed in the 
chamber. The mean-square error of the arithme- 
tic mean of the electron flux density is then equal 


to 
n 


4 V/s 
alienate tele 


where e¢j is the deviation of the observed value 
of p from the arithmetic mean: ¢€j = pj—p. The 
value o thus calculated is almost twice as large 
as the value of VN /C. 

We plotted the electron and photon energy spec- 
trum in the region of the EAS axis at distances of 
0 —0.3 m from the axis for the 12 cases of the 
passage of the core through the chamber (cf. Fig. 7). 
For such small distances the spectrum exponent y 
is 0.34 + 0.05 inthe 2 x 108- to 10°-ev energy 
range, and 1.3 + 0.2 in the 2 x 10°- to 10!?-ey en- 
ergy range. The fraction of particles with energies 
> 10° ev for these cases is A= (56+ 14)%. The 
average energy per charged particle is E ~ 3 
x 10° ev in the region of the shower axis and E 
~ 4 x 108 ev at distances of 0.3 —3 m from the 
axis. 

Using the results of our measurements, we 
found the lateral distribution of high-energy elec- 


{ FIG. 7. Integral 
-energy spectrum of the 
} electrons and photons 
i} near the EAS axis at 
thes distances of 0—0.3 m. 
i The energy is ex- 
pressed in ev. 


a g 10 log E 


trons and photons at distances of 0—0.3 m from 
- the shower axis. As the shower axis we took the 

region with the highest energy flux density, which 
also coincided for the most part with the largest 

particle density. For electrons and photons with 
an energy =10° ev (cf. Fig. 8) 


o( 10%) rA, n= 1.2+0.3. 


In reference 3 a value n=1.6 + 0.3 was obtained 
for particles of the same energy at distances of 
1—7m from the shower axis. In the work of the 
Japanese authors' the lateral distribution of elec- 
trons and photons with E = 10° ev at distances 
of 1—7 m from the axis was found to be 


p (> 10?) ~ rs, 


As can be seen, the data obtained in the present 
paper are in agreement with previous results. 


log pl >10°) 
3 FIG. 8. The later- 
al distribution of high- 
energy electrons and 
photons at distances 
rt < 0.3 m from the 
shower axis. p(>10°) 


g is the flux density of 
i electrons and photons 
with E > 10° ev per 
log? m’*. 
= ] 
-2 -1 0 


To compare the results obtained with cascade 
theory, calculations of the energy spectra of the 
electrons in the shower were carried out. It was 
assumed that the electron-photon component is in 
equilibrium with the nuclear-active component, 
and that the nuclear-active component produces 
protons with E = 10 ev (or 10! ev) with a prob- 
ability which decreases as exp(-—ypt). To carry 
out such calculations we used the results of refer- 
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ence 8. A depth of 30 radiation units was taken 
as the observation level, and it was assumed that 
S=1.2. The spectra obtained both for E = 10'2 ev 
and for E = 10!! ev coincide with those calculated 
by us previously (for s=1.2) fora generating 
particle of infinite energy and, as previously, dif- 
fer considerably from the experimental results. 

Thus, on the basis of all that has been said, the 
following conclusions can be drawn: 1) no change 
was observed in the fraction of high-energy elec- 
trons and photons with increasing total number of 
particles in the recorded atmospheric showers; 
2) the experimentally observed fraction of high- 
energy electrons and photons is much smaller than 
its calculated value, obtained for an infinite initial 
energy and under the assumption of equilibrium be- 
tween the electron-photon and the nuclear-active 
component of the shower. The latter conclusion is 
apparently explained by the fact that the initial con- 
ditions of the formation and development of the elec- 
tron-photon component in an EAS are poorly ac- 
counted for in the theoretical calculations. 

In conclusion, the authors express their deep 
gratitude to G. T. Zatsepin, I. P. Ivanenko, and 
L. I. Sarycheva for a discussion of the obtained 
results, and also to D. F. Rakitin, O. N. Novoselov, 
I. A. Ivanovskaya, B. M. Mozhaev, and L. K. Bo- 
charov who took part in the measurements at vari- 
ous stages of the work. 
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The yield of photoneutrons from a thick lead plate totally absorbing a monochromatic electron 
beam was measured. The experimental curve is compared with the theoretical curves com- 
puted with the aid of the Belen’kii-Tamm equilibrium spectrum. The absolute energy calibra- 
tion of the monochromator was based on the threshold of the (y, n) reaction in oxygen and 


carbon. 


PHOROREUTRON yields for certain elements, 
calculated with the aid of the Belen’kii-Tamm 
equilibrium spectrum, have already been given 
earlier.! The reasons for using the results of the 
cascade theory to estimate the number of photo- 
neutrons produced under electron-accelerator con- 
ditions were also cited there (cf. also reference 

2 ys 

The purpose of the present work was the exper- 
imental determination of the phontoneutron yield 
from an essentially infinitely thick lead plate to- 
tally absorbing a monochromatic electron beam, 
and the comparison of the experimental and calcu- 
lated results. 

In setting up the present experiment, we have 
preserved the basic features of the experimental 
method proposed by Gol’danskii and Shkoda- 
Ul’yanov? for the determination of photoneutron 
yields from thick blocks. We note that the results 
of reference 3 can also be used to estimate the 
possible number of photoneutrons in experiments 
with electron accelerators, albeit at higher ener- 
gies than those considered in this paper. 

Figure 1 is a schematic diagram of our exper- 
iment. Our experiment differs from that proposed 


FIG. 1. Experimental setup (schematic). 


earlier® by the fact that a monoenergetic beam of 
electrons, and not photons, falls directly on the in- 
vestigated sample and has a bremsstrahlung spec- 
trum. In this way, a Faraday cup can be used 
simultaneously as the electron-beam monitor and 
as the photoneutron source (cf. also references 4 
and 5). 

The linear accelerator of the Physico-Technical 
Institute of the Ukrainian S.S.R. Academy of 
Sciences, with a peak output energy of 30 Mev, 
operating with fifty 1-w~sec current pulses per 
second, served as the electron source. The 
monoenergetic beam, 4, obtained with the aid of 
the magnetic monochromator, 1, located at the 
accelerator exit and with the aid of the collimator 
system, 2, was directed at the target, 8, placed at 
the center of a 80 < 80 X 80-cm paraffin cube. The 
first collimator, 2, similar to the one used by 
Brown and Wilson,® was a sectional cylinder with 
an outer diameter of 80 mm, and a total length of 
450 mm, consisting of three sections; 150 mm 
aluminum, 200 mm graphite, and 100 mm lead. 
The inner opening had a 10 xX 20-mm rectangular 
cross section. The second and third collimators, 
4, were made of graphite and had an outer diame- 
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ter of 50 mm, an inner-opening diameter of 20 
rom, and a length of 200 mm. 

The energy resolution of the beam extraction 
system was 0.4%. The target was placed at a dis- 
tance of 5 m from the monochromator. The col- 
lecting collimator was set in a wall aperture and 
surrounded by sand with an admixture of borax and 
by a lead shield, 3. Additional shields of lead, 5, 
and paraffin, 6, were placed around the graphite 
collimator. 

The boron counter, 9, similar to the one pro- 
posed by Hanson and McKibben,’ was used to 
measure the neutron yield. The counter was 
placed inside the paraffin cube, 7, and was in ad- 
dition surrounded by a 50-mm thick boron oxide 
layer, 11, and by a 2-mm thick cadmium layer. 

A special electronic circuit switched on the coun- 
ter only during the time interval between the 
pulses of the accelerator current, with a 1.5-psec 
delay. This made it possible to avoid counting the 
gamma quanta and to get rid of the electromag- 
netic disturbances appearing during the pulse. 

The neutron counter worked in the region of 
direct proportionality between the neutron count 
and the current incident on the target. The meas- 
urements were carried out with currents on the 
order of 107!? amp. 

To determine the absolute photoneutron yield, 
the counter was calibrated against a standard 
Ra + Be source with a yield of 4.88 x 10° + 3% 
neutrons/sec. 

The investigated target, 8, was made in the 
form of a Faraday cup, whose thick portion, 
serving as the photoneutron source, had a thick- 
ness on the order of 20 radiation units. Thus, the 
incident electron beam was practically completely 
absorbed in the investigated target (cf. also ref- 
erences 3 and5). The Faraday cup was carefully 
isolated from the vacuum jacket in which it was 
placed, and was connected by means of a coaxial 
cable to the precision electron-current integrator, 
which served as a negative-feedback de amplifier 
(cf. aiso references 8 and 5). 

Figure 2 shows the measured photoneutron 
yield from a thick lead plate as a function of the 
electron energy in the interval from 10.5 to 20.5 
Mev (curve 2), and also the neutron yield curves, 
1 and 3, calculated with the aid of the Belen’kii- 
Tamm equilibrium spectrum in accordance with 
the excitation functions of the photoneutron reac- 
tion in lead.”!° The points for curve 2 were Leos 
istered in the 150- to 400-kev energy interval. 
Each point is the result of 5— 7 measurements. 
The statistical spread of the pulse count did not 
exceed 2%. The background was measured by re- 
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FIG. 2. Photoneutron yield (Q’) as a function of the elec- 
tron-beam energy. To determine the absolute value of the yield 
(per electron), Q’ must be multiplied by 10~*. 


moving the Faraday cup, and amounted to 0.5% for 
energies below and not more than 3% for energies 
above the threshold of the (y,n) reaction in car- 
bon. In the latter case the neutrons were mainly 
produced in the graphite collimator, 4 ( Fig. 1). 

The absolute energy calibration was against the 
(y,n) reaction threshold in oxygen and carbon by 
the activation method; samples of beryllium oxide 
and polystyrol were used for this. We estimate 
the calibration accuracy at about 100 kev. 

As can be seen from Fig. 2, our experimental 
data are in better agreement with the results of 
reference 10 than with those of reference 9. 
Apparently, the values given in reference 9 for the 
function of photoneutron production in lead are 
much too large. Comparison of the experimental 
and theoretical photoneutron yields in lead permits 
us to conclude that the Belen’kii-Tamm equili- 
brium spectrum can be successfully used for the 
purposes cited in reference 1. True, one must 
bear in mind that for certain elements the excita- 
tion functions of the photoneutron reaction, meas- 
ured by different authors, give considerably dif- 
fering absolute values (cf. references 9 and 10). 

Following earlier ideas,* we have also esti- 
mated the integral cross section for photoneutron 
production in lead, and obtained a value of 2.6 
b-Mev. We assumed that the energy for which the 
cross section attains its maximum value is 13.8 
Mev. Our integral cross section agrees with the 
value of reference 10, 2.17 b-Mev. With the avail- 
able data on photoneutron yields? it is also possible 
to determine the excitation function of the photo- | 
neutron reaction in the investigated element. 


YIELD OF PHOTONEUTRONS EMITTED FROM LEAD 


However, to obtain reliable results in this case, 
it is necessary to measure the energy dependence 
of the photoneutron yield with greater precision 
and for smaller energy intervals, in view of the 
need of determining the first and second deriva- 
tives. 

At present we are making some improvements 
in the experimental methods. These will obviously 
not change appreciably the absolute value of the 
measured yield, but will, we hope, permit a suf- 
ficiently precise calculation of the excitation func- 
tion of the photoneutron reaction in lead from the 
photoneutron yield curve. 

The authors express their gratitude to A. S. 
Litvinenko, A. I. Charkin, V. A. Skubko, V. L. 
Auslender, V. I. Gomonai, and A. M. Parlag who 
took part in the work, and also to A. K. Val’ter and 
I. A. Grishaev for their interest in the work and 
for a discussion of the results. 

In conclusion, the authors consider it their 
pleasant duty to thank L. E. Lazarev and V. I. 
Gol’danskii for their valuable advice and remarks. 
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KINETIC ENERGY OF FRAGMENTS FROM THE PHOTOFISSION OF U 
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A double ionization chamber was employed to study the energy distribution of uU2® photo- 
fission fragments. Gamma rays with E,,max = 70 Mev were produced by the synchrotron 


of the Physico-Technical Institute. A topological plot of the fragment kinetic energy distri- 
bution is compared with diagrams representing the fission of heavy elements induced by 


neutrons of various energies. 
INTRODUCTION 


‘Tue photofission of heavy nuclei has not yet been 
investigated with sufficient thoroughness. Most 

of the literature (see reference 1, for example) 
has been concerned with a) fission cross sections, 
b) the number of neutrons per fission event, c) the 
mass distribution of fragments, and d) the corre- 
lation between the directions of fragments and the 
gamma-ray beam. 

Only two papers have appeared on the energy 
distribution of fragments,?"* which is important 
both for the understanding of the fission mecha- 
nism and for reactor technology .* The data pre- 
sented in references 2 and 3 were obtained by 
means of pulse ionization chambers with elec- 
tron collection. The apparatus was able to reg- 
ister the energy of only one fragment per fission. 
We believe it is extremely important to determine 
the energy distribution of fragments as completely 
as in the case of neutron-induced fission.» ® A 
comparison of the distributions for photofission 
and for neutron-induced fission could be very im- 
portant for the further development of fission 
theory. 

The present paper reports some results ob- 
tained by our laboratory during 1955 in investiga- 
tions of the photofission of heavy nuclei, particu- 
larly (Oy 


EXPERIMENTAL PROCEDURE 


For the measurement of photofission fragment 
energies we used two pulse ionization chambers 
with electron collection (Fig. 1). The target ma- 
terial was deposited on the common high-voltage 
electrode 5 of the chambers, which are more fully 
described in references 5, 6 and 13. Figure 1 is 
a block diagram of our apparatus. Voltage pulses 


238 


gamma-ray beam 


PIC 


FIG. 1. Block diagram of apparatus. LC —lead collimator, 
PIC — pulse ionization chamber, 1— ionization chamber en- | 
trance window, 2—compensating electrode, 3—collecting | 
electrode, 4—screening grids, 5— common high-voltage elec- 
trode, 6—Zapon film bearing layer of uranyl nitrate, 7 — aper- 
ture for passage of gamma-ray beam (present in all electrodes); 
(the second half of the chamber is a mirror image of the first 
half); 8-—exit window, R, and R, —resistors from which volt- 
age pulses are taken. 9— preamplifiers, 10—main amplifiers, 
11—time gate, 12—control circuit of loop oscillograph, 13— 
MPO-2 loop oscillograph. 


from the resistors R were amplified by the pre- 
amplifiers 10 and were then fed to the time gate 
11, which blocked the amplifier outputs except 
when gamma rays were passing through the cham- 
bers; this was done in order to obviate electrical 
induction produced by the synchrotron. Pulses 
passing through the time gate and control circuit 
12 reached the MPO-2 loop oscillograph 13 for 
motion-picture recording. The ionization-cham- 
ber electrodes were positioned perpendicular to 
the direction of the gamma-ray beam. 

The synchrotron of the Physico-Technical In- 
stitute of the USSR Academy of Sciences provided 
a gamma-ray beam with Eymax = 70 Mev, which 
was defined by a lead collimator LC. Compen- 
sating electrodes in the ionization chambers 
served to compensate pulses induced by the gam- 
ma radiation. Compensation was facilitated by 
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increasing the duration of gamma-ray pulses 
from 10 to 1500 psec. The maximum gamma- 
ray energy of 70 Mev was selected to produce a 
greater intensity in the giant resonance region, 
since photofission is known to result mainly from 
the absorption of photons in this energy region. 

The target was a layer of uranyl nitrate, con- 
taining a natural mixture of uranium isotopes, 
which was deposited on a Zapon film fastened in 
a brass ring of 40 mm inside diameter. A thin 
layer of aluminum deposited on each side made 
the film an electrical conductor; its thickness in- 
cluding the aluminum was 30 ug/em?. The thick- 
ness and uniformity of the uranyl nitrate layer 
were determined from the alpha-particle spec- 
trum of natural uranium. The spectrum regis- 
tered on the uranyl nitrate side is shown in Fig. 
2; the spectrum registered on the film side does 
not differ essentially. The thickness of the uranyl 
nitrate deposit was 320 yg/ cm?. The alpha-parti- 
cle energy peaks were used as reference values 
in determining the fission fragment energies. 


418 416 


FIG. 2. Alpha-particle spectrum of natural uranium 
registered on the uranyl nitrate side of the target. 


E Mev 


Chuvilo® found that all detected fragments from 
a natural uranium target result, to within 1%, 
from the fission of U2%. The film-recorded am- 
plitudes V, and V», of heavy and light fragments 
were proportional to the number of ion pairs pro- 
duced by each fragment in the chamber, i.e., they 
were proportional to the kinetic energies E, and 
E, of the fragments. We have assumed that the 
energy required to produce an ion pair is identical 
for fragments and alpha particles. We measured 
the pulse heights on a flat projection obtained by 
means of a photographic enlarger. 

Thus each fission event was associated with 
two numerical values E; and Ep»; the indices 
1 and 2 pertain to the chambers (chamber 1 was 
closer to the synchrotron target). Figure 3 
shows Wik = nik/Nikmax, the distribution (in 
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FIG. 3. Topological plot — contour lines of the surface 
Wi (E,, E,). The coordinates represent the energies E, and 
E, of the two fragments in Mev. 


relative units) of the numbers of cases nik of 
different pairs of values for E, and Ey. Cor- 
rections for energy losses in the target amounted 
to 5%. Figure 3 also shows lines representing 
E,/E, =const. All results are given without cor- 
rections for source thickness and the ionization 
defect. Errors in the positions of the maxima 

in the graphs equal half of the interval width used 
in plotting. 


RESULTS AND DISCUSSION 


The contour lines of the surface Wi, were 
plotted in Fig. 3 for intervals AWjx = 0.2, thus 
revealing only the most general features of the 
surface. However, detailed topological informa- 
tion is very important for the understanding of 
the fission mechanism. Because of the discrete- 
ness of the data we studied slices of Wj, of 
finite width in different directions. We found it 
most useful to consider slices formed by planes 
parallel to the coordinate planes, perpendicular 
to the principal diagonal and to the XY plane, 
and by planes perpendicular to the XY plane 
and intersecting the latter along lines of constant 
E,/E,. We were interested in the dependence of 
nix and N=2Znj, on E;, and Ep, i.e., on the 
local topology and ‘‘mass”’ of the slices. We 
shall show that the type of slice and N are de- 
termined by the limitations imposed on i and k. 

The main characteristic of the surface 
Wik (E,, E,) is its mirror symmetry with re- 
spect to the vertical plane through the principal 
diagonal (E, =E,). This symmetry denotes that 
either a heavy or a light fragment is ejected in 
a given direction with equal probability. 

Any asymmetry of these fragments would 
easily be detected in Fig. 4, which represents 
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FIG. 4. Photofission fragment yield of U*® as a function 
of the mass ratio m,/m, = E,/E,. 


_ the total number of cases in slices of type 
A (E,/E,) as a function of E;/E,. Figure 3 
shows that the most probable fragment energies 
are 87 and 61 Mev, while Fig. 4 indicates that 
the most probable mass ratio is 1.36. Thus the 
ratio of the most probable masses, m,/m, 
= E,/E, = 1.43, does not equal the most prob- 
able mass ratio. Similar discrepancies are 
found in the neutron-induced fission of U?® and 
238 5.6 
If it is assumed that a U2* nucleus loses two 
neutrons in each photofission event, the most 
probable light and heavy fragment masses will 
be 100 and 136, thus agreeing, within the limits 
of error, with radiochemical results for 238 10 
A second important characteristic of Wj, 
is the presence of two pronounced symmetrical 
hills having ridge lines parallel to the coordinate 
axes. This indicates constancy of the most prob- 
able energies E7 and Ep, of light and heavy 
fragments for different intervals AE, and AK. 
Similar hills have been found on the corre- 
sponding surfaces for the neutron-induced fission 


of U7, 233, py?) and Pu24!,5-§ and for the spon- 


taneous fission of Cf**.!! In these cases the 
median lines of the ridges were curves whose 
tangents formed small angles with the coordinate 
axes. Figure 3 clearly shows that when E,/E, 
=m,/m, =const there is considerable spread 
of the combined fragment energy ZE = E, + Ey, 
and a smaller spread of the most probable values 
of this energy. Figure 5 shows the number of 
instances nj, asa function of ZE for different 
slices between adjacent planes E,/E, = const. 


Between E;,/E,=1.2 and E,/E,=1.1 the curves 


exhibit two peaks. For larger values of E,/E, 
the most probable value of the combined energy, 
corresponding to the left-hand peak in Fig. 5, is 
reduced. For E;/E,=1.5 to 1.4 this peak be- 
comes a barely perceptible step, and for E,/E, 
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FIG. 5. Total fragment (kinetic) energy SE =E, +E, in 
U?** photofission for different mass ratios E,/E,. 


= 1.6 to 1.5 it disappears completely. The right- 
hand peak, which is just noticeable for E,/E, 
=1.1to 1.0, is gradually transformed into the 
only peak with the change of E,/E, from 1.6 — 
1.5 to 1.9 —1.8. 

Wahl"? has observed a similar characteristic 
of the combined-energy distribution for U?* 
fission induced by 14-Mev neutrons, although a 
clear separation of the two peaks was not ob- 
served. 

The left-hand peak of the curves in Fig. 5 re- 
sults from the existence of a bridge connecting 
the two hills of the Wj, surface. This bridge 
is absent in the spontaneous fission of Cf*®* and 
slow-neutron fission of U?®, but appears with 
increasing energy of the neutrons that induce 
U5 fission. Fission in which the points of the 
Wi, surface are on the bridge is often called 
symmetric. We note, however, that not only 
actually symmetric fission, but many asym- 
metric fissions are represented by points near 
the bridge. | 

Figure 6 shows the total number of fission 
events corresponding to vertical slices of XE 
=const at 3-Mev intervals. The most probable 
value, 2Epr> was 150 Mev. It is interesting that 
the bridge on the Wj, surface is most pro- 
nounced for ZE < ZEp>p. 

We shall now consider the total number of 
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FIG. 6. Total fragment energy from photofission of U’*’. 


fissions as a function of E, for E, =const at 
1.5 -Mev intervals (Fig. 7). This corresponds 

to the measurement of fragment energies in only 
one of the two chambers. The dashed curves in 
Fig. 7 represent the energy distributions of heavy 
and light fragments as determined by means of 
both chambers. Our curves are in satisfactory 
agreement with reference 3 when a correction for 
target absorption is introduced, but differ con- 
siderably from reference 2. 

Our data also provided us with the energy 
spectra of fragments for three intervals of ZE 
(Fig. 8). It is here seen that the valley between 
the peaks in Fig. 7 does not characterize sym- 
metric fission, because each ordinate in Fig. 7 
is the sum of the corresponding ordinates for the 
three curves in Fig. 8, and a peak of the curve in 
Fig. 8c almost coincides with valleys of curves 
a and b. 

In conclusion, we present a summary of the 
quantities that usually characterize the energy 
distribution of fission fragments. The authors 
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FIG. 7. U?** photofission fragment energy E, measured 
with a single chamber. The dashed curves represent light and 
heavy fragment energies measured separately by means of two 
chambers. 


FIG. 8. U?%* photo- 4 
fission fragment ener- 
gy E, in one chamber 
for three different in- 
tervals of total frag- 
ment energy: a— 

105 < SE < 135 Mev; 
b—135 < XE < 165 
Mev; c—165 < XE 

< 195 Mev. 
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Corrected Correction 
No. Experimental quantities Uncorrected | for source | for ioniza- 
thickness tion defect 
| 
1 | Most probable light-fragment energy, Mev 87=1 94.524 +5.6 
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3 | Ratio of most probable energies 1,43+0.04 | 1.42=0 04 
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5 | Half-width of high-energy peak, Mev 47 | 
6 | Half-width of low-energy peak, Mev 19 
7 | Valley-to-peak ratio for high-energy peak 0,7 
8 | Most probable total (kinetic) energy LE, Mev 150+2 SY) ee” +12.4 
| 
9 | Half-width of total energy peak, Mev 31 | 
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The position and the width of the K x-ray absorption edge of crystalline and amorphous 
selenium are measured. The dependence of the main absorption edge on the thickness of 


the absorber is investigated. 


Ta main K x-ray absorption spectrum of selen- 
ium was investigated by a number of authors.!~? 

In stating their experimental methods, the authors 
did not indicate the structure of the absorbers; 
apparently they investigated crystalline selenium. 

Investigating the L absorption spectrum of 
selenium, Rudstrom and Sjoberg‘ found that a 
transition from the crystalline into the amorphous 
state leads to a change in the absorption spectrum. 
In connection with these results, the investigation 
of the K absorption spectrum of crystalline and 
amorphous selenium is of interest. 

The investigation was carried out with the aid 
of a bent-crystal Cauchois-type spectrometer with 
a radius of 41.6 cm. We used the reflecting (201) 
planes of a mica crystal. The absorbers were pre- 
pared: a) by vacuum evaporation, and b) by glueing 
powder onto a mica foil. The thickness of the ab- 
sorbers varied from 4 to 160 u. 

We found the position of the main absorption 
edge of crystalline selenium to be K =12652.6 ev 
(977.86 xu). This value coincides with the results 
(12653.4 ev) of other authors.!»? 

W. H. Zinn determined the width AK of the 
main absorption edge by Ross’ method.® The value 
determined by this method depends on the thickness 
of the absorber. Therefore, we used Sandstroém’s 
method® for determining the width of the main ab- 
sorption edge. The value obtained by Sandstrom’s 
method does not depend on the thickness of the ab- 
sorber, and amounts to 17.2 ev, i.e. 1.33 xu, in- 
stead of 7.9 ev as found by Zinn. 

We also observed the structure elements of the 
main absorption edge which had been observed by 
Hulubei and Cauchois,*® namely the ‘‘white line’’ at 
a distance of 5 ev, and the ‘‘black line’’ at a dis- 
tance of 13 ev from the main edge. 

An increase in the absorber thickness leads to 
the appearance of ‘‘structure’’ in the main absorp- 
tion edge. This structure was observed on the 


The main K absorption 
edge in selenium for various 
absorber thicknesses. J, is 
the intensity of the transmit- 
mitted x-ray beam. 
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short-wave side by Parratt, Hempstead, and 
Jossem,’ and by Vainshtein,® who also explained 
this effect. Our experiments show that on in- 
creasing the absorber thickness, structure also 
appears on the long-wave side (see the figure). 
On increasing the absorber thickness to 160 yu we 
observed a 1.8-ev shift of the point of inflection of 
the K absorption edge of selenium, towards 
shorter wavelengths. Such a shift was predicted 
by Sandstrém,® and also experimentally shown in 
other works."8 

The investigation of amorphous selenium led to 
the results listed in the table, where 6 denotes the 
distance between the main K absorption edges of 
crystalline and amorphous selenium. It should be 
noted that Shiraiwa, Ishimura, and Sawada? inves- 
tigating germanium observed that the transition 
from the crystalline to the amorphous state caused 
a 4-ev shift of the point of inflection of the K ab- 
sorption edge, towards higher energies. This re- 
sult is analogous with our result. 

From the table it can be seen that during a 
transition from the crystalline to the amorphous 
state the width of the main edge increases by 
(4.65 40.5) ev. However, since even an estimate 
of the error in such measurements is difficult, it 
seems to us that only the increase itself in the 
width of the main edge is of interest. 

Small amounts of impurities affect both the 
position of the point of inflection and the width of 
the main absorption edge of selenium. We ob- 
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K AK 
ev | xu ev | xu 
| 
Crystalline state 12652.6 977.86 “fee Jess 
Amorphous state 42649.8 | 978.08 2428 1,69 
8 2.8 | —0.22 —4,.6 | —0.36 


served this effect when investigating 99.9% pure 
selenium. 
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It is found that the characteristic energy losses of electrons in Fe exhibit a discontinuity 
at a first-order phase transition(a —y-transition). The effect is analyzed on the 


basis of the plasma model. 
1. FORMULATION OF THE PROBLEM 


[yvesticaTions of the fine structure in the 
principal K absorption edge of x rays in iron 
have shown that there is a marked change in this 
structure when the absorber is heated above the 
temperature of the a —y-transition (910°C). 

It has also been shown that there is a connection 
between the fine structure in the x-ray K edge 

in Fe and the magnitude of the characteristic en- 
ergy losses of electrons at room temperature; 
these have been investigated by Kleinn.? 

The characteristic energy losses of fast elec- 
trons which pass through thin layers of matter or 
are reflected from bulk samples have been dis- 
cussed frequently in the literature.*-” 

In some of this work the following model is as- 
sumed: the fast charged particle, passing through 
the solid body, undergoes an inelastic collision 
with a valence electron and loses a certain amount 
of energy in transferring this electron to the next 
allowed energy band of the solid. 

In this analysis the positions of the maxima of 
the characteristic energy losses are chosen in all 
investigations (except reference 1) to correspond 
to the extrema of the fine structure of the x-ray 
absorption spectrum on the short-wave side of the 
principal edge. Many of the experimental data are 
in agreement with this interpretation; in particular, 
the data are in agreement with the conclusion that 
the magnitude of the characteristic losses € ~ 1/a?, 
where a is the lattice constant of the crystal.° 

However, a considerable portion of the experi- 
mental data is not consistent with this one-electron 
analysis of the effect. To explain this discrepancy 
it has been proposed that the charged particle in- 
teracts collectively with many valence electrons 
in the solid (cf. references 8—11). This interac- 
tion leads to the excitation of collective (plasma) 
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oscillations of the electron gas; the frequency of 
the plasma oscillations satisfies the dispersion 
relation w? = wh + ak*, where Wp = (4mne2/m )*/2, 
n is the number of electrons per unit volume, 
e is the charge of the electron, m is the effective 
mass of the electron, k is the wave number for 
the plasma wave and a is a proportionality factor. 
The low-wavelength limit of the plasma oscilla- 
tions is determined by the mean inter-electronic 
distance rg = (3/4mm )¥/3, Consequently there is 
an upper limit on the wave number: k <Ke. In 
metals akg « w}. The energy of the photon as- 
sociated with the plasma oscillations (plasmon), 
which are excited by a fast charged particle which 
passes through or is reflected from the metal, is 
given by 


ho ~ ho, = h (4nne?/m)”. 


This energy agrees with the value of the first char- 
acteristic energy loss for such a particle. 

We note that there is also a compromise point 
of view,” according to which some of the lines in 
the characteristic losses are associated with the 
excitation of plasma oscillations, while others are 
associated with single-electron transitions between 
energy bands in the solid. 


2. EXPERIMENTAL METHOD 


We have measured the characteristic losses in 
iron with an electrostatic electron velocity analyzer 
of original design. '3)!4 The device provides acceler- 
ating voltages up to 75 kv and a resolving power of 
0.5 ev. 

The electron-optical system of the analyzer 
consists of an illuminating system (cathode, controi 
electrode, anode, illumination iris and electrostatic 
condenser ), which is inclined 8° to the optical axis 
of the analyzer, a sample holder, an analyzing lens, 
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and a camera. The design of the sample holder is 
such that the horizontal position of the sample and 
its inclination with respect to the axis of the instru- 
ment can be adjusted. The samples used in this 
work consist of plates 3 —4 mm wide, 0.08 — 0.10 
mm thick, and 25 mm long. The samples can be 
heated to 1200°C by passing direct current through 
them. The analyzing lens provides a dispersion of 
0.2 mm/ev at an electron energy of 75 kev. The 
camera contains a movable magazine with twelve 
plates (6 x 9 cm) which are used to photograph 
the energy spectra of the reflected electrons. 

In this work we measure the characteristic en- 
ergy losses of electrons reflected from the sample 
in the following manner. 

An electron beam with an energy of 70 —75 kev, 
produced by the illumination system, strikes the 
sample being investigated at a glancing angle of 
4°. The electrons which are reflected at the same 
angle (angle of observation) strike a narrow slit 
(width approximately 3) located above the ana- 
lyzing lens and are analyzed by the latter into an 
energy spectrum which is recorded on the photo- 
graphic plate. 

A vacuum of 5 x 107° mm Hg is maintained in 
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the apparatus. The temperature of the sample is 
measured with an accuracy of approximately 20° 
by means of an optical pyrometer. 

The characteristic losses in Fe have been in- 
vestigated at temperatures of 20, 800 and 930°C. 
Two control pictures are taken at 600°C. Each 
picture at room temperature is taken immediately 
after the sample is heated to 700 — 800°C. This 
preliminary heating serves to remove any organic 
film which may form on the sample; a new film 
does not have time to form during the exposure 
time (1.5 min). This procedure is found to be 
mandatory. On pictures obtained at room tem- 
perature with samples which are not preheated, 
it is impossible to obtain well resolved lines, in 
spite of careful surface cleaning; the smearing of 
the lines is due to energy losses in the thin film 
of organic contaminant which forms on the sample. 
From 6 to 11 pictures are taken at each tempera- 
ture. A photometric analysis is then made with 
an MF-4 recording microphotometer. Typical re- 
sults of an analysis of this kind are shown in Table 
I. The photometric curves for Fe at 20 and 930°C 
are shown in the figure. The position of the line is 
determined by means of markers made in the ex- 


TABLE I 
Ob sae T, °C Characteristic electron energy losses in Fe, ev 
1 _— 13,5 20.5 = == 
2 6.6 14.9 PH) 44 53 
3 7.0 16.2 2a 42 55 
4 20 7.5 BAO) oped 57 
i) 8.8 14.4 — — 53 
6 — — 22.3 3f 57 
phOtoate see Eee oe [7580.1 14,840.7 |21.540.6] 40+2 5542 
7\ Control Uc a7 19 — 
a} paorogeatita on 74 14.6 | 20.4 44 35 
9 7.9 VS rad 24155 45 58 
10 7.0 a ANTI AI) tss 39 54 
44 800 Seo NET 20.2 — 53 
12 8.2 13.0 2022 42 60 
13 7.4 14,4 24 — 58 
14 8.6 139 21.5 45 60 
A 

photographs 914| 800 | 8,440.5 |13,240.5|20.7£0.8| 4342 5723 
15 10,3 22a 33 — 54 
16 10.6 Presa = 42 BA 
17 10.6 22S 32 44 54 
18 O37 24.3 39 — 
iG 10,9 24.5 — — — 
20 930 LEZ, ZA 32 — 53 
24 ‘lab 22.9 33 42 55 
22 8} PES: _ 43 -- 
23 10.4 22ee — 53 56 
24 AOR 26.2 _— — 56 
25 TAD, Pal Uh 34 — 54 

Average : ne 
photograshe 12298 930 |14.020.6| 23+4 334 4221 5441 
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a 20 40 60 Bev 

The characteristic energy losses (E) of electrons reflected 
from Fe. The energy is computed from the line corres ponding 
to elastically-scattered electrons. The numbers on the verti- 
cal lines indicate the abscissa of the maxima and give the 
characteristic losses in electron volts (cf. Table I). The 
blackening of the photographic plates which record the re- 
flected electrons is plotted along the ordinate axis. 


posure at every 9.5 ev. With this procedure it is 
possible to determine the positions of the maxima 
of the characteristic losses with an accuracy of 
0.5 —0.8 ev with respect to the zero line (elastic 
scattering ). 


3. EXPERIMENTAL RESULTS 


The experimental results may be summarized 
as follows. The characteristic losses in a@-Fe 
(body-centered cubic, a = 2.86A) investigated at 
20, 600 and 800°C are found to be independent of 
temperature. The first characteristic loss at 20°C 
is (7.5 + 0.7) ev. The next two lines, 14.8 and 21.5 
ev may be considered multiples of the first. The 
difference in the value of the second characteristic 
loss (13.2 ev) at 800°C (close to the Curie point ) 
as compared with the value at 20°C (14.8 ev) ap- 
proaches the limiting accuracy of the experiment. 
In order to verify that there is in fact no change 
in the characteristic energy losses in transition 
through the Curie point, we have carried out ex- 


periments with a nickel sample (Tc = 330°C). 

No change is observed in the energy of the char- 
acteristic losses as the temperature of the sample 
is varied from 20 to 500°C; this result can be seen 
from Table II. 

The characteristic energy losses in y-Fe 
(face-centered cubic, a= 3.60A at 940°C) are 
considerably different from the energy losses in 
a-Fe. The first characteristic energy loss is 
(11.6 + 0.6) ev. The next two lines (23 and 33 ev) 
can also be considered multiples of the first. 


4, DISCUSSION OF THE EXPERIMENTAL RE- 
SULTS 


We first interpret these results on the basis 
of single-electron transitions. According to this 
picture, the increase in the lattice constant which 
occurs in the a@ —y-transition should lead to a 
reduction in the energy losses (because € ~ 1/a?). 
This conclusion, however, is in contradiction with 
the experimental results: the a — y-transition in- 
creases the characteristic losses. Thus, the single- 
electron transition analysis does not agree with ex- 
periment even insofar as determining the sign of 
the change in the energy of the characteristic los- 
ses due to a change in the interactomic distances 
and a change in the crystal lattice; for this reason 
we are forced to interpret the experimental re- 
sults on the basis of a plasma-oscillation picture. 

The valence electrons in Fe are 3d and 4s 
electrons. The latter are conduction electrons. 
The 3d electrons are usually considered strongly 
bound, i.e., heavy particles (m ~ 30) with wave 
functions localized at the atoms. Hence we shall 
assume that only the 4s electrons in Fe partici- 
pate in the plasma oscillations. Setting the effec- 
tive mass equal to the mass of the free electron, 
we use the formula hwy =f (4mme?/m )/2 to com- 


TABLE II 
Number of ee oe i ee 
photograph Tae Characteristic energy losses in Ni, ev 
1 7.0 20 27 33 
2 20 10.7 22 28 os 
3 8.0 20 a 33 
4 9.0 49 - a 
se a | OP ce on ee a 
9 10.4 19.0 28 33 
6 9.5 19.0 28 33 
a 2 9.5 18.4 26 35 
8 9.5 16.3 Be 33 
ears : 500 | Se ia Osa) | 18.2209 2744 34+1 
photographs 5— 
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pute the number of 4s electrons for q@ and y-Fe. 
This calculation gives approximately 0.5 electrons 
at an atom for a-Fe and approximately 1.2 elec- 
trons per atom for y-Fe. This estimate is in 
agreement with the calculation of the electronic 
structure of metallic a@-Fe made on the basis 

of a self-consistent field analysis with exchange 
effects neglected. In this calculation the con- 
figuration 3d'-?4s?-® is obtained, i.e., metallic 
a-Fe has 0.8 of a 4s electron per atom. 

The marked difference in the number of 4s 
electrons per atom in a@-Fe as compared with 
that in y-Fe casts doubt on the validity of setting 
the effective mass equal to the mass of the free 
electron in the formula given above. 

It would seem more reasonable to explain the 
observed characteristic energy losses of elec- 
trons in iron in terms of excitation of collective 
oscillations. However, the nature of the charac- 
teristic losses in Fe will require additional inves- 
tigation; this question is far from resolved at 
present. 

The fact remains, however, that an allotropic 
transformation in iron is accompanied by a change 
in the characteristic energy losses. 
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The interaction of 930-Mev protons with emulsion nuclei has been investigated, special at- 
tention being directed to interactions involving the emission of multiply charged particles 
with Z =3 from the nuclei. The relative yields of isotopes of hydrogen, helium, lithium, 
and nuclei with Z = 4 were determined for disintegrations of light and heavy nuclei with 
three or more prongs. The cross section for the production of lithium isotopes in the 
disintegration of Ag and Br nuclei was found to be (135 + 13) mb; for fragments with 

Z = 4 the cross section was (62 + 11) mb. The angular and energy distributions of the 
fragments, multiplicity of fragment production, dependence of the fragment-production 
probability on the number of a particles and protons in one disintegration, and other 
characteristics of the fragmentation process were studied. The fragmentation mechanism 


is discussed. 
1. INTRODUCTION 


Lyvestication of the phenomenon of the 
emission of multiply charged particles (frag- 
ments ) in nuclear disintegrations, for various 
energies of the incident particles and various 
atomic numbers of the target nuclei, indicates 
a number of interesting characteristics of 
this phenomenon: a sharp increase in the cross 
section for fragment production and an.increase 
in the number of fragments per disintegration 
with increasing energy of the incident protons, 
a considerable angular anisotropy of the pro- 
duced fragments relative to the direction of 
the incident protons, a connection between the 
probability of fragment emission and the total 
energy transferred to the nucleus during the 
collision, and others. Interest in the phenom- 
enon of fragment production in nuclear disin- 
tegrations produced by high-energy particles 
has considerably increased recently in connec- 
tion with the question of the existence of 
correlated clusters of nucieons in nuclei and 
the presence of collective interactions between 
the high-energy particles and these clusters. 
The data describing the properties of the 
emitted fragments is at present far from com- 
plete, and sometimes contradictory, which 
leads to great differences in the basic points of 


view on the nature of the fragmentation process. 


Some of the known facts prove to be difficult to 
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explain within the framework of generally ac- 
cepted ideas on various interactions of high- 
energy particles with nuclei (nuclear cascade, 
evaporation, fission). However, another basic 
point of view which envisages the production of 
fragments by a quite distinct mechanism of 
nuclear disintegration’? has not yet been sup- 
ported by sufficiently weighty evidence. 

The possibility of direct investigation of 
many characteristics of the fragments emitted 
in disintegrations by means of the nuclear 
emulsion method makes this method very valu- 
able for a study of the fragmentation process. 

In this article we present experimental ma- 
terial on the interaction of 930-Mev protons 
with emulsion nuclei, particular attention being 
directed to disintegrations accompanied by the 
emission of fragments with Z = 3. 


2. EXPERIMENTAL METHOD 


Especially fine-grained type P-R emulsions, 
used in the experiment and prepared in N. A. 
Perfilov’s laboratory without additional sensi- 
tization in triethanolamine, were irradiated 
in the 930-Mev proton beam of the Birmingham 
(England) proton synchrotron. Figure 1 shows 
the sensitometric characteristic of the emulsion 
for charged particles. As can be seen from the 
figure, although the emulsion was also sensitive 
to relativistic electrons, the grain density of 
relativistic particle tracks was insufficient for 
a reliable visibility on the random grain back- 
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FIG. 1. Sensitometric characteristic of P-R emulsion not 
sensitized with triethanolamine. 


ground, and therefore only protons of energy = 
500 Mev were reliably recorded. But the low 
contrast of the emulsion (i.e., the weak varia- 
tion of dN/dR with dE/dR ) leads to the forma- 
tion of a great number of gaps between grains 
at the end of the range of tracks produced by 
particles of charge Z = 3, which permits use 
of the ‘‘scale’’ method! for identifying particles 
of charge Z = 1, 2, and 3. The tracks of parti- 
cles with Z = 4 had almost no gaps close to the 
end of the range and, furthermore, were marked 
by a very noticeable thinning down; therefore 
they could be reliably distinguished from parti- 
cles of smaller charge. The charge of particles 
in the region Z = 4 was measured by the 
method® of integral track-width measurement* 
at a given distance from the end of the range. 
The ‘‘scale method’’ used in this work to 
identify particles with Z = i, 2, and 3 was 
first used by Serebrennikov® and later devel- 
oped by Rimskii-Korsakov.! This method is 
based on studying the track by means of an eye- 
piece scale with uniform divisions of a given 
length. When the scale is superimposed over 
the track image, the grains of the track overlap 
part of the scale divisions. Each track is 
characterized by some number G of overlapped 
scale divisions completely filled by grains of 
the track at a given distance from the end of the 
range. This number is a nonlinear function .of 
the grain density dN/dR. The choice of the size 
of the scale division is determined by the region 
of values of dN/dR in which the estimate given 
by the scale most strongly depends on dN/dR, 
and in this way one can obtain the best separa- 
tion of the particles in the grain density region 
of interest to us. For the emulsion used by us, 
a scale division length of 1.25y in the plane of 
the object gave the best separation of particles 


*The method involves the measurement of the particle’s 
track width on successive segments from the end of its range, 
and the summation of all the values obtained on the preceding 
segments. 
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in the region of 120 — 180 grains per 100p, 
which corresponded to particles of charge one 
to three at the end of the range. 

In the analysis of nuclear disintegrations the 
scale was used for the analysis only of tracks 
of particles stopping in the emulsion with ranges 
> 60 and dip angles = 30° to the plane of the 
emulsion. For particles with Z = 4, only tracks 
of length > 15y were taken; multiply charged 
particles of smaller length were regarded as re- 
coil nuclei. The following criteria were used 
for separating the disintegrations into disinte- 
grations of heavy and light nuclei of the emul- 
sion: 1) total charge of the particles in the 
disintegration (for ZZ > 8 the disintegration 
was regarded as that of a heavy nucleus); 

2) the presence or absence of a recoil nuclei 
(when there was a recoil nucleus, the disinte- 
gration was regarded as that of a heavy nucle- 
us); 3) the presence or absence of short-range 
q@ particles or protons of range < 50p and 

< 100p, respectively (in the case of short-range 
particles the disintegration was regarded as 
that of a light particle). Disintegrations which 
could not be classified by all three criteria, 

i.e. disintegrations with ©Z = 8 withouta 
recoil nucleus and not having any short-range 
particles, were regarded as disintegrations of 
light nuclei, although some of them may, of 
course, have been due to disintegrations of 
heavy nuclei. Since, however, the relative 
amount of disintegrations not satisfying the 
above criteria is small, the uncertainty intro- 
duced by our separation is also correspondingly 
small. Indeed, since only disintegrations having 
three or more prongs (i.e. 2Z = 3) were 
studied, the doubtful disintegrations could be 
only those containing no recoil nuclei and with 
total particle charge 3 = 2Z <8, which con- 
stituted only 14% of all disintegrations. The 
use of the third characteristic (a@-particle and 
proton energy ) reduced this value still further. 


3. EXPERIMENTAL RESULTS 


To determine the nature of particles in the 
region of Z between 1 and 38, a total of 1054 
Stars with three or more prongs was analyzed. 
Of these, 905 stars were classed as disintegra- 
tions of heavy nuclei and 149 as disintegrations 
of light nuclei. The estimate of the fragment 
yield was obtained from the fact that out of 1430 
stars with three or more prongs it was found 
that the number of stars with fragments of 
Z=4 were 103 and 30 for the heavy and light 
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nuclei, respectively. In order to study the pro- 
duction process for such fragments, an addi- 
tional 147 stars with fragments of Z =>4 were 
found. 

Among the disintegrations with fragments of 
Z = 4, the major part consisted of disintegra- 
tions in which one or several fragments of 
Z< 12 were emitted. Sometimes, however, 
disintegrations were observed with two 
multiply charged fragments having approxi- 
mately the same range of the order 8p and 
emitted in opposite directions; according to 
Shamov,’ such stars should be considered to 
be cases of the fission of the silver nucleus. 
Eleven such events were observed, which con- 
stituted about 5% of the total number of disin- 
tegrations with fragments of Z = 4. 

In Fig. 2 is shown the distribution of the 
G values, obtained with the aid of the scale, 
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FIG. 2. Distribution of evaluation of G (over 125y range) 
obtained by means of the scale method for particles stopped 


in the emulsion. a) Disintegration products of heavy nuclei 
of the emulsion; b) light nuclei. The dotted lines indicate 
the G-value distribution for protons. 


for tracks of particles emitted in the disinte- 
gration of light and heavy nuclei. It is seen 
from the figure that the tracks of singly and 
doubly charged particles with ranges = 62.5y 
are clearly separated; for tracks of Li nu- 
clei and of doubly charged particles of the 
same range, the separation is much poorer. 
In the same figure are shown the distributions 
of the evaluation of G for tracks of known 
protons in emulsion of the same type; also 
shown are the mean values of G for tracks 
of protons, @ particles, and Li nuclei. The 
mean values of G for Li ions were obtained 
by measuring the tracks of Li®, which give 

a characteristic T shape in the emulsion; and 
for the analysis of the a-particle tracks we 
used a particles from the decay of Be® 
nuclei. 

The obtained distribution of G values for 
the nuclear disintegration products clearly 
shows the presence of some isotopes of hydro- 
gen (heavier than H') and, possibly, helium. 
Knowledge of the shape of the G-value distri- 
bution curves for H! and He?’ isotopes would 
permit an analysis of the obtained G-distribu- 
tion curve and allow one to find the ratio of the 
isotope yields of singly and doubly charged 
particles. In the present work, however, it 
was possible to do this only for the hydrogen 
isotopes, since we did not have an a-particle 
source of sufficient energy to calibrate the 
emulsions. 

The table gives the characteristics of nu- 
clear disintegrations with three or more prongs . 
analyzed in this work. As seen from the table, 
a high yield of H? and H® isotopes was ob- 
served in comparison with H!. The relative 
number of Li® isotopes is extremely small in 


Characteristics of nuclear disintegrations with 
three or more prongs 


Characteristics of stars Ag, Br CG NMO 
H isotopes 3.7=£0.8 2.640.7 
Mean number He isotopes 0.85-0.14 1.7£0.3 
of particles Li isotopes 0.18+0,04 0.10£0.04 
Fragments with Z 24 0.10+0.04 0.09+0.03 
i Li isotopes Ha yesel 2048 
ae section, | Fragments with Z > 4 62414 4845 
mi 
He? + He?# - 
Bat ie ne feo fe 0.22+0,07 0.66+0.12 
: 5 H? + H? 
Relative yields Filia = He H+ He 0.18+0.8 —_ 
Lis 
———_————— + 0.03+0.04 
Lies Li's Lie 0.042+0.009 ).0 
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comparison with the lighter isotopes of lithium. 
Figure 3 shows the distribution of 46 meas- 
sured tracks of particles with Z = 4 produced 
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FIG. 3. Distribution of tracks of particles with Z 2 4 as 


a function of the integral width J. The shaded area corres- 
ponds to T-shaped tracks of Li® and B’. 


in the disintegration of Ag and Br nuclei as 
a function of their integral width. In the case of 
tracks with dip angles = 30° (in unprocessed 
emulsion), 7 segments were measured through 
3.5u. For the calibration we used the T-shaped 
tracks, part of which proved to be Li® and 
part B®. Shown in the figure are the values of 
the integral width for particle tracks of various 
charge relative to the width of the Li® tracks 
for an assumed dependence on Z of the integral 
width of the form VZ. The analysis of the dis- 
tribution shown in Fig. 3 indicates that the ratio 
of the number of fragments Be: B:C:N:0O 
corresponds approximately to the ratio 15:16: 
7:6:2. It should be noted that the number of 
recorded Be fragments is considerably re- 
duced, owing to the decay of the Be® isotope 
into two a particles immediately after emis- 
sion from the nucleus. 

The production cross sections for the indi- 
vidual products of nuclear disintegration were 
evaluated from their frequency in the observed 
number of disintegrations of emulsion nuclei 
with three or more prongs on the basis of the 
production cross section of the latter, which 
was (859+57) mb (according to the data of 
Philbert® ). The cross sections calculated in 
this way are also shown in the table. 

It should be noted that the cross section for 
the production of 1Li® fragments is ~2 mb, 
in close agreement with the value (1.1 + 0.3) 
mb found by Munir’ for the disintegration of 
Ag and Br nuclei at the same incident particle 
energy, but turns out to be considerably larger 
than that for particles of lower energy. Simul- 
taneously with the increase in the cross section 
for the production of multiply charged particles, 
the multiplicity of the fragment production 
process also increases with the energy of the 


incident particles. Thus, for 71 disintegrations 
with one fragment of Z = 4, there were ob- 
served 24 disintegrations with two fragments 
and 8 disintegrations with three fragments, 
while for a proton energy Ep) = 660 Mev the 
number of disintegrations with two and three 
fragments were 4 and 0.8%, respectively, of 
the number of disintegrations with one frag- 
ment.'° 

For disintegrations with fragments of 
7 = 4* an additional analysis was made of the 
various characteristics of nuclear disintegra- 
tion in order to explain the nature of the frag- 
mentation process. The angular distribution of 
the fragments with Z = 4 in the disintegration 
of Ag and Br nuclei are characterized by a 
considerable anisotropy with respect to the di- 
rection of the incident particles. The forward— 
backward ratio in the laboratory system turned 
out in this case to be 2.3 + 0.7. 

The mean number of singly and doubly 
charged particles in disintegrations with frag- 
ments was 8, which is considerably greater 
than the mean number of particles in ordinary 
disintegrations. 

In Figs. 4 and 5 are shown the relative 
probability of the emission of fragments with 
Z = 4 in stars with various numbers of parti- 
cles for proton energies Ep < 30, 2 30, and 
= 100 Mev, relative to the total number of dis- 
integrations with a given number of particles. 
While the relative probability of the emission 
of fragments sharply increases with the number 
of slow particles (Ep < 30 Mev) and with the 
number of particles of cascade origin (Ep = 30 
Mev), the probability of emission of a fragment 
decreases with an increase in the number of 
fast ‘‘cascade’’ particles (Ep = 100 Mev). 

Also investigated were the energy and angu- 
lar distributions of the disintegration products 


FIG. 4. Dependence of probability 
W of fragment emission with Z > 4 in 
disintegrations of Ag and Br nuclei on 
number of particles Npa in one dis- 
integration with Ep, < 30 Mev at three 
energies of incident particles. The 
data for E, = 460 and 660 Mev are 
taken from the work of Lozhkin.? s6omev 


OF 2-3 45 6-7 6-9 
pa 


*Fragments with Z = 3 were not considered, since they 
could be separated from @ particles only statistically. 
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FIG. 5. Dependence of probability W of fragment emission 
with Z 24 in disintegrations of Ag and Br nuclei on the num- 


ber of particles nq in one disintegration: a) with energy 
Ep 2 100 Mev; b) with energy E, 230 Mev. 


of the Ag and Br nuclei. For singly and 
doubly charged particles the results of the pres- 
ent work are in good agreement with the results 
of Lock et al.!! for the same incident-proton 
energy Ep. 

The energy distribution of Li fragments 
shown in Fig. 6 was obtained by subtracting 
the range distribution for helium from the total 
distribution for helium and lithium; it is in 
satisfactory agreement with the energy distri- 
bution of Li® reported by Munir,? and also 
with the energy distribution of Li in the dis- 
integration of Ag and Br nuclei by 6.2 Bev 
protons ns 


Number of cases 


FIG. 6. Energy distribution of Li fragments in disintegra- 
tions of Ag and Br nuclei by protons of energy: E, = 930 Mev 
(solid line), E, = 6.2 Bev’? (dotted line). 


A study of the angular correlation between 
multiply charged particles and fast ‘‘cascade”’ 
particles led to the dependence portrayed in 
Fig. 7, which shows a considerable predomi- 
nance of angles of emission of fragments in 
the region 30—90° with respect to the cas- 
cade particle. However, owing to the aniso- 
tropy of the distribution of the fragments and 
of the cascade particles with respect to the di- 
rection of the incident particles, such a distri- 
bution turns out to be entirely natural. In the 
same figure is shown the distribution of the 
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angles between the fragments and the cascade 
particles calculated on the basis of the experi- 
mentally found angular distributions of frag- 
ments and fast ‘‘cascade’’ particles. Therefore 
the observed angular correlation between frag- 
ments and fast ‘‘cascade’’ nucleons still leads 
to no conclusions on the existence of genetic 
ties between these and other particles. 


of space angle @ be- 
tween fragments and 
fast cascade particles 


S 


20 
FIG. 7. Distribution 


(Ep 2 100 Mev). His- 10 
togram —experimental — 
distribution; the points 5 


represent the calcu- lime 
lated results. 


4. DISCUSSION OF RESULTS 


A. Cross Sections for the Production of Va- 
rious Fragments. The use of the scale method 
for analyzing particles with Z=1, 2,3 allowed 
us to obtain information on the relative yield of 
hydrogen, helium, and lithium isotopes among 
the nuclear disintegration products. Moreover, 
it proved to be possible to estimate the relative 
number of heavy isotopes among all the isotopes 
of hydrogen. The comparatively small track 
length (~60p) at which the separation of par- 
ticles of different nature by means of the scale 
method becomes sufficiently good permits the 
analysis of practically all particles involved in 
the disintegration of heavy nuclei and of the 
greater part of the particles involved in the dis- 
integration of light nuclei. The obtained yield 
ratio of different isotopes of hydrogen is based 
on the shape of the G-value distribution curve 
for protons, which is found experimentally, and 
on the adopted manner of normalizing the G- 
value distribution. The accuracy of the results 
obtained is, moreover, determined by the sta- 
tistics of the measurements. 

The yield ratio of doubly to singly charged 
particles found in this work, 0.22 + 0.07, is 
quite reliable, owing to the complete separation 
of hydrogen and helium by the scale method. 
The obtained value of the He/H ratio is some- 
what smaller than the ratio a/p =0.36 re- 
ported by Lock et al.!! for the same incident- 
proton energy. The relative amount of tritium 
and deuterium among the isotopes of hydrogen, 
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obtained from the analysis of the N(G) curve 
for singly charged particles, is in agreement 
with the data published in reference 13 for dis- 
integrations produced by cosmic rays. . They 
give a value of 0.21—0.43 for the relative 
abundance of deuterium and tritium in stars of 
various numbers of prongs. 

The investigation of the lithium isotopes 
shows that the emission of Li® makes up a 
very small part of the total production cross 
section for lithium, only ~1%, which is char- 
acteristic for other incident-particle energies 
as well. 

The charge distribution of fragments with 
Z = 4 given above proves to be close to the 
distribution observed at other energies of the 
incident particles. In the incident-particle 
energy range from several hundred Mev to 
several Bev, as seen from Fig. 8, the distri- 
bution of fragments over Z may be described 
approximately by the exponential expression 
P(Z) = exp (-Z"™). For fragments with 
Z = 4 the exponent n is very close to unity. 


° £,= 660 Mev 


t \: © £,- 950 Mev 
x £)-&2 Bev 
100 
E FIG. 8. Charge dis- 
[ tribution of fragments 
for various incident 
proton energies E,. 


Relative number of fragments 
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The existing differences in the distributions 
for different incident-particle energies do not 
exceed the limits of statistical error of the 
experiments. 

B. Characteristics of the Fragmentation 
Process. We shall consider the experimental 
data obtained in this experiment for multiply 
charged particles with Z = 4. The production 
cross section for fragments with Z = 4 in the 
disintegration of Ag and Br nuclei by 930- 
Mev protons proves to be much higher than at 
660 Mev'4 (Fig. 9). The strongest dependence 
of the fragmentation process on the incident- 
particle energy is in the incident-proton energy 
region close to 1 Bev. This conclusion is in 
agreement with the data of Caretto, Hudis, and 
Friedlander on the measurement of the vari- 
ation of the cross section for the production of 


@ Present work 
© Data from ref. 14. 


03 Qs 10 
£,, Bev 


FIG. 9. Dependence of cross section og for production of 
fragments with Z 24 on proton energy E,. 


F8 and Na‘, with different incident-proton 
energies Eg. 

Together with the increase in the total cross 
section for fragment production in nuclear dis- 
integrations with an increase in the energy of 
the incident protons, the relative number of 
disintegrations with several fragments also in- 
creases. Figure 10 shows the dependence of the 
relative number of disintegrations with frag- 
ments on the number of fragments in one dis- 
integration for various incident proton energies, 
prepared from the available data in the litera- 
ture?’ 16 At proton energies above 2 Bev, the 
disintegrations with more than two fragments 
(Z = 3) begin to predominate. 

Just like low-energy protons, 930-Mev pro- 
tons produce fragments primarily in multi- 
prong disintegrations, where the probability of 
fragment emission increases with the total num- 
ber of particles in the disintegration. As shown 


Ss 


FIG. 10. Dependence 
of yield of disintegra- 
tions with fragments on 
number of fragments in a 
disintegration (np) for 
various incident proton 
energies E,. 
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in Figs. 4 and 5, the probability of the produc- 
tion of fragments in one disintegration is a 
function of both the number of ‘‘cascade’’ par- 
ticles with Ep > 30 Mev and the number of 
comparatively slow particles with Ep < 30 Mev. 
The character of this dependence is, in general, 
in agreement with that obtained at other proton 
energies.*? 1? 

In order to explain the dependence of the 
probability of fragment emission on the num- 
ber nqp of slow particles (Ep < 30 Mev), 
Fig. 4 also shows the variation of the fragment 
production probability with the number of par- 
ticles Nap for lower proton energies, taken 
from the work of Lozhkin.? From an examina- 
tion of Fig. 4 it is seen that the relative prob- 
ability of disintegrations with fragments for an 
incident proton energy of Ey = 930 Mev anda 
given number Ngqp is greater than for 660 and 
420 Mev. As is known, the relative number 
of ‘‘cascade’’ particles among all particles with 
Ep < 30 Mev increases with the energy of the 
incident particles. Thus, the more rapid in- 
crease in the fragment production probability 
with an increase in the total number of particles 
in a disintegration produced by high-energy in- 
cident protons can be related to the change in 
the total number of ‘‘cascade’’ particles, while 
the excitation energy of the residual nucleus 
even decreases (for a given value of ngp) 
with the increase in the energy of the incident 
particles. 

Another interesting feature of the fragmenta- 
tion process is the dependence of the anisotropy 
of the angular distribution of the fragments 
(with respect to the direction of the incident 
particles ) on their energy. As is known, the 
angular distribution of fragments in the labo- 
ratory system is essentially anisotropic with 
respect to the forward—backward direction, 
where the size of this anisotropy can by no 
means be explained by the velocity transferred 
from the target nucleus. Figure 11 shows the 
data describing the change in the anisotropy of 
the angular distribution with a change in the 
incident proton energy. The decrease in the 
angular anisotropy determined from the ratio 
of the number of fragments emitted in the for- 
ward and backward hemispheres with respect 
to the incident particles is quite clearly seen. 
Since we know that with an increase in the en- 
ergy of the incident particles the relative num- 
ber of ‘‘cascade’’ particles among all particles 
in the disintegration increases, and, together 
with this, the angular distribution ‘‘spreads 


FIG, 11. The anistropy 
of the angular distribution of 
fragments as a function of 3 
the incident-proton energy. 
A-—the ratio of the number 
of fragments emitted in the 
forward and backward hemi- 
spheres (relative to the di- 
rection of the incident pro- Z 
tons); @—data from the pres- 
ent work, O — reference 3, 
A—reference 12. 
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out’? with respect to the direction of the inci- 
dent particles, the decrease in the angular an- 
isotropy with increasing energy of the incident 
protons and the dependence of the fragment 
yield on nqp can be explained by the intercon- 
nection between the cascade-particle and frag- 
ment production processes. If the fragments 
are due to ‘‘evaporation,’’ the fragment angular 
distribution should be all the more anisotropic 
with an increase in the energy of the incident 
particles, owing to the increase in the momen- 
trum transferred to the nucleus. 

The poor statistics of recorded fragments 
did not allow us to obtain the energy distribu- 
tion of fragments with Z= 4. From the results 
obtained and from comparison with published 
data!» 17 it can be concluded only that the most 
probable energy of such fragments almost does 
not differ from the most probable energy at 
both lower and higher energies of the incident 
protons Ey. This conclusion can also be made 
from a comparison of the energy spectra of 
lithium for various energies of incident protons 
(see Fig. 6). 

C. Remarks on the Mechanism of the Frag- 
mentation Process. Examination of the experi- 
mental data on the emission of multiply charged 
particles in disintegrations obtained in this work 
and their comparison with data at other incident- 
particle energies allows us to draw several con- 
clusions on the basic aspects of the fragmenta- 
tion process. A number of characteristics of 
the production process for multiply charged 
particles prove to be functions of the energy of 
the incident particles Ej. With an increase in 
Ep, the cross section for fragment production, 
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the multiplicity of fragment production in one 
disintegration, the mean number of protons and 
a particles in disintegrations with fragments, 
and the probability of fragment emission for a 
given number of a particles and protons in the 
disintegration all increase, while the anisotropy 
of the angular distribution of the fragments with 
respect to the direction of the incident parti- 
cles decreases. Moreover, it is known that with 
increasing incident-proton energy the very 
shape of the curve of the fragment production 
cross section vs. atomic weight of the target 
nucleus changes. At proton energies Eg = 
300 —400 Mev the production cross section 

_ for the hive Be? cit. and F'® isotopes de- 
creases by almost three orders of magnitude 
as one goes!?»20 from Al to Pb, while at an 
energy of Ey >3 Bev the opposite is observed 
for the Be’ and F® isotopes, i.e. a certain 
increase in the cross section with an increase 
in the atomic weight of the target nucleus.!® 

Along with this, several characteristics of 
the process of fragment production apparently 
are either not functions of the energy of the in- 
cident particles, or very weakly depend on it. 
These are, first, the charge distribution of the 
fragments, which remains constant over a 
large range of energy of the incident particles, 
and, second, the energy distribution of the frag- 
ments. Although with an increase in the energy 
of the incident particles the relative number of 
fragments with energies exceeding the repul- 
sive Coulomb barrier increases, the most prob- 
able fragment energy remains almost unchanged 
and close to the value of the Coulomb barrier 
of the nucleus. 

The above-mentioned features of the frag- 
ment production process in nuclear disintegra- 
tions, and also all the other features mentioned 
in this article and known at present from other 
work, should be explained by some single mech- 
anism of their formation in the nuclear disinte- 
grations. Such a mechanism should also explain 
the production, in part, of lighter nuclei such 
as helium or the heavy isotopes of hydrogen, 
Since, in principle, there should be no sharp 
difference between small and large clusters of 
nucleons. The results of experiments in which 
the characteristics of the process of fast a- 
particle production in the disintegration of Ag 
and Br nuclei were investigated’! * serve as 
a basis for this. 

At the present time the ‘‘cascade-evapora- 
tion’’ model is generally accepted for the inter- 
action of high-energy particles with nuclei. The 


oceurrence of fragments in the cooling-down 
process of an excited nucleus has been consid- 
ered by a large number of authors 29710 21%23- 26 
At present it may be considered that the bulk of 
the experimental data on the production of Li 
and Be fragments is in sufficiently satisfactory 
agreement with the calculations based on the 
theory of evaporation, both as regards the 
probability of their emission (as compared 
to protons ) and the dependence of this prob- 
ability on the excitation energy of the resi- 
dual nucleus and the energy of the incident 
particles, and as regards the shape of the 
fragment energy spectrum. When it comes to 
fragments with Z = 4, the agreement with 

the theory of evaporation as to the production 
probability is far worse. The probability of 

the production of fragments with Z = 4 turns 
out to be higher than that which can be ex- 
pected from evaporation theory 3’1° Further- 
more, the hypothesis of the production of 
fragments in some equilibrium process of the 
evaporation type disagrees with such charac- 
teristics of the fragmentation process as the 
independence of the fragment charge distribu- 
tion of the incident-particle energy, the increase 
in the fragment production cross section with 
increasing atomic number of the target nucleus, 
the large anisotropy in the angular distributions 
of the fragments, and the fact that several frag- 
ments are emitted in one disintegration. 

Therefore, the analysis of the evaporation 
mechanism does not offer much promise for 
the further development of views on the frag- 
mentation process. One can also find many 
contradictions between the known characteris- 
tics of the fragmentation phenomenon and the 
suggestion that fragments are caused by fission 
of the nuclei. They concern the energy and 
angular distributions of the fragments pro- 
duced, as well as the cross sections for both 
processes, and the mass and excitation energy 
distributions. 

Thus the fission mechanism apparently can- 
not give results that explain the fragmentation 
process. 

Far more promising is the suggested con- 
nection between the fragment-production proc- 
ess and the cascade process in the nucleus. 
There are direct experimental data indicating | 
the existence of such a connection. These are | 
the dependence of the fragment-production | 
probability on the number of “cascade” par- | 
ticles, the angular anisotropy of the fragments | 
with respect to the direction of the incident | 
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particles, and the dependence of the fragment- 
production probability on the energy of the 
incident particles for a given number of par- 
ticles in the disintegration. One can explain 
from this standpoint such characteristics of 
the fragmentation process as the fact that the 
Z distribution of the fragments remains con- 
stant for various incident-proton energies 

Ey, the decrease in the anisotropy of the angu- 
lar distribution of the fragments with increas- 
ing energy of the protons, and some others. 

To verify the given picture of the occurrence 
of fragments in nuclear disintegrations, apart 
from the further accumulation of experimental 
data, it would be desirable to carry out the cor- 
responding calculations of the nuclear cascade 
process type by the Monte-Carlo method.2? In 
so doing, it would be useful to assume the exist- 
ence in the nuclei of definite clusters of nu- 
cleons with some momentum distribution, and 
the possibility of quasi-elastic scattering of the 
cascade nucleons and clusters of nucleons by 
other nucleons in the nucleus and by their clus- 
ters. All this complicates greatly the concepts 
which serve at the present as the basis of cal- 
culations of the nuclear cascade process by the 
Monte-Carlo method. The difficulty involved in 
such calculations results from the insufficient 
knowledge of the differential cross sections for 
the scattering of fast nucleons on light nuclei, 
and especially their scattering on one another. 
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The results are given of the measurement of the differential cross sections of charge-exchange 
scattering of 240, 270, 307, and 333-Mev 7 mesons on hydrogen. 


1. EXPERIMENTAL ARRANGE MENT 


hese angular distribution of 7 mesons was de- 


termined from the angular distribution of the y 
quanta produced in the decay of these mesons. 

The geometry of the experiment is shown in 
Fig. 1. A detailed description of the apparatus 
employed and the liquid hydrogen target was given 
in reference 1. The y quanta were detected by 
means of a telescope consisting of scintillation 
counters 3, 4, and 6. To increase the efficiency 
of registration of the y quanta by counter 3, we 
used a lead plate 7.4 g/cm? thick, in which these 
quanta were converted into electron—positron 
pairs. 

Counters 1, 2, 3, and 4 were connected in 
anticoincidence with counter 6, so that the 
charged mesons falling in the telescope were 
not recorded. At the same time, the efficiency 
of registration of y quanta decreased only 
slightly (~1%) by conversion in counter 6, 
which was a Plexiglas container 16 x 17x 1.5 
cm filled with a solution of terphenyl in phenyl 
cyclohexane (3 g/l). The efficiency of opera- 
tion of the anticoincidence circuit was continu- 
ally checked. This could be done because 12346 
coincidences were registered side by side with 
12346 anticoincidences. The sum of these co- 
incidences and anticoincidences should be ex- 
actly equal to the number of 1234 coincidences. 


2. EFFICIENCY OF REGISTRATION OF vy 
QUANTA 


In determining the efficiency of registration of 
the y quanta, we made use of a method similar to 
that used by Anderson et al.’ 


75cm 


™. mesons 


It can be shown that if the c.m.s. angular dis- 
tribution of the 7’ mesons is represented in the 
form of a sum of Legendre polynomials 


<8 = >) AlP; (cos 9), (1) 
i 


then the c.m.s. angular distribution of the y quanta 
will have the form 


. 
a= > k, A°P; (cos 9). (2) 


The coefficients kj are determined from the ex- 
pression 


a | 1— 2, 


1 — 8. cos x)? 


P; (cos x) d cos x, (3) 


where B..0 is the velocity of the 7 mesons in the 
c.m. system. Thus a Legendre polynomial of order 
1 in the angular distribution of the 7° mesons 
gives a polynomial of the order 1 multiplied by the 
coefficient kj in the angular distribution of the y 
quanta. The experimentally observed cross sec- 
tion for y quanta is expressed here through the co- 
efficients of the angular distribution of the 1° 
mesons in the following way: 


doy 4 — 82 
(one = C= Fees (AAP (cosy). (4) 
Z 
The coefficient g (8) is given by the expression 


+1 
§ © [E (8, x)] [(4 — 8%.) / (1 —B,. cos x)2] P, (cos x) d cos x 
&] (8) = ee ed ee 


Fi 
J [(4 — 82.) / (1 — Bye cos x)2] P, (cos x) d cos x 
I (5) 
In expressions (4) and (5) £ is the velocity in the 
c.m. system, @ is the angle of flight’ of the y 


FIG. 1. Geometry of the charge-exchange scat- 
tering experiment: 1, 2—scintillation counters 6x6 
em; 3,4,5—scintillation counters 12.6x 11.5 cm; 
6—scintillation counter 16x17 cm; 7 —deflecting 
magnet; 8—liquid hydrogen. 
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TABLE I. Values ci Q/D observed in one 
series of measurements of charge- 
exchange scattering at 240 Mev 


Angle in lab DX 108 ‘ Difference for 
system, deg ve H | eke om 10° counts 
of monitor 
15 109 642.9 44.9+2.2 64.7+3,7 
30 152,3+4.6 ADO 2) 107.0+5.3 
45 113,544.41 26.1+2.0 87.4+4,6 
60 91-322-5 25,9+1.6 65.4+3.0 
80 65,322) 4 Palka eel ZA LL 2495 
100 GRA Desa 24,44£4.5 28.6£2.7 
125 54.941.9 27.2241,5 Di ee: 
150 le 6=20) 34.441.5 PAD aS) 


TABLE II. Values of Q/D observed in one 
series of measurements of charge- 
exchange scattering at 333 Mev 


Difference for 


Angle in lab Q/D x i0e Q/Dx!40° 6 
system, deg with H without H 10° counts 
of monitor 
05) 68.3+3,4 BYNES PP 39.2+4,1 
30 129.0+£7.6 40.8+2.2 88 .2+8.0 
45 CHT AW)es sac 2524249) 66.5:5.7 
60 70,.0+4.4 26.6+1.8 43,444.15 
80 40.6+2.8 Q0.3=41.6 AQ B22 Ba” 
dA 29.241-8 19.8+1.4 9,442.1 
135 29. 2=456 2041.3 8.8+2.1 
152 19.5£0,7 13.0+0.6 6:5+0.8 


quanta in the laboratory system, y is the angle of 
flight of the y quanta in the c.m. system, E (0, x) 
is the energy of the y quanta, and e«(E) ex- 
presses the dependence of the registration effic- 
_iency for y quanta on their energy. 

As can be seen, to obtain the angular distribu- 
tion of the 7’ mesons (in other words, to deter- 
mine the coefficients AS.) it is sufficient to know 
(do’/dQ) ps for different angles and €(E). 
Indeed, €7(0),kz, and Pz (cos y) do not depend 
on the specific form of the angular distribution 
of the y quanta. They are determined only by 
the angle @, the kinematic relations, and the <(E) 
curve. The minimum number of angles @ at which 
(doY/dQ)obs should be found depends on the max- 
imum value of 1. 

For further treatment and phase-shift analysis 
of the results of the study of charge-exchange 
scattering, it will be more convenient to use, in- 
stead of the coefficients of the angular distribu- 
tions (1) or (4), the differential cross sections 
for the — y process. In order to obtain the 
true cross sections from the experimentally ob- 
served cross sections, we should know the mean 
efficiency € (0) of registration of y quanta at 
a given angle. This mean efficiency is defined 
by the condition 


(do*/dQ) ons = & (8) (do"/dQ)true. (6) 


From (4) and (6), we obtain 
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(Wes 
an qa a > e, (9) ky A? P,(cos y) 
ae 
= 8) Feo DMAP: (cos 9), (7) 
hence 


» e, (9) k, AYP, (cos y) 
7 


. ee k, AQP ; (cos y) 


a (Oe 


(8) 


in agreement with the mean-value superposition 
rule. 


3. DIFFERENTIAL CROSS SECTIONS FOR 
CHARGE-EXCHANGE SCATTERING OF 
240-, 270-, 307-, AND 333-Mev m MESONS 
ON HYDROGEN 


The y quanta produced in the decay of the 
7 mesons were detected at eight angles. The 
ratio of the number of 12346 coincidences (Q) 
to the number of double 12 coincidences (D) 
was measured. We determined the difference in 
the ratios Q/D obtained with and without liquid 
hydrogen in the target. The background condi- 
tions during the study of the charge-exchange 
scattering are illustrated by Tables I and II, 
which give the respective values of the ratio 
Q/D observed in one series of measurements 
at 240 and 333 Mev. 

In order to accumulate the necessary statis- 
tics, the measurements were made in several 
series at each energy. The results obtained in 
the individual series of measurements, after 
being corrected for errors in the registration 
of double 12 coincidences, were averaged ac- 
cording to their statistical weight. 

In reducing the experimental data, we first 
calculated the observed differential cross sec- 
tions from the formula 

es __ (Q/P) ite 

dQ / gift NQ; 
where (Q/D aiff is the value of the difference 
(Q/D)with H - (Q/D)without H fr 10° monitor 
counts; N is the mean number of hydrogen atoms per 
em’, equal to 0.447 x 1074, accurate to +1%; 2 
is the solid angle subtended by the telescope; 
f is the summary correction for contamina- 
tion of the beam by w mesons (4.5 —5.5%), for 
the finite dimensions of the telescope (to 1.2%), 
and for the absorption of 7 mesons in counter 2, 
in the front wall of the target, and in the hydrogen 
(from 2.2 to 3%). 

The errors in determining these corrections, 
and also other factors affecting the calculated 
values of the differential iecross sections, were not 


al Oze, (9) 
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TABLE III: Differential cross sections for production of 
y quanta in charge exchange scattering at 
240 Mev on hydrogen 


. M. KORENCHENKO 


en ee 
cee | €@) i d do 
9 | | ia) age es (do ‘ “( Jo) 
<| Pd ieeras 4027 Angle in | 10°7\ y 
ag] | (Q/D) aise j = (a obs) are (Za) op ere . ae 
ae | @ in lab system zation of;| em? sr7 deg cm? sr i} 
ée| d wah «(E) 
| | i 
45)0.0157| 62.5+2.9 |0.921) 9.67+0.67 0.615 US, (PES OVE 19.7 9.31=0.93 
30/0 0357| 104.1+3,0 0.922) 7.080.438 0.597 11,86+1.12 38.8 7.54=0.71 
45'0.0437) 89.9=2,2 |0.923) 4,99+0,29 0.570 8.75+0.80 57,2 6.20=0.57 
6010.0542| 63.8+1.8 |0,928| 2.84+0.17 0,537 De 290849 74.5 4.28=0.40 
80/0.0540) 42.2+1.9 |0.928) 1,88+0.13 0.491 3.834039 957 3,75+0,38 
100|0.0538} 29,2+1.5 0.923) 1,.32+0.10 0.478 Dee) MES 3,24=0,34 
(D5 ONO082| eno np 2a. O22 | eG Ort 0.493 2.36£0.29| 136.8 3.38=0.42 
150|0.0430] 23,341.5 |0.921| 1,32+0.11 0.509 22593029) |r. 0 4.23=0.47 
TABLE IV. Differential cross section for production of 
y quanta in charge-exchange scattering at 
270 Mev on hydrogen 
Q oo 
oo ; €(6) in- is 
Cas : do cluding ds Angle in do 
3 E| 7 (Q/D) aiff fF |402 (aa )eebe normali- 10° (a) 1a» ares 10m do} e.m.s. 
Chae in lab system| 7@tion of | oy 2 gp . cm? sr? 
< a| G cm? sr €(E) 
15/0,0157 55,9+2.3 |0,924) 8.63£0.58 0.622 | 13.8841.36 20.0 7.92+£0.78 
30/0.0357} 91.5+3.2 |0.925) 6.19+0.39 0.601 10.31+0,97 39.6 6 .36=+0.60 
4510.0437| 74,3+3.0 |0.926] 4.11+0.27 | 0,575 | 7.14+0,.69 58,1 | 4.95+£0.48 
60/0,0542) 52,7+2,.0 |0.931} 2.33+0,15 0.535 4.35+0.52 78.5 3,.48+0.42 
80]0.0540} 27,7+1,6 0,931} 1.24+0.10 0,482 2,56+0,26 96.8 2,.52=0.26 
100)0.0538) 20.2+1.2 |0.927/0.906+0.074| 0,469 1,930.21 4 11529 2.3140.25 
125]0.0532} 19.9£1.6 |0,924)/0.907+0.086| 0.493 18420022, 137.6 2-71=0).33 
150]0.0430} 16:8=1.3 |0,924/0,943+0,088| 0,512 1.84+0,22 157.4 3.12£0.37 


different from those which were given earlier in 
Table VIII of reference 4. Since the differential 
cross sections obtained below were normalized 

to the total cross section, a number of small cor- 
rections (not more than 1%), due primarily to 

the conversion of the y quanta and weakly depend- 
ent on the energy, were not introduced. The 
values of the quantities entering into formula (9) 
are given in Tables III—VI. 

After calculation of (doY/ dQ) 4p5, the angular 
distribution of the 7’ mesons in the c.m.system 
was found in the form of the sum of the first three 
Legendre polynomials 


(ds/dw) 2-29 = Aj + A}P; (cos @) + ASP, (cos®). (10) 
Formula (4) was used to determine the coefficients 
A°, Since the measurements were made at eight 
angles, we obtained a system of eight equations 
with three unknowns, which was solved by the 
method of least squares. The coefficients A 

for all the energies are given in Table VII. 

The initial values of €1(9) were obtained by 
numerical integration of the right-hand side of 
(5). In doing so, the values of e(E) (curve a 
in Fig. 2) were taken from reference 2. The 
values of «7 (6) for 240 and 333 Mev are given 


in Table VIII. For other energies, €] (8) can 
be found with sufficient accuracy by linear in- 
terpolation. 

The analytical expression for the coefficients 
ky , obtained after integration of (3) has the form 
7 init, 

Ye a 


? 


BeeD) ky = 


3% 
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hy = 2 — fn 
15y a 


7B 27? 
35 oY 
iioaa 


= 


sarc 


(x 


27? 
DIE E 


ee ak) 
mere cas 


+2) int 


ke = 4 


95 OY 


37? 


ky=2+ 


(11) 
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of efficiency € of 
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TABLE V. Differential cross section for production of 
y quanta in charge-exchange scattering at 
307 Mev on hydrogen 
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2 —s 
a0 x €(0) in- 
oe es A do cluding ds Angle in d 
ee) 5 (Q/P) ait 10 (aa obs | normal. [107 (ia) ike Cam.8., 10(Z)¢ EN 
é oka zation o jes d i 
2e| cd ON oy es “S| om? sr 
15 10.0120) 46.3+42.4 |0.930; 8.74+0.67 0.629 |13,.89+1,46 20.5 = 
|0.0: F : . : NOUEE de : 7.60=0, 
30 0.0360/101.0£14.0 0.931] 6.74+0.99 0.609 |11.08=1.814 40.4 Aaa ee 
45 0.0440} 99.0+£5.0 0.934) 2.99+0.31 0,582 De ilayes0) (a5) SS) 7 3.4740.44 
60 0.0550 38.8=3.1 0.941] 1.6740.16 0.540 | 3.10+0.36 76.8 2.45=0.29 
80 0.0550 19.6=1.6 10.942/0.846+0.080} 0.476 WS Tis==) 7A! 98.0 UG UKe2=0),. 7A 
112,510.0550 12.6£1.6 |0.931!0.55120.074| 0.459 1.20+0.18 428.4 1,66=0.25 
o 0.9550 10.2+1.4 |0.930)0.447+0.067} 0.487 0.91740,153} 146,4 1.50£0.25 
152 10.0414} 8.95+0.80 |0.930/0.52140.054| 0.513 1.01540.129| 159.4 dede= OL 23, 


TABLE VI. Differential cross section for production of 
y Quanta in charge-exchange scattering at 
333 Mev on hydrogen 


crm €() in- AN 
ices do cluding do gle in 
2 E | a (Q/P) aise 102? ea obs ieee 10?7 eae cee 10(do) re 
oo | 4 Zatio: : : 
ER) ch | fe leb system) —‘ece)ie (em? ste » | em? arm 
15 [0.0120 37.4=3.9 |0.932] 7.50+0.87 0.628 |11.94+1.64 20.8 | 6,330.87 
30 |0.0360) 97.1=4.2 {0.932} 6.48=0,45 0,612 |10.59+1,05 41.0 6,15=0, 61 
45 (0.0440) 63.825.5 |0.935) 3.47=0.35 0.586 | 5.92+0,73 60.0 | 3.944£0.49 
60 0.0530 41.6=4.3 |0,943) 1.79+0.21 0,550 | 3.2540.44 77.7 =| 2.5640.35 
80 |0.0550} 21.322.4 |0.945)0,915=0.115} 0,489 C7 0R27 990 1,86+£0,27 
112.5)0.0550 9.16=1.5 |0.932/0.400£0.067} 0.449 |0.889+0-163] 128.8 1,.25+0.23 
135 |0.0550} 10.1=1.6 |0.932/0.440+0.073| 0.467 |0.942+0.172] 146.9 1,58+0.29 
152 |0.0414] 5.8340.7 |0,93210.33840.046! 0.481 10,703+0.108| 159.7 290520 


TABLE VII. Coefficients Aj found by 
solving the system of equations (4) 
by the method of least squares 


(in units of 1072" em? sr7) 

77 -meso 

energy, Ap | A, Ag 
Mev | 
240 2.5640, 411 1.82+£0.28 2.19+0.48 
270 2.0340.10 1.6740, 24 1,97+0,35 
307 1.54+0.09 1.73+£0.23 1,53+0,30 
333 1.5640.09 | 1.86+0.22 1.23+£0,29 


TABLE VIII. Coefficients «7 (@) for 240 and 333 Mev 


Angle in E,-=240 Mev E,,-=333 Mev 

lab sys- en 

tem, deg Eo ei £2 Eo £1 £2 
15 0.536 0.605 0.638 0.553 0.610 0.638 
30 0.528 0.597 0.634 0.543 0.602 0.634 
A5 0,520 0.590 0,629 0.533 0.593 0.630 
‘60 0.512 0.582 0.624 0.524 0.585 0.626 
80 0.501 0.570 0.618 0.511 0.574 0.621 
100 0.490 0,560 0.612 | 0.498 0.563 0.615 
125 0.477 0.547 0.604 0,482 0.549 0.608 
150 0.464 0.534 0.597 0,466 0.536 0.601 


Here 7 is the c.m.s. momentum of the nm meson 
in units of moc; y is the energy of the 7’ meson 
in units of mC"; correspondingly B,,0 =n/y. 
The values of k for 240 — 333 Mev are shown in 
Table IX. 


The three coefficients AY are quite sufficient 
to determine the values of €(@), to the required 
accuracy, by means of (8). First, the coefficients 
of the Legendre polynomials of the higher order 
are small; second, owing to the fact that « (6) 
for different 1 do not differ from one another by 
more than 10 — 20%, €(@) is weakly dependent 
on the oscillations of A?. Thus an arbitrary 15% 
variation of the coefficients Ay shown in Table 
VII changes €(@) by no more than 1 or 2%. 

The correct determination of the ‘‘true’’ dif- 
ferential cross sections depends therefore pri- 
marily on the values of €,(6) and, in the final 
analysis, on the extent to which the relation 
found between the registration efficiency for y 
quanta and their energy is correct. 

To gain an idea of how sensitive €7(9) and 
the ‘‘true’’ differential cross sections are to the 
shape of the «(E) curve, these quantities were 
calculated by using for «(E) a curve different 
from that taken as the most correct. The change 
in the calculated differential cross sections for 
a change in the ¢(E) curve goes in two directions: 
first, there is a change in the shape of the angular 
distribution, i.e., in the ratio of the forward— 
backward scattering cross sections; second, 
there is a change in the total cross section for 
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TABLE IX. Coefficients ky for 240 — 333 Mev 


Bere Loko eae | k hs oer eee ae | PE ME | ke 
= r 7 l ; : 
240 2 |1.496) 1.051 | 0.710} 0.472 307 2 | 1 sm| 1 173 | 0.858 0.602 
270 2 1.534 | 1.111] 0:780 | 0.534 | 333 © 1,598 | 1.207} 0.893} 0,625 


TABLE X. Coefficients of angular 
distribution of y quanta 


(in units of 10727 em 


2 sr7') 


a 


7 -meson 4 =: ¥ | M, 

eek Ao At Ae | - (expected) 
240 4;79+0.21 2,54+0,39 | 2.18+0,47 1,67 5 
270 3,79+0,18 2.41+0,.32 | 2.07+£0.37 0,45 5 
307 2,85+0.16 258=0.3o5 0 Lai On32 6.30 5 
333 2.87EOel7 2,81+40,32 | 1,44+0,34 3.40 5 


charge-exchange scattering. The latter change 

is not difficult to calculate, since the total cross 
section of interaction of 7 mesons with hydro- 
gen and the total cross section for elastic scatter- 
ing are known [to a greater accuracy than the 
curve of «(E)]. It turned out that if we use 
curve b, along with curve a (Fig. 2) and if 

the obtained differential cross sections are nor- 
malized to the same total cross section, then the 
change in the cross sections at different energies, 
at angles of 30 and 150° in the laboratory system, 
is +(5 — 8%) and -(5— 7%). At other angles the 
change is still smaller. The shape of curve b 
was calculated in such a way that it differed from 
curve a more than it differed from the curve 
obtained by the Monte-Carlo method.” A change 
in the €(E) in the other direction (curve c) 

was less probable, and, at the same time, led to 
relative changes of less than 7% in the differential 
cross sections. 

In connection with the above, the differential 
cross sections for charge-exchange scattering, 
obtained by the use of an €(E) curve taken from 
reference 2, were then normalized by a factor 
common to all energies. The normalizing factor 
was chosen such that the sums of the total cross 
sections for elastic’ and charge-exchange scatter- 
ing at the energies studied would fit best the 


total cross sections for the interaction between 
m mesons and hydrogen measured by the ab- 
sorption of a m™ meson beam in hydrogen? at 
these energies. This factor turned out to be 
0.936. The normalization actually meant that the 
€(E) curve was normalized, i.e. the efficiency 
of recording y quanta at all energies was ap- 
proximately 6% higher than that taken in the pre- 
liminary reduction of the data. 

In the determination of the errors in the 
values of the differential cross sections, the 
error connected with the inexact knowledge of 
the shape of the «(E) curve was taken equal to 
+ 7%, and was added to the statistical error by 
the usual rule for combining standard deviations. 
The error associated with the normalization in 
the determination of the absolute values of the dif- 
ferential cross sections was, for all energies, 
~5%. It was not taken into account in the sub- 
sequent calculations. The values of €(6@), with 
allowance for the normalization of the «(E) 
curve and the corresponding differential cross 
sections for the production of y quanta emitted 
at a given angle, are listed in Tables III — VI. 

To determine the angular distribution of the 
7 mesons, we now represent the c.m.s. angular 
distribution of the y quanta in the form of a sum 
of Legendre polynomials: 


TABLE XI, Coefficients of angular 
distribution of 7’ mesons 
(in units of 10727? em? sr‘) 


\7 -meson 0 0 0 Total charge- 
energy, Ag Ay Ay exchange cross 
Mev section 
240 2.39+0.11 1.70+0,26 | 2,07+0.45 30,0+1.4 
270 1,90£0.09 1.57£0,.21 | 1,86+0.33 Zoo leg 
307 1.42+£0,08 1.64£0.21 | 1.51+0,27 17,.8+1.0 
333 1,430.09 1,76+0,20 | 1.19+0,28 18.011 
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- 
= =o Aj P; (cos y). 

The coefficients Ay obtained by the method of 
least squares are given in Table X for the case 
>= 2: 

The values of the sum of the weighted squared 
deviations indicate that the three Legendre poly- 
nomials quite satisfactorily describe, at all 
energies, the observed angular distribution of the 
y quanta. The values of M obtained at 240 and 
270 Mev were small in comparison with the ex- 
pected values, possibly because the error of +7%, 
due to the inexact knowledge of ¢€(E), was some- 
what exaggerated, while the statistical accuracy 
of the measurements was sufficiently good 
(~ 2.5 —6%). 

Knowing the coefficients IN , we could de- 
termine the coefficients of the angular distribu- 
tion of the 7° mesons. Using the values of kj 
included in Table IX, we obtain the coefficients 
AY listed in Table XI. 


(12) 
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The last column of Table XI gives the total 
cross sections for charge-exchange scattering, 
obtained by integrating the angular distributions. 

A phase-shift analysis of the experimental 
data is presented in the following article. 
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Results are presented of a phase-shift analysis of the experimental data on the scattering of 
pions by nucleons in the energy range from 240 to 330 Mev. Information on phase shifts for 


the interaction of pions in states with spin T = 
1. PHASE-SHIFT ANALYSIS EQUATIONS 


I N the phase-shift analysis of our experimental 
data! we used the formalism of isotopic spin, based 
on the hypothesis of charge-independence of the nu- 
clear forces. At energies near 300 Mev the states 
with orbital momenta />1 and primarily with 
l1=2 are expected to make a noticeable contribu- 
tion to the scattering. If it is assumed that the 
phase shifts are real quantities, then the differen- 
tial scattering cross sections for pions on hydro- 
gen can be written as follows: 


R? (do/dw) n++n+ = Isin? a, + (2 sin? a3, + sin? a3,) cos0 
- (3 sin? 655-2 sin655) P. (cos 8) ?-+ + [sin 2a, 
+ (2 sin 25, + sin 2a5,) cos® 


+ (3 sin 263, + 2 sin 2635) P, (cos 9) |? 


| sin? 0 {lsin? a3; — sin? a3, + 3cos@ (sin? 63, — sin? 633) |? 


i 


+ + [sin 2a33 — sin 2a,, + 3cos@ (sin 253; — sin 2633) |?}; 
(1) 
9R? (ds/dw),-,n- = [sin?a, +2 sin®a, 
+ (2 sin? a33 + 4 sin” %13 + sin? a3, + 2sin?«,,)cos® 
+ (3 sin? 83; + 6sin?6,, 2 sin? 63, 
+ 4 sin® 3,5) P. (cos)? + = [sin 2a, + 2 sin 2a, 


+ (2 sin 2a33 + 4 sin 2a, + sin 2a,, + 2sin 2 a,,) cos 


+ (3 sin 26,; + 6 sin 26,, + 2 sin 26,4, 
+ 4 sin 26,5) P. (cos 8) J? 


aos ; F F : 
+ sin? > {[sin® a3, + 2 sin? a3 — sin? a3, — 2 sin? Care 


+ 3cos 9 (sin® 335 + 2 sin? 8,; — sin? 833 — 2 sin? 8,3) ]® 
+ [sin 2a33 + 2sin 2a,3 — sin 2a, —2sin 2a,, 


+ 3cos % (sin 2635 + 2 sin 28); — sin 289, — 2 sin 28,.)]?}; 
(2) 


4 is of satisfactory accuracy. 


+ k? (do/dw),-.° = [sin? as — sin? a, 
+ (2 sin? a33 — 2 sin? x3 + sin? %3; — sin? %1;)cos 3 
+ (3 sin? 83, — 3 sin? 6), + 2sin? $33 
— 2sin? 8,3) P: (cos 9)]? 
+ + [sin 2a, — sin 2a, + (2sin 2a33 — 2 sin 20,3 
+ sin 2a,, — sin 2a,,) cos 
+ (3 sin 263, — 3 sin 26,, + 2sin2 63, 
— 2sin 28,5) Ps, (cos 9)]? 
-++ sin? % {[sin? #33 — sin® a3 — sin? a3, + sin? a, 
+ 3cos 3 (sin? 63; — sin? 6,, — sin? 633 + sin? 5,3)]? 
+ — [sin 2ag3 — sin 2a,3 — sin 2a, + sin 2a, 
+ 3cos (sin 263; — sin 26,; — sin 263, + sin 2 8,)]?}. (3) 
The total cross sections are written in the fol- 


lowing manner: 
For positive pions 


Hiss 5 : 
of = Te (sin? ag + 2 sin? a3, + sin? ag, 


+ 3sin? 65; +2 sin? 655); (4) 


For negative pions 


=! Gr A A ‘ ‘ 
Pr (sin? ag + 2 sin? a, + 2 sin? ag, + 4 sin? a4, 


+ sin? a3, + 2 sin? a, + 3 sin? 63, + 6 sin? $,, 


+ 2 sin 63, + 4 sin? 6,.); 


(5) 


The symbols for the phase shifts are given in 
Table I. 


2. METHOD OF CALCULATING PHASE SHIFTS 
AND THEIR ERRORS 


Using the least-squares method, we find an as- 
sembly of phase shifts such as to minimize the 
sum of the weighted squares of deviations 


M= > L(s; calomma ct exp) / e,]*, (6) 
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TABLE I 
J eee th lanes aR Ee a a 
State Sy, Py, Psy, Ds), Ds, 
T = */5 | ds O31 O33 833 O35 
T =1/2 1 | Gir | Gis | S13 15 


where Ojcaic are the differential and total cross 
sections, calculated from the phase shifts with the 
aid of Eqs. (1) —(8), oj exp are the corresponding 
experimental values of the cross sections, and ¢j 
are the experimental errors in the measured cross 
sections. 

Ali the calculations were made with the high- 
speed “Strela” computer. 

To reduce the computation time, the minimum 
value of M was obtained by the gradient method. 
Corresponding to the minimum value M = Mmjin 
is a definite point in the phase-shift hyperspace. 
The functions M=const form for all values M 
> Mmin a system of hypersurfaces, which are 
level surfaces of the scalar field M(a). It is 
obvious that by moving along the gradient of this 
field it is possible to arrive most rapidly to the 
point of minimum. Accordingly, we determined 
the value of M, and the normal to the hypersur- 
face M,=const at the initial point of the phase- 
shift hyperspace. All phase shifts were then in- 
creased sufficiently to move in the direction of 
this normal by approximately 1 deg. The value 
M = M, at the new point was then calculated and 
the new value M, compared with the initial one. 
If M, < M,, the motion along the initial gradient 
was repeated until the new value of M, was found 
to be greater than the preceding one. We then 
determined a new gradient direction at the point 
next to the last and the motion then proceeded 
along this direction at the same spacing as before. 
This was repeated until the first step no longer 
led to an increase in M after calculating the gra- 
dient. The magnitude of the step was then reduced 
one half and an analogous calculation performed. 
The step was then again reduced one half, etc. The 
calculations were completed after the required step 
amounted to 27‘ deg. 

After finding the solution (M = Mmin) we calcu- 
lated the errors in the phase shifts. An expansion 
of the function M (aj, @,...) ina Taylor series 
about M, yields 


aM 1 een 
M=M,+ 2 gq Ae: + 7 2 Dae; 36,40 At +++ 


At the point of the minimum, the second term 
vanishes and 


; 4 
We Maun Dy >) Si Aa; Aa; Dil — 5 ag: da. * 
ers 


(7) 


(8) 
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Expression (8) defines a hyperellipsoid at the mini- 
mum point, that is, the matrix of the coefficients 
<Sjj > determines the sensitivity Mmjin to devi- 
ations of the phase shifts from the optimum values. 
Accordingly, the terms of the reciprocal matrix 
< Sij >-! determine the errors in the phase shifts 
(when i=j) and the connection between the phase 
shifts (when i = j).3 

The coefficients Sij can be calculated directly 
from (8), but this is too cumbersome. We used an 
approximate finite-difference method. To deter- 
mine the diagonal element Sj; we increased the 
phase shift aj by an amount Aa; and determined 
the value of M. Then, according to (8), 


Si = (M — Min) | (Avi)?. (9) 


The calculations were carried out both for positive 
and for negative increments of aj and the results 
averaged. 

To find the non-diagonal elements, increments 
were applied to both phase shifts. Increments of 
all possible signs were taken and the result was 
averaged. If we denote the quantities M corre- 
sponding to the possible combinations of the signs 
of the increments Aa; and AQ; as M,,, M 
M,_, and M_,, we have 


M ,..— Minin = Six (Aas)? + Sj (Aaj)? + 28;; (Aaj) (Ax), 
M__— Minin = Six (— Aay)? + Sjj(— Aaj)? 
+2 Si; (— Aaj) (— Aa), 
M,,_— Min = Six (Aaj)? + S54; (— Aaj)? + 28;; (Aas) (— Aa), 
M_,— Min = Six (— Aa)” + S45 ( Aas)? + 2S;; (— Aaj) (Aa). 
(10) 


--?) 


Subtracting the third and fourth equation of (10) 
from the first and second we obtain (for Aaj 
= NO Aa) 


Sop ae UM + M_-) — (Mig + My )) 
an 8 (Aa)? 


In all cases, the increment Aa amounted to 1 deg. 


3. PHASE-SHIFT ANALYSIS WITH ALLOWANCE 
FOR THE S AND P WAVES (SP ANALYSIS) 


In carrying out the phase-shift analysis we used 
a total of 25 experimental points for each value 
of the pion energy: 8 differential cross sections for 
elastic scattering of positive pions by protons, 7 
differential elastic-scattering cross sections for 
negative pions, and 8 differential cross sections 
for exchange scattering of negative pions by hydro- 
gen and the total cross sections for the scattering 
of positive and negative pions by hydrogen. 

The differential cross sections for elastic scat- 
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tering of positive pions by hydrogen and the total phase-shift assemblies for each energy, in which 
cross sections for the interaction between positive the phase shift a, had a sign opposite that ob- 
pions and hydrogen, as well as the initial values of tained graphically (variants 2 and 4) and two 

the phase shifts for states with T = Bye were taken assemblies with negative phase shifts of P waves 


from the work by Mukhin et al.4-? with T=4% (variants 6 and 7 ). Such assemblies 

The differential cross sections for the scatter- should agree better with certain data on photopro- 
ing of positive pions by hydrogen at 330 Mev were duction (private communication from A. M. Baldin). 
determined by interpolating the data of Mukhin, In addition to the data of reference 1, data for 
Ozerova, Pontecorvo,® and Grigor’ev and Mitin.® 220 Mev, obtained by Ashkin et al. ,2° were also 
In this connection, the result of the phase-shift processed. 
analysis at 333 Mev cannot be considered as fully The initial and calculated values of the phase 
independent. shifts are given in Tables II — VI. 

The initial values of the phase shifts for the It is seen from these tables that there are only 
states with T= 4% were obtained by the graphic two stable variants of this solution, observed at 
method of Ashkin.® This method gave two possible all energies. In each of these variants, the same 
sets of phase shifts (variants 1 and 3 of Tables phase shifts differ little from each other at differ- 
II— VI). Along with these, we used two initial ent energies. These are solutions a and b. The 


TABLE II. Phase shifts (in degrees) at pion energies 
of 220 Mev (data by Ashkin et al.!°) 


Variant 3 6 1 2 4 i] 

“ a3 —12.0 —19.0 —12,0 —12.0 —12.0 —19.0 
v O31 0.0 —5.0 0,0 0.0 0.0 —5,0 
ra A33 107.0 Ae) 107.0 107.0 107.0 12520 
if ay 10,0 10.0 10,0 —10.0 —10.0 —10.0 
2 Oy 8.0 —10,0 —6.0 —6.0 8.0 —10.0 
ie a3 —3,0 —10.0 D0) 5.0 —3.0 —10.0 
4 M 36.0 687 .0 109.0 88.0 122.0 1559.0 
Solution a b 
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TABLE III. Phase shifts (in degrees) at pion 
energies of 240 Mev 


Variant il | 3 | 5 4 2 | 6 7 
p ag | —18.4 | —48.4 | —14,7 | —18.4 | —18.4 | —19.0 | — 
3 er |, —2,6,|. —2, 6a) — 3,2" | aise: Gel aE 6d eee fh a 
s des | 114.7 | 114.7] 109.5 | 414.7] 114.7] 425.0] 125.0 
zs ay 10.0| 10.0] 8.0} —10.0 | —10:0] 40.0 | —10.0 
3 Gar o| ierOs Byler B20 5.25 i800. loo G5) 240.0 Meton) 
2 dis 4.5 }°=23:5 | 3.3: 2.5) 5 110.01 240.0 

M 63.0} 20,0] 85.0] 440.0 | 121-0 | 468.0 | 832.0 
Solution a Cc b 
: da —18.1+1.3 —18.5 | = 
Bint lapdek —3.0+2.5 —0.5 ap 
Sz | oss 115.0+4.0 115.0 15.0 
sivey ely 11.244 4.8 —-0).3 
3d Coal 10,0+5,4 OMe —2.6 
K di 2,441.4 1.7 14.0 

M 18.8 18.8 | 29.7 

| 
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TABLE IV. Phase shifts (in degrees) at pion 
energies of 270 Mev 


Be. SE tS Sees OE aE Se ee en Narre 
Variant 3 6 4 4 2 | 5 
5 dy | —20.2.| —19:0 | —19.0 | —20.2 | —20.2 | —20.2 | aoe 
g Care 6. Ge Onl O lo —6ah te 6.7, | 67 — 1053 
Z dss | 129.3) 125.0] 125.0] 129.3] 429.3] 129:3] 4132.8 
ie aly 440°) 40,0 | —10,0°) = 44.081: 44200) 14 0 9.6 
c on 40:5 | —10.0’] —10.0 | 40.5.| —17.5 | —17.5 | —10:0 
FSI Gis | —7-5 | —10.0 | —10.0| —7.5| 40.5] 40.5 | 440.6 
iS 76.0] 404.0] 727.0] 410.0] 104.0] 180:0]| 246.0 
Solution a c b 
E ds —20.141.3 —19,9 | —20.3 
a ae1 a= O48 —6:4 aD 
* eee 129.0+0.9 129.2 129.7 
oe | a, | 25.742,5 3.0 0.2 
oS | on | 5.3+3.0 27.3 =0.4 
38 | ans 1.24.9 44 20.4 
S M 9.6 15.3 27.0 


remaining variants either coincide with the afore- 
mentioned solutions, or give phase-shift values 
that are observed only at certain energies (for 


example, variant 4 at 240 and 270 Mev). Apparently 


these last solutions are connected with the mathe- 


matical aspect of the problem and not with the phys- 


ical one, i.e., they are accidental. 
Only solution a describes the experimental 


data sufficiently well. Actually, the expected value 


of M inthe SP analysis is 19 (25 experimental 
points minus 6 phase shifts). In the case of solu- 


(d0/dw), 0” cm?/sr 1 


of the elastic and ex- 
change scattering of 

240-Mev pions by hy- 
drogen. Solid curve — 


[A, + A,P, (cos #) 


curve — distribution 
calculated from the 
SP analysis (solution 


a). 


FIG. 1. Differential 
cross sections (c.m.s.) 


distribution of the form 


+ A,P, (cos #)]; dotted 


tion b, the value of M is approximately 30 for 
almost all energies. The probability of obtaining 
such a value of M is approximately 5%.!! At 307 
Mev, the value of M for solution b reaches 71. 
The probability of observing such a value of M 

is negligibly small. At the same time, the values 
of M obtained in solution a are in good agree- 
ment with the expected values. 

The angular distributions of the negative pions 
and photons in elastic and exchange scattering, 
calculated from the phase shifts of solution a, 
are shown in Figs. 1 —4. 

One must point out still another feature of so- 


(a0/du)10* = cm*/sr~! 


st 


FIG. 2. Differential 
cross Section (c.m.s.) 
of elastic and exchange 
scattering of negative 
pions with 270-Mev en- 
ergy on hydrogen. Solid 
curve — distribution of 
the form[ A, + A,P, 
x(cos #)+ A,P, (cos #)]; 
the dotted curve repre- 
sents distribution cal- 
culated from the SP 
analysis (solution a). 
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= 7 a 
(d6/dw), 10° em*/sr 


FIG. 3. Differential 
cross sections (c.m.s.) 
of elastic and exchange 
scattering of 307-Mev 
negative pions by hy- 
drogen. Solid curve — 
distribution of the form 
[A, + A,P, (cos #) 

+ A,P,(cos #)]; dotted 
curve — distribution cal- 
culated from SP analy- 
sis (solution a). 


= 
A ee eee 


arama 
-{ 
cos » 


lution b, namely that on going from 240 to 270 

Mev the signs of the phases a, and a4; become 
reversed. It appears to be little likely that the 
phase shift a@,, which is positive at small energies, 
reverses its sign twice between 150 and 270 Mev. 
An additional criterion, which makes it possible to 
choose between the different solutions, is the result 
of the experiments on the polarization of recoil pro- 
tons is the interaction between pions and hydrogen. 
These experiments were made by Ashkin et al.’ 

at a negative-pion energy of 223 Mev and by Vasi- 
levskii and Vishnyakov!? (preliminary data) at 
negative-pion energies of 300 Mev. It follows from 
the experiments that solution a is the more prob- 
able. 
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cm?/sr a 


(d6/dw) 10°” 


FIG. 4. Differential 
cross sections (c.m.s.) 
of elastic and ex- 
change scattering 
of 333-Mev negative 
pions by hydrogen. 
Solid curve — distri- 
bution of type 
[A, + A,P, (cos #) 

+ A,P, (cos #)]; dot- 
ted curve — distribu- 
tion calculated from 
SP analysis (solu- 
tion a). 


-] 
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All the foregoing statements lead to the conclu- 
sion that the scattering of pions by protons in the 
energy range above “resonant” is most probably 
described by solution a. The error matrices for 
this solution are given in Tables VII— XI. The 
errors in the phase shifts of solution a, which 
are given in Tables II— VI, are the diagonal ele- 
ments of the corresponding matrices. 

The phase shifts in the states with isotopic spin 
T= ES given by solution a, actually do not differ 
from those obtained in experiments with positive 
mesons.’ 

As regards phase shift in states with isotopic 
spin T= Tbe we can state the following. The 
phase shift of the S state is positive. The depend- 
ence of the value of this phase on the momentum is 
shown in Fig. 5. It is seen that, accurate to errors 


TABLE V. Phase shifts (in degrees) at pion 
energies of 370 Mev 


Variant me 4 6 7 1 2 5 
i ag —25.0 | —25,0 | —25.0 | —25.0 25.0 25.0 24.4 
g Gg, | —10.0 | —10.0 | —12.0 | —12,0°| —10.0 | —10.0 | —10.3 
e d33 133.0 133.0 135,0 135.0 133.0 133.0 132,8 
> ay 9.0 —9.0 10,0 | —10,0 9.0 —9,0 9.6 
ci Oy 10,0 10,0 | —10,0 | —10;0 | —18.5 | —18.5 | —10.0 
% Ais —9,0 —9,0 | —10.0 | —10.0 10.0 10.0 10.0 
Re) M 56.0 217.0 379.0 505.0 151.0 159.0 228.0 
SS Ee eee ieee 
Solution a b 
2 As —23,9+1,2 —23.6 
YE As) —10.0+2.0 —15,4 
8 Fs As 132.4+0.9 1352, 
wa Oy Aide On 2 Le 
32 cael HL AASB) Gs —22,4 
¢ Ais —5,.0+1,2 14.6 
M 29.0 TAO 
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TABLE VI. Phase shifts (in degrees) at pion 
energies of 333 Mev 


Variant 3 4 4 2) 5 6 fi 
i. a | —30.0 | —30.0 | —30,0 |] —30.0 | —24.1 | —25.0 | —25.0 
® ds; | —12,0 | —12.0 | —12.0 | —12.0 | —10.3 | —12,0 | —12.0 
34 dss | 1389.0] 139.01 139.0] 139,0] 132.8] 135.0] 135.0 
% 1 10.0 | —10.0 10.0 | —10.0 9.6 10) |) SHG, 
iG) cael 10.0 10,0 | —18.0 |’ 18,0 | 10.0) | —10.0 | —10,0 
pe the | =901 =O.¢ 10.0 10.0 OO |) =O. |) io. 
Re 87 324 179 294 251 3875 6706 
Solution a b d 
Bl Nas F552 —25.0 =X. 
YEO toa =) il 7 aoe 
= Z| dss WS7eo-e1ol 140.1 139.5 
SE | ay 29.2+1.8 tea 31.4 
S5 | an 8,142.9 —24.0 16:6 
EA | ernes =o Ds 8 16:0 10.0 
M 22.6 33.4 94.4 


TABLE VII; Matrix of phase-shift errors (radians?), 


Eq = 220 Mev 

104, 10494 104055 10404 1084 10%, 
a3 6.16 —5.40 —0.08 0.68 7.46 1.28 
O31 22 34 —0,56 3.80 —12.66 136 
a33 8.54 16.38 — 5,16 4.14 
cal 49.38 —21.22 3,88 
O11 29.84 —().32 
Qi3 0.17 


TABLE VIII. Matrix of phase- 
shift errors (radians?), 


TABLE IX. Matrix of phase- 
shift errors (radians? ), 


E7 = 240 Mev Eq = 270 Mev 
10%a5] 10405, | 10%a55 104a, 10a 35 104045 104a, | 1045, | 104a,3 104a, 104a 54 104a15 
| | 
a3 |4.92/—1.80|—0,42/—3.16) 7.24) 1.76 a3 |3,70/—0.20|—0,40|—1.86) 2.38] 0.44 
O31 17,.54/—0.38] 2,56/—-10,90) 0.80 431 10.28/—0. 42) 11,98|—11.40| 2.74 
233 2.56} 4,46} —2.52|0.82 433 1.94) 5,20} —1.04) 0.80 
ay 52, 34|—47.10|—-8 ,52 Ly 73 .04|—23. 46} 13.64 
aa 79 .72| 14.64 cae 28.96|/—4 78 
dis 5.32 Gs 3.98 


TABLE X. Matrix of phase- 
shift errors (radians*), 


TABLE XI. Matrix of phase- 
shift errors (radians?), 


E7 = 307 Mev E7 = 333 Mev 

104a, | 10%as, } 10%a,5 10%a3| 104014 1U*a15 10405 | 10405 | 104«3, 10a, 10844 104a15 
a3. |4.48/—0.28] 0.10) 1,00) 1.52) 1.26 as |5.56/—2,38/—1.22| 0,48 5 .62/—0,04 
431 8.62/—0.28] 0.68} —5,28! 0.82 a1 11,88/—2,86] 3.66 |—-10.66} 5.18 
233 2.16} 3.40) —1.98] 1.08 233 3.44] 1.84 2.40} 0.06 
ay 16.40/-13.60} 6,28 a1 8.68 | —8.40] 4,94 
Qa 24 36|—5 .88 ay 22 .68|—7.66 
dis 3.94 ais 4.60 


ceed 10 deg, and its sign is apparently positive. 
The phase shift a,3, as can be seen from 
Tables II— VI, is small (1—5 deg) and appar- 
ently negative. It should be noted here that, ac- 
cording to the theory of Chew,!4~*® the phase shift 


in the determination of its magnitude, the behavior 
of the phase shift a, does not contradict the linear 
dependence observed at small energies (ay = 9.97, 
where 7 is the momentum of the pion in the c.m.s.). 
The value of the phase shift a , does not ex- 


1022 


339 
270 } 


t 307 


FIG. 5. Dependence of the value of the phase shift @, on 
the pion momentum in the c.m.s. 


Qy3 should be negative and approximately equal to 
Q3,. Within the limit of errors, the phase shifts of 
solution a satisfy this condition. A published paper 
by Chiu and Lomon" gives a phase-shift analysis 
of the data of Ashkin et al. and of our preliminary 
data at 370 Mev. In view of the fact that the solu- 
tion which they consider to be the most reliable 
coincides with our solution a, we have made some 
additional calculations. In these calculations we 
took as the starting data the phase shifts of the 
solution given by Chiu and Lomon. These led to 
solution b at all energies (except 240 Mev). 

At 307 and 333 Mev, the cross sections for in- 
elastic processes are sizable, and therefore the 
scattering phase shifts, strictly speaking, can no 
longer be considered real. In general form, the 
differential cross sections for the scattering of 
pions by nucleons in a state with definite isotopic 
spin can be written in the following manner: 


(ee) 
2 


(Fe) esscs = | > oi P; (cos 9) | + | 2 se Py, (cos 9) ; ; 
=e = 1) 


where k is the momentum of the pion in the c.m.s., 
while aj and bj are given by 


@y = (+ 1) exp 2ias, 9141 + Lexp 2ias, o-1 — (21 + 1), 


b; = exp ies, 2141 — EXP Dios eae (13) 


The presence of an imaginary part of the phase 
shift causes expressions of the form {7 exp (2iq7) 
to appear in Eq. (13) instead of expressions of the 
form exp(2iajz), where £7 and qj are real num- 
bers. Using the experimentally obtained cross 
sections for inelastic processes,'® we can estimate 
Bz from the general quantum-mechanical theory of 
inelastic scattering.’ It is found that for any state, 
even at 333 Mev, £7] differs from unity by not 
more than 2% or 3%, corresponding to an imagi- 
nary part not greater than 0.5 deg. The fact that 

8] differs little from unity makes maximum phase- 
shift variation, due to taking the inelastic proc- 
esses into account (in accordance with the esti- 
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mates made) not greater than approximately +3 
deg, that is, the accuracy in the determination of 
the phases. Thus, up to 330 Mev, a phase-shift 
analysis based on the assumption that the phases 
are real numbers is apparently a sufficiently good 
approximation. 


4, PHASE-SHIFT ANALYSIS WITH ALLOWANCE 
FOR S, P AND D WAVES (SPD ANALYSIS) 


At pion energies near 300 Mev, one can expect 
a noticeable contribution from D waves (l= 2) 
to the scattering. In this connection, we made a 
phase-shift analysis with allowance for the D 
waves for all pion energies. The initial phase 
shifts for the S and P waves were taken in the 
SPD analysis to be the phase shifts of solutions 
a and b, obtained in the SP analysis. The initial 
values of the phase shifts of the D waves in states 
with T=%%, in accordance with the results ob- 
tained in experiments with positive pions,’ were 
taken to be 63,=6deg and 63, = —6 deg. The 
values of the initial phase shifts of the D waves 
in states with isotopic spin T=‘, were taken 
to have an absolute value of 8 deg. The signs of 
these phase shifts were taken in all possible com- 
binations, that is, 44+, —-, +-, and -—+. Thus, 
we obtained eight versions of the initial values of 
the phase shift for each energy, four for solution 
a and four for solution b. 

As a result of the calculations performed, the 
initial versions, which differed only in the signs 
of the phase shifts 6,3; and 6,5, yielded one and 
the same solution. In other words, we obtained 
two sets of final versions of solution, one for ini- 
tial solution a and the other for solution b. The 
values of the phase shifts corresponding to solu- 
tions a and b are listed in Tables XII and XIII. 
These two versions of the solutions will hence- 
forth be called the “agpp solution” and “bgpp 
solution.” 

For 333 Mev we obtained three different vari- 
ants for solution a. Two of these are listed in 
Table XII. These solutions give phase-shift val- 
ues corresponding to those obtained at lower en- 
ergies. 

It is seen from Table XII that when the D waves 
are taken into account the phase shifts a4, a4, 
and a3 of solution a change by not more than a 
few degrees, that is, they remain unchanged within 
the limit of errors. This is expected, for the S 
and P phases alone have already described the 
experimental data sufficiently well. 

The phase shifts 63; and 63, of the D waves 
in states with isotopic spin T = Wy do not differ 
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TABLE XII. Phase shifts (degrees) at pion energies 


240 — 333 Mev. 


Pion energy, | | 


Solution agpp 


| 307 | 


Mev 240 | 270 333 (4) 333 (2) 
a3 —20,4%4,9 | —15.0£6.2 | —10.243.7 | —22.0441,6 | —10,541.1 
Est —4.2+3.6 —4.0£3-4 | =3.622.2 | —6.3+2.4 2) SE MAT 
O33 dA Geos 128.441.0 | 134.741:9 | 136.2+1,14 139.741.5 
333 —0.9+3,4 3.96.6 11.1+3.0 2,441.3 12.1+1.8 
835 4,945.5 Seal a eee || SASSO | Sis) ae ti0) 
a1 8,143.5 29,842 ,2 23.84+3.3 28.9=2,0 31,841,6 
aa 11.24+3.2 4,243.8 8.0+4.0 9,443.4 4,343.5 
ais —1.4+1.45| —0.441.5 | —2.944.9 | —2.2414.0 1.041.9 
d18 SOE 0.8+2,2 3.141.4 Osea 0.821.5 
015 Peas ARB one 4.942.0 4.0£1.0 4.841 .2 
Miri 9.7 5.9 7.0 16.2 9.6 
TABLE XIII. Phase shifts (degrees) at pion energies 
240 — 333 Mev. Solution byspp 
Pion Pion 
energy, 240 270 307 333 energy, 240 270 307 333 
Mev Mev 
a3 ORS O0) TONG 19S Oy — 0.3} — 4.8} — 3.5} — 3.0 
ax Stet | RO Ol ake le, G hay 69h 1019 0.0} —21,9 
dss 115,5| 128.0} "134 7) 136.3 38 ee 9.2 6.6| 15.2 
B33 | 3,6 ties 3.6 618 6.2 ORO) 15.0 2.7 
ee NDA ESS Sioa NOEs ig ate Peay ee 615 3.8 3.6 4.2 4.5 
M nin 13.9] 10.1 Bis vee 8 


essentially from those obtained earlier by Mukhin 
and Pontecorvo.' 

The phase shifts 6,3; and 6,5; of D waves in 
states with isotopic spin T= / are small, as can 
be seen from Table XII. The accuracy with which 
they have been determined does not permit any 
definite conclusions to be drawn concerning the 
signs of these phase shifts. 

Nothing definite can be said about the solution 
of bspp. It cannot be discarded completely merely 
because the corresponding solution b of the SP 
analysis does not agree with the experimental data. 
Nor can one exclude the possibility that the poor 
agreement given by solution b is connected with 
the need for taking the D waves into account in 
the analysis. It appears to be little probable, how- 
ever, that the large D-phase values (up to 15 deg) 
obtained in the solution bgpp would occur already 
at 240 —307 Mev. The dispersion relations de- 
scribed below give additional indications that the 
solution bgpp is apparently incorrect. 


5. COMPARISON OF THE PHASE-SHIFT ANALY- 
SIS RESULTS WITH THE DISPERSION RELA- 


TIONS 


It is well known that the dispersion relations 
yield the dependence of the real part of the zero- 
degree scattering amplitude D(0) on the pion 
energy. 

An expression for D_(0) can be obtained from 
Eq. (2) for the cross section of elastic scattering 


of negative pions by hydrogen. This expression 
represents the sum of the squares of the real and 
imaginary parts of the scattering amplitude. Then 


D_(0) = = k1(sin 2a, + sin 25; + 2 sin 2o95 
+ 2sin 26,, + 3 sin 26,, + 2 sin 2a, + 2sin 204; 


+ 4 sin 2a,3 ++ 4 sin 28,5 + 6 sin 28,,). (14) 


The values of D_(0) calculated from the phase 
shifts are shown in Fig. 6. It is seen that solution 
a is in satisfactory agreement with the curve 
given by Pontecorvo,'? with a coupling constant 
f? = 0.08 for the meson-nucleon interaction. 

In conclusion, the authors consider it their 
pleasant duty to express sincere gratitude to 
B. Pontecorvo for constant attention and help with 
the work; to A. I. Mukhin, L. I. Lapidus, S. N. So- 
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FIG. 6. Dependence of the real part of the amplitude of 
scattering at zero degrees, D_(0), in h/yc units, on the nega- 
tive-pion energy: e—SP analysis (solution a), O—SPD analy- 
sis (solution agpp). The solid curve is taken from reference 
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kolov, and N. P. Klepikov for numerous and fruit- 
ful discussions, and I. V. Popova and L. A. Chudov 
for valuable aid in programming the electronic 
computer. 
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The angular distributions of 6.8-Mev protons elastically scattered by Cr®?-53, Nj58-60,62° ang 


isotopes were investigated. Appreciable differences in the variation of the differen- 


tial cross sections were found in the various isotopes. The results indicate that in scattering 
studies the individual features of the nuclei should be taken into account. 


Ln recent years, in connection with the develop- 
ment of the optical-model concept of the nucleus, a 
series of detailed investigations of the angular dis- 
tributions of nucleons elastically scattered by nu- 
clei was carried out within a wide energy range. 
Comparison of theory and experiment showed that 
the optical model of the nucleus is sufficiently ef- 
fectual for the description of scattering processes. 

However, almost all the studies of nucleon scat- 
tering were carried out with targets of natural iso- 
tope composition. The results obtained refer there- 
fore to the averaged result of scattering by the dif- 
ferent isotopes contained in the investigated target. 
It was difficult or simply impossible to observe in 
such measurements the peculiarities in the scatter- 
ing by any individual isotope. Nonetheless, the pe- 
culiarities of ‘‘isotopic’’ scattering had been 
pointed out in a number of papers. Thus, in the in- 
vestigation of elastically scattered protons by a 
group of nuclei with Z = 24 to 30, a substantial 
change in the angular distributions was noted from 
element to element.!~* Inasmuch as the mass num- 
ber of the scattering nuclei changes little, similar 
results fit the optical-model concepts poorly, since 
to describe the above group of nuclei they require a 
considerable and irregular variation of the model 
parameters. This obviously raises the question of 
investigating separated isotopes. The first exper- 
iments in this direction showed that the angular 
distributions can change to a large extent from iso- 
tope to isotope.’—!° 

At present, the theoretical interpretation of 
these effects in the scattering of nucleons by nuclei 
runs into many difficulties. It is therefore desir- 
able to investigate the scattering of nucleons by 
separated isotopes in a broad energy range. The 
accumulation and systematization of experimental 


data will add to our knowledge of the structure of 
the nucleus and of the interaction of nucleons with 
nuclei. 

The present work is devoted to a study of angu- 
lar distributions of elastically scattered 6.8-Mev 
protons by the 70253 8380 62 and Cue 
isotopes. 


EXPERIMENTAL METHOD 


Protons with an energy of (6.8 + 0.1) Mev were 
obtained in the cyclotron of the Physics Institute of 
the Ukrainian S.S.R. Academy of Sciences. After 
extraction from the accelerating chamber, the beam 
was focused by magnetic quadrupole lenses, de- 
flected by 30°, and passed through collimating dia- 
phragms to the target. The target was placed at the 
center of a scattering chamber of 1.6 m diameter. 

The scattered protons were registered by a 
scintillation spectrometer consisting of a CsI( T1) 
crystal, a FEU-20 photomultiplier, and of an 
AIMA-1 (reference 6) 50-channel pulse-height ana- 
lyzer. The spectrometer in a special jacket was 
fixed to a mobile bracket in the scattering chamber 
and could be rotated about the target. The large 
dimensions of the scattering chamber assured good 
geometry. 

The measurements were carried out every 5° 
from 20 to 160°. The precision in the setting of the 
scattering angle amounted to 0.3°. The energy res- 
olution of the scintillation spectrometer at its half- 
width was 4 — 6%, depending on the effective target 
thickness. The relative proton flux on the target 
was measured with the aid of a scintillation counter. 

The energy spectrum of the scattered protons 
was registered at each angle where measurements 
were carried out. The statistics of the elastically 
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scattered proton group were chosen such that the 
statistical error should not exceed 2%. The group 
of elastically scattered protons was segregated in 
the energy spectrum. The results obtained for 
each angle were reduced to one and the same value 
of the monitor reading; the relative angular distri- 
bution was thereby determined. 

After going over to the center-of-mass system 
(c.m.s.), the value of the differential cross section 
(in arbitrary units) was multiplied by sin‘ ( 6/2), 
and was normalized to unity in the 20° range. Under 
the natural assumption that in the region of angles 
on the order of 20° pure Rutherford scattering takes 
place, the above-mentioned quantity is the ratio of 
the experimental cross section to the Rutherford 


cross section. 


Targets in the form of thin 3- to5-p self-sup- 
porting foils, enriched to contain 93 — 98% of the 
investigated isotope, were used in the experiment. 
The composition of the targets is listed in the table. 


MEASUREMENT RESULTS AND DISCUSSION 


OF THE DATA 


For most nuclei studied in this work, the energy 
resolution of the scintillation spectrometer was 
sufficient to separate the group of inelastically 
scattered protons from the group of those elastic- ' 
ally scattered. One example of an energy spectrum 


is shown in Fig. 1 
N 
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FIG. 1. The energy spectrum of protons scattered at 90° 


by the Cr*? nucleus. 
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The first 1.44-Mev level'! of the Cr’ nucleus 
is well separated in the energy spectrum of the 
scattered protons. This group of protons is easily 
separated from the group of elastically scattered 
protons. At the same time, the groups of protons 
connected with the lower 0.54- and 1.01-Mev levels 
of the Cr*®® nucleus may, in view of the insufficient 
energy resolution, contribute considerably to the 
elastic scattering, particularly at large scattering 
angles. The angular distributions of 6.8-Mev pro- 
tons elastically scattered by chromium isotopes 
are shown in Fig. 2. In spite of the small shift in 
the positions of the angular-distribution maxima 
and minima, our attention is drawn to the consider- 
ably larger value of the Cr’ cross section com- 
pared with that of Cr*® in the region of large scat- 
tering angles. This difference may really be much 
larger than appears from our experiments, if the 
possible contribution of inelastic groups to the elas- 
tic scattering by Cr®® is taken into consideration. 
It will be possible to form an opinion about the mag- 
nitude of this contribution after additional experi- 
ments. Measurement results for the chromium 
isotopes are in good qualitative agreement with 
data on the scattering of 5.4-Mev protons (refer- 
ence 9). 
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FIG. 2. The angular distribution of protons elastically 
scattered by chromium isotopes. 
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DISTRIBUTIONS OF 6.8-Mev PROTONS ELASTICALLY SCATTERED 


The first excited states of the Ni®®, Ni®, and 
Ni® isotopes are located above 1 Mev (1.44, 1.33, 
and 1.17 Mev, respectively). Proton groups cor- 
responding to the above levels are well separated 
from the elastically scattered proton groups. The 
angular distributions of Ni®® and Ni? (Fig. 3) are 
similar to each other, and duplicate in the main the. 
result obtained with a natural mixture of nickel iso- 
topes. This is not unexpected, since these two iso- 
topes constitute the main part of the natural isotope 
mixture. It should be noted that the cross section 
for Ni® in the range of large angles is somewhat 
larger than for Ni®®. This result is in good agree- 
ment with the observations made?" in the scattering 
of 40-Mev protons by these isotopes. 
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FIG. 3. The angular distribution of protons elastically 
scattered by nickel isotopes. 


The angular distribution for Ni® differs 
sharply from the analogous curves for the two 
lighter nickel isotopes. In the range of angles 
above 120° the differential cross section decreases. 
If account is taken of the fact that in going over 
from one isotope to the other the number of neu- 
trons changes only by two, this result is somewhat 
unexpected. Nonetheless, this effect does not con- 
tradict the experimental results with 5.4-Mev pro- 
tons. ! 

The variation of the cross sections with angle 
for the Cu®? and Cu® isotopes is completely 
identical (Fig. 4). However, the curve of the heav- 
ier copper isotope is shifted towards smaller an- 
gles by about 5° relative to the Cu®? curve. An 
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FIG. 4. The angular distribution of protons elastically 
scattered by copper isotopes. 


analogous result is obtained in the scattering of 
19.6-Mev protons by the same isotopes.’ We note 
that the variation of the cross section with angle 
for Ni® is in the main analogous to that observed 
for cobalt and copper isotopes. 

It is known that in calculations according to the 
optical model the change in the imaginary part of 
the potential W causes a change in the maxima 
and minima of the differential cross section.!* On 
the other hand, the imaginary part of the potential 
is connected with the value of the absorption. With 
decreasing W the absorption decreases; at the 
same time the differential cross section in the re- 
gion of large angles increases. Thus, it is possible 
to speak of a possible change in the value of the ab- 
sorption on going over from one isotope to another. 
At the same time, one can expect a somewhat dif- 
ferent value of the eiastic-scattering cross section 
connected with the formation of a compound nucleus. 
Taking account of interference effects, one can ex- 
pect different results for the scattering. A similar 
set of arguments could serve as an explanation of 
such a considerable difference in the scattering by 
neighboring isotopes. 

Obviously, the interpretation of the scattering 
results by separated isotopes, within the frame of 
the optical model, requires a considerable varia- 
tion of the model parameters. This refers not only 
to the value of the imaginary part of W, but also 
to the real part of the potential V and to the radius 
R. The two last parameters are connected with the 
shift of the angular-distribution curves, and, as we 
have seen, for neighboring isotopes this shift may be 
considerable. 

Apparently, to obtain fuller agreement between 
theory and experiment, account must be taken in 


1028 


the optical model not only of the spin-orbit inter- 
action of the incident proton but also of the effect of 
the shell structure of the nucleus on the scattering 
process. 
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Ben teiration ot conversion electrons has been measured for transitions following B- decay 
inesinie Re. °, Hg2% and Pa*83. The conversion electrons were found to be polarized in 
the direction of emission of the B~ particles for Tm!” and Re!8*, and in the opposite 


direction for Hg? and Pa?8, 


Re!86 
larization values. 


Cae nonconservation in weak interactions has 
now been firmly established. In some cases one 
can use the laws of weak interaction to investigate 
the characteristics of nuclear transitions. 

Thus, old methods of nuclear spectroscopy can 
be supplemented with new ‘‘non-classical’’ methods 
(experiments with polarized particles, participating 
in weak interactions). 

One of these methods, particularly suitable for 
the study of heavy nuclei, is the measurement of 
the polarization of the electrons in internal conver- 
sion following B decay. The effect of polariza- 
tion of the conversion electrons following the decay 
was predicted by A. I. Alikhanov and V. A. Lyubi- 
mov (see reference 1), and was experimentally ob- 
served by Lyubimov and Vishnevskii.? The theory 
of this phenomenon was developed by V. B. Bere- 
stetskiY and A. P. Rudik® and by B. V. Geshkenbein.‘ 

The results of the present paper were reported 
at the International Conference on High-Energy 
Physics in Kiev, July 1959.? 


DESCRIPTION OF THE APPARATUS 


The internal-conversion electrons were polar- 
ized in the direction of the nuclear polarization 
due to the preceding B decay. If the conversion 
electrons emitted at 90 deg to the momentum of the 
particles are separated, the polarization is found 
to be transverse, and this greatly facilitates its 
measurement. Transverse polarization of conver- 
sion electrons was determined from the azimuthal 
asymmetry of the Mott scattering by gold nuclei. 

A diagram of the instrument is shown in Fig. 1. 

The f electrons from a given source b were 
registered in counters 1 and 2. The conversion 
electrons emitted after the B decay were separated 


The most probable value of the ground state spin of B~-de- 
caying nuclei has been determined for Hg?" and Pa?33, 
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Experimental data for Tm*" and 


for which all transition constants are known, are compared with the theoretical po- 


FIG. 1. Diagram 
of the instrumentation. 
a—scintillation coun- 
ters, b—beta source, 
c—toroidal coil, d— 
scatterers. 


by a toroidal spectrometer after being scattered 
from gold scatterer d through an average of 135 
deg, and registered by counters 3 and 4, connected 
pairwise for coincidence with 8 counters 1 and 2. 
Counters 3 and 4 were oriented in a plane perpen- 
dicular to the axis of counters 1 and 2 

Since the conversion electrons were monochro- 
matic and the transverse component of their polar- 
ization exhibited little dependence on the angle @ 
between the directions of the 8 and conversion 
electrons for @ close to 90 deg, it became possible 
to separate the conversion electrons from the B 
particles by a wide-angle high-aperture magnetic 
spectrometer’ with good energy resolution for the 
electrons. 

Counters 1 and 2 separate the oppositely -di- 
rected 8 particles from the source. Thus, de- 


1029 


1030 


pending on which of the £ counters, 1 or 2, coin- 
cides with the pulses from the conversion-elec- 
tron pulses in counters 3 or 4, one measures the 
azimuthal asymmetry in the scattering of elec- 
trons with opposite spin directions. This is equiv- 
alent to replacement of the ‘‘right-hand’’ counter 
by the ‘‘left-hand’’ one, customarily used to meas- 
ure scattering asymmetry. In addition, as a check 
on the measurements, counters 1 and 2 were ro- 
tated 180 deg, from position AA to position AB 
(Fig. 1). In this case asymmetry due to the in- 
strumentation can be excluded without additional 
measurements. Actually, after subtracting the 
background, the coincidences between the conver- 
sion electrons and the 8 electrons are given by 


(Nis) aa = @(N1Ns) aaNis (Ll —S<o)), 
(Nu)aa = @(NiMa)aa Nua (1 + S¢e)), 
(No3)Aa = a(NeN3) Aaa Nes (1 => )S<e>), 
(Noa) aa = @ (MeN) ates (1 —S <2), 
(Nis) 4B = (iM) 4BNis (eS <3), 
(Nya)ap = (Ns) ants (1 — S¢9)), 
(Nos) aB= 2 (N2Ns) aBYe3 (1 —S <>), 
(Noa)aB = 2 (Me caren (Less (o>), 


where a is a proportionality coefficient, nj is the 
probability of registering an electron by an individ- 
ual counter (determined by the solid angles, the 
efficiency of the counter, etc.) and may not be the 
same in positions AA and AB; nix are the corre- 
sponding probabilities, which depend on the counter 
combination (for example, the efficiency of coinci- 
dences in channel ik). The values of nj, are in- 
dependent, with sufficiently good approximation, of 
the positions of counters AA or AB; § is the 
asymmetry of single scattering of fully polarized 
electrons by gold, with allowance for the geometric 
parameters of the instrument, and < o> is the 
degree of transverse polarization of the electrons. 

It is easily seen that one can make up of the 
measured eight quantities (Nix) ap and (Nix) AA 
an expression that depends only on the degree of 
polarization of the electrons. Actually, the asym- 
metry coefficient 


ww Ny3No4 NyaNo3 wh ed 1—S <o> 1— R 
Re ( NyaNo3 a ( NisNoa lead Se APESsS! s Dis 1+ R 


does not include the instrumentation asymmetry. 
As a rule, to exclude the instrumentation asym- 
metry, additional measurements are made witha 
scatterer made of light material. In this case the 
azimuthal asymmetry due to the polarization of the 
electrons should be practically zero. In our case 
there is no direct need for such measurements. 
Measurements with an aluminum scatterer were 
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made by us only for control purposes and disclosed 
a high degree of exclusion of the instrumentation 
asymmetry for all the substances investigated, 
namely: 


B source Tm!” Pa®3 (E_ = 312,6 kev) 
R 4 .00-L0.02 0,98-40.02 

B source pa%3(E, = 74.8 kev) Hg? 
R 4.01-40.03 0.97-40.03 


The measurements were made in the following 
sequence: first with a gold scatterer, then with an 
aluminum scatterer, and finally with an empty 
frame (to exclude the cases of scattering from the 
walls of the instrument and from the frame of the 
scatterer). The background of random coinci- 
dences was measured directly for each case. All 
the measurements and the interchange of the scat- 
terers were automatic, the result being recorded 
on corresponding groups of mechanical counters. 
The measurements were carried out both in posi- 
tion AA and in position AB, at approximately 
equal times for each measurement. It can be seen 
from the definition of the asymmetry coefficient R 
(see also Fig. 1) that if the measured R is greater 
(less) than unity the internal-conversion electrons 
following the B decay should be polarized against 
(with) the direction of emission of the B particle. 


MEASUREMENT RESULTS 


Thulium, Tm!” The g decay of Tm!” is ac- 
companied by strong y-ray conversion, and the 
constants of the transitions of Tm!” are well 
known.® This source is therefore very convenient 
for experimental verification of the theory of con- 
version-electron polarization. In approximately 
24% of the cases, the B decay is to the excited 
level Yb!”° with E = 84.23 kev, which is then de- 
excited by the internal-conversion electron with 
multipolarity E2 in accordance with the scheme 


i= + + 


— —_ 
6.864 kev e, Y, 84.2 kev 


We measured the polarization of the conversion 


electrons emitted from the L shell (Egy, = 75 kev). 


The measured asymmetry of scattering by a gold 
scatterer (0.07 mg/cm?) was 


Rau =|( a eat Nisa jal — 0,83 £0.03. 


Ny3N 04 
It follows therefore that 


2S <s> = 2(1—R)/(1 + R) = 0.19 + 0.08. 


The value obtained for the asymmetry S corre- 
sponds to conversion electrons polarized in the 
direction of the emitted B electron. 

It is necessary to correct the measured asym- 
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metry for the finite thickness of the scatterer. The 
value of this correction for electrons of different 
energies, at an identical scatterer placement, was 
carefully measured by Alikhanov, Eliseev and 
Lyubimov.’ Corrected for finite scatterer thick- 
ness, the result was 


(2S <o>)) = + 0,22 + 0,03. 


Using the data tabulated by Sherman? and the 
corrections for these data from reference 7, we 
can obtain, allowing for the geometrical para- 
meters of the instrument, the polarization of the 
conversion electrons 


S) exp = (0,49 + 0,06) w/e. 


In this case the average value of v/c for the 
registered part of the 8B spectrum is 0.78. 

According to the theory of Geshkenbein‘ the po- 
larization of conversion electrons from the L level 
in electrical transitions is 


L(L+N + Jao +1) Jos +1) 
22 (E+ AA FIM, PP) 


x {((vn)n+ V¥(L+ 1)Re yi; |v — (vn) nj}, 
where a@ depends on the same combination of con- 
stants and matrix elements as the angular distri- 
bution of the electrons in B decay of polarized 
nuclei, 

Ang, | Call Mer I 28,7, Vise U2 + 1) Re CyCaMpMgr 
ar [CaP IMer P+1Cy P| Mp i ‘ 
Not = LW e(J2 + 1) — Jy (J + 1) + 21/2 (VJ2+ 1); 


Mr and Mg7 are the nuclear matrix elements, Z 
is the multipolarity of the y quantum, J, is the 
spin of the nucleus prior to B decay, J», is the 
spin of the nucleus prior to conversion, J3 is the 
spin of the nucleus after conversion, v is the 
electron velocity, n is the unit vector in the di- 
rection of emission of the conversion electron, 
NL; is a function of the radial integrals, while 
CA and Cy are the interaction constants. 

The main contribution to the polarization is 
made by the electrons from the Ly and Lyj 
shells. | 

According to the Geshkenbein calculations, 
NLy = 0-51 + 0.25 and 7 Ly = 0-534. 

This gives for the polarization 


<6) theor = 1 0.488 v/C, 


COD) == ei 


which is in good agreement with the experimental 
value. 

Protactinium, Pa?*?. The decay scheme of pro- 
tactinium and the characteristics of the transition 
are given in the book by Dzhelepov and Peker.® 
Principal attention was paid here to a measurement 
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of the polarization of the conversion electrons pro- 

duced by de-excitation of the 312.6-kev excited 

level of U”*?, in accordance with the scheme 
CEN emeperel eae ee opccal lt 

We measured directly the polarization of the 
conversion electrons from the K shell, arising as 
a result of a type-M1 transition at E,, = 312.6 kev. 
The experimental value of the scattering asym- 
metry is R=1.10 + 0.02, i.e., the electrons are 
polarized against the direction of the -particle 
momentum. 

After introducing corrections for the finite thick- 
ness of the scatterer (0.45 mg/cm?) and for the 
contamination by cascade transitions, we obtained 
the experimental value of the polarization <o@> 
= (-0.48 + 0.14) v/c (the average value of v/c is 
0.56). 

For the proposed values of the spin of the 
ground state of Pa’? (%, %, or 5), the calculated 
values of the polarization are respectively 


{o>1,, = —0.334v/c, (eds, = (—0.334 — + 0.200) v/c, 
(o>, = 0.200 v/c. 


If the ground state of Pa”? has a spin ¥, the 
transition is between the levels %, and >. In this 
case the calculated value of the polarization de- 
pends on the combination of the matrix elements of 
the B transition. Figure 2 shows the calculated 
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FIG. 2. Polarization <o> calculated as a function of the 
tatios x of the matrix elements of the 8” transition Pa?** 
~» U**3, The shaded area shows the region of possible ex- 
perimental values of <o>. 


value of the polarization as a function of the ratio 
of the matrix element x = Mp/Mqy( Cy = -1.2 
Cy ), and shows also the experimental value of 
<o>. Bearing in mind the possible inaccuracies 
in the intensity of the transitions between the 
levels of the ‘‘daughter’’ nucleus Pa?**, as well 
as experimental errors, our data agree with the 
theory if a value of yy or of is assumed for the spin 
of the ground state of Pa”. In the latter case 
there is an interference between the Fermi and the 
Gamow-Teller interactions, and the matrix ele- 
ments have opposite signs. 

For purposes of control, we measured the po- 
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larizations of the conversion electron from the 
74.5-kev y quanta produced in the transition be- 
tween two excited levels of U3 in accordance 
with the scheme 


(Ya; 3/0, 5/2) aa ae ce) 


a) 
E,=74.6 ke 
(excited state). This transition is almost analo- 
gous with the previous one and differs in the ener- 
gies of the 8B particles and of the conversion elec- 
trons. The asymmetry obtained is R= 1.06 + 0.04 
and corresponds to the same direction of conver- 
sion-electron polarization as in the case of a 
312.6-kev y transition. 

Mercury, Hg?%. A study of the polarization of 
the conversion electrons accompanying the B de- 
cay of Hg? is of interest, because we can estab- 
lish here a connection between the spin GE ies or 
5) of the ground state of Hg?%, which is not ac- 
curately known (see reference 6). The decay of 
Hg? is characterized by the fact that the conver- 
sion electrons have an energy exceeding the end- 
point energy of the B spectrum. Because of this, 
the measurements were carried out with a spectro- 
meter of lower resolution (see reference 2). The 
measurements have shown that the electrons are 
polarized against the direction of emission of the 6B 
particles, and the polarization has a value <a> 
= (-0.32 + 0.09)v/ce at an average V/C=0.55. The 
calculated values of the polarization are 


{o>a1, = 0.495 v/e; <5>+%,, = (0,495 to — 0.297) v/e; 
(o>45;, = — 0.297 v/c, 


for spins + des a 53 and + TE respectively. 

Figure 3 shows the calculated values and the ex- 
perimental data of polarization. 

The results of the measurements agree with the 
values of the spin of the ground state of Hg?, + 
and + %, and disagree with the value + 1/.* 

In the case of a , — ¥, type of transition, there 
is an interference between the Fermi and the 


Eg-=145 kev 


*The results of the experiments were interpreted differ- 
ently earlier.* The experimental data were compared with the 
Geshkenbein formulas,* in which the sign of polarization was 
in error. The error in the formula was discovered by Geshken- 
bein after we measured the polarization of the conversion elec- 
trons in Tm*”°, where all the characteristics of the transitions 
were known, and the result had a sign opposite that of the 
theoretical value computed with the old formula, 
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FIG. 3. Polariza- 
tion <o> calculated as 
a function of the ratios 


x of the matrix ele- CO 59 


ments of the B tran- pid ds 
Sida He??? >» TI, Shy Il Mer 
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the region of possible UE00/8 yyy Wy 


experimental values of 
<o>. 


Gamow-Teller interactions. The matrix elements 
have like signs. 

Rhenium, Re!®*. The setup of reference 2 was 
used to measure the sign of the electrons of the con- 
version that follows the beta decay of Re+4 ‘The 
decay of Re!® is similar to the decay of Amare 
As in the decay of Tm!", the electrons of the con- 
version following the beta decay of Re!® are po- 
larized in the direction of the beta-particle momen- 
tum. 

The authors are grateful to Academician A. I. 
Alikhanov for continuous interest and attention to 
the work, and to B. V. Geshkenbein for fruitful col- 
laboration and a discussion of the results. The 
authors are also grateful to V. N. Markizov for help 
with the work. 
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Ion oscillations have been observed against the noise background of a discharge plasma 
(charge density approximately 10 cm”), The results which have been obtained can be 
interpreted if it is assumed that the probe selectively detects oscillations characterized 
by a wavelength approximately equal to the radius of the ion sheath which surrounds the 


probe. 


As is well known, ion oscillations with a limit- 
ing frequency 


fo =V ne/nM (1) 


have been observed in electron beams with com- 
pensated space charge.!»? However, no one has as 
yet been successful in observing oscillations of 
this kind in a gas-discharge plasma.*® The exist- 
ence of resonance effects at frequencies close to 
f) has been indicated by Rutgaizer and Kono- 
nenko.* In the present paper we describe a pos- 
sible direct experimental observation of self- 
sustaining ion oscillations in a gas discharge 
plasma. 

A plasma is formed in an arc discharge in 
mercury vapor (pressure approximately Kir’ 
mm) in a discharge tube 1 (cf. Fig. 1); the 
charge density in the plasma can be varied as 
required by changing the discharge current. 

The plasma contains a cylindrical probe 2 (di- 
ameter 100u and length 5 mm). If necessary 
it is possible to insert a similar fixed probe 3 
near the first and the distance between these 
probes can be varied from 0 to 15 mm. 


FIG. 1 


An important factor in the observation of 
oscillations is the detection system. The sig- 
nal picked up by the probe is fed to a pream- 
plifier with transformer input and then to a 
superheterodyne amplifier (IP — 12M) anda 


special narrow-band amplifier’ (band width 
approximately 100 cps) which consists of three 
stages with quartz filters (frequency 455 kcs). 
The sensitivity of the entire amplifier is ap- 
proximately 2 x 107° y. 


Uout» mv 


500 


f=16.Mc 


g 05 / 15 2 
FIG. 2 

The measurements are carried out as follows. 
The amplifier is tuned to a fixed frequency f and 
the dependence of the signal at the output of the 
amplifier on discharge current I (i.e., charge 
density in the plasma) is determined (Fig. 2). 
The signal at the output of the amplifier increases 
abruptly when the discharge is fired, and then in- 
creases more or less sharply as the discharge 
current is increased to approximately 0.1 amp; 
the signal variation then becomes a sensitive 
function of probe potential. If the negative po- 
tential of the probe is small (less than 3) — 40 v), 
the signal increases monotonically with further 
increase in discharge current. For negative 
probe potentials of large absolute value, however, 
the dependence of signal on discharge current 
exhibits a more or less clearly defined maxi- 
mum. The position of this maximum depends 
primarily on the frequency f to which the am- 
plifier is tuned; when f is increased the maxi- 
mum is displaced in the direction of higher plas- 
ma charge densities (cf. Fig. 2). 
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It is reasonable to explain the results described 
above in the following manner. The signal, which 
increases monotonically with increasing discharge 
current, is due to plasma noise; the plasma ion 
oscillations must be detected against this back- 
ground. A reduction in the bandwidth of the am- 
plifier and an appropriate choice of the negative 
probe potential makes it possible to observe these 
oscillations, which appear in the form of maxima 
such as those shown, for example, in Fig. 2. An 
increase in the negative probe potential reduces 
the probe current component associated with the 
fast plasma electrons and thus reduces the noise 
signal picked up by the probe as long as the nega- 
tive probe potential remains within proper limits. 
The important role played by the probe potential 
is indicated by the dependence of resonance cur- 
rent (we shall call the discharge current at 
which the indicated maximum in the output signal 
is observed the resonance current) on probe po- 
tential. In Fig. 3 we show the dependence of 
resonance current Ipeg on probe potential Upr 
obtained at various frequencies f. These curves 
can be obtained (indicating oscillations) only in 
the frequency range 1— 83 Mes, and only for a 
definite range of probe potentials. One of the 
reasons for the limited frequency range is the 
characteristic of the amplifier system which is 
used. The ratio of the signal to intrinsic noise 
in this device has a maximum in the region of 
2 Mes and falls off away from this frequency. 

In order to explain the dependence of reso- 
nance current on frequency f and probe poten- 
tial we turn to the familiar expression for the 
frequency of ion oscillations (cf. reference 6) 


f= fo/V1 + ne*2/zkT,, (2) 


where fy) is the limiting frequency given by Eq. 
(1) and ) is the wavelength. From Eq. (2) we 
can get an expression for the plasma charge den- 
sity n, which is determined by the discharge 
current, for given values of f and A: 


n = f?/(e?/7M — e?f?h?/ckT-) . (3) 


We shall not try to justify here the assertion 
that the probe exhibits a selective response to os- 
cillations at a wavelength A close to the order of 
magnitude of the radius of the ion sheath that 
surrounds the probe; we can only call attention 
to the fact that this assertion allows a qualita- 
tive interpretation of the relations shown in Fig. 
3. Since the radius of the ion sheath increases 
with increasing probe potential, the quantity n 
and consequently the resonance current should 
increase with increasing frequency f and with 
increasing negative probe potential Upy. This 
effect is observed in the present experiments. 

Furthermore, the following inequality follows 
from Eq. (3): 


2 < kT./ Mf?, (4) 


this inequality indicates a limit on the negative 
potential of the probe, as has been observed in the 
experiments described above. To compare the re- 
lation in (4) with experiment, we give the following 
example. Under the present conditions (Te = 3.8 
x 10*°K) with f =2 x 10° cps, computed by means 
of Eq. (4), we have Amax = 6.4% 10°" cm ine 
experiment indicates (cf. Fig. 3) that when f = 2 
x 10° cps it is impossible to observe oscillations 
at a negative probe potential greater than 150 v; 
the resonance current for this potential is 0.9 amp. 
The calculation shows that with this plasma (an- 
ode current 0.9 amp) an ion sheath with a radius 
of 6.4 x 10 ? cm is formed at approximately 130 
v. The fact that the experimental and calculated 
values of the maximum probe potential are of the 
same order of magnitude is also evidence in favor 
of the assertion made above concerning the se- 
lective effect of the ion sheath at the probe. 

It follows from Fig. 3 that the concentration 
Ny and, consequently, the resonance current 
Ibres Corresponding to the limiting frequency fy 
should be determined for } 0, i.e. by extrapo- 
lation of the curves in Fig. 3 to zero probe po- 
tential. In Fig. 4 we show the dependence of 
VIypreg on frequency obtained by extrapolation of 
a number of experimental lines. Here we also 
give the calculated line obtained by means of Eq. 
(1) and the experimentally determined depend- 
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FIG. 4 
ence of charge density in the plasma on discharge 
current: n = 3.1 x 101 (lin amperes). It is 
apparent that the discrepancy between the experi- 
mental and calculated lines does not exceed the 
differences frequently observed in investigations 
of electron plasma oscillations; this discrepancy 
may be attributed to experimental errors, errors 
in the extrapolation procedure, etc. 

The comparison shown in Fig. 4, together with 
the facts indicated above, would seem to indicate 
that in the present experiments we have actually 
observed ion oscillations and have qualitatively 
verified the relation given in Eq. (2). 

The complexity of the effects which attend the 
detection of oscillations by the probe also appear 


in the following interesting fact. If a second 
probe is placed in line with the measurement 
probe and the second probe is kept at a negative 
potential, the ion-oscillation signal is increased — 
the signal-to-noise ratio reaches 10 — 20 under 
these conditions. However, the dependence of 
resonance current on the potentials of the two 
probes is complicated and has not yet been in- 
terpreted. 
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The differential cross sections for the elastic scattering of neutrons from a Na”4 (y,n) D,O 
source by Pb, Bi, Sn, Fe, and Al nuclei have been measured over the range of angles 
from 30° to 150°. The total elastic cross section, the transport cross section, and the mean 
value of the cosine of the scattering angle were obtained from the measured angular distri- 


butions. 


W: have studied the angular distributions of 
neutrons elastically scattered from Bi, Pb, 
Fe, Sn, and Al nuclei. A Na”4 (y,n) D,O 
photoneutron source was used for this purpose. 
The y rays were emitted from a thin-walled 
nickel capsule with an internal diameter of 29 
mm, containing compressed sodium fluoride. 
This source was placed in another nickel cap- 
sule consisting of two halves filled with heavy 
water to a layer thickness of 8 mm. The mean 
energy of the neutrons from a source with 

this same thickness of heavy water, according 
to Wattenberg’s results,! was 220 kev. A pro- 
portional counter with an active volume 80 mm 
in length, filled with BF3 and surrounded with 
layers of paraffin and boron carbide, served 

as the detector. Rings of various diameter and 
thickness, according to the scattering angle, 
were used as the scattering samples. 

In reducing the experimental data, it was 
kept in mind that the sensitivity of the counter 
circuit was different for neutrons which ar- 
rived directly and those which had been scat- 


6(6) b/sr 
4 
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Angular distribution of elastically scattered neutrons. 


tered from the sample. Allowance was made 
for the fact that the direct and scattered neu- 
trons fall on the detector at different angles to 
the detector — source symmetry axis. The 
angular sensitivity of the detector was deter- 
mined experimentally; the corresponding cor- 
rections were applied. Allowance for the 
effects of attenuation and multiple scattering 
was made in the course of the calculation by 
the method of Turchin.?, A measurement was 
also made of the effect of the shielding screen 
on the number of neutrons scattered from the 
sample. Throughout the work, elaborate checks 
were carried out on the influence of y radia- 
tion on the results. 

To provide a correction for the decay of the 
source, and also as a check on the stability of 
the operation of the apparatus, the half-life of 
the Na“ source was measured and found to 
be 14.93 + 0.08 hours. 

The differential cross sections for elastic 
scattering of neutrons, measured by the method 
described above, are shown in the figure. They 
are given as functions of the cosine of the scat- 
tering angle in the laboratory system of coor- 
dinates. The mean-square statistical errors 
are different for different angles, and lie be- 
tween the limits of 2% and 7%. At 150° (re- 
versed geometry) they are somewhat larger, 
amounting to about 10% on the average. The 
statistical errors of the measured corrections 
are very small, and amount to less than a per- 
cent each. On the average, the total error of 
the results, for all values of cross sections, 
did not exceed 15%. 

The elastic scattering was measured 
every 30° over the range of angles from 30° 
to 150°. The average angular resolution was 
+10°. The variation of the scattering angle 
6 was accomplished by varying the distance 
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Values of elastic, transport, and total cross sections(in barns) 


\ 
) 
Element} Se | Str 
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| | | Wega Se Str | F cos @ 
| | | | | 
Ale | 3.15 |e48 | 3.76 |) 0.086 | Pb | 78.79 | 7.62 | 8.80 | 0.134 
Fe | 3.49 | 3.40 | 3.50 | 0.416 || Bi 8.23 | 7.37 | 8.23 | 0.104 
Sn | 6.80 | 4.90 | 6.85 | 0.285 || 


between the source and the detector, and also 
by the use of rings of different diameters. In 
order to increase the scattering effect, thicker 
rings were used at 30° and 150° than at the 
other angles. 

Since no inelastic scattering is observed in 
the elements studied at the neutron energies 
used, the differential cross sections are the 
cross sections for the elastic scattering only. 

In the table are shown the total elastic cross- 
sections de, the transport elastic cross sec- 
tions o;;, the total cross sections including 
the decay cross section (o;), and also the 
mean value of the cosine of the scattering angle. 
The decay cross section is taken for the same 
neutron source from the work of Belanova.? 

The total elastic scattering cross section 
was obtained by integrating the differential 


cross-section curve over the total solid angle. 
In a case where there is no inelastic scatter- 
ing, the formula 


ey ey f= cose), 


was used in calculating ot,. 


1A. Wattenberg, Phys. Rev. 71, 497 (1947). 

2V. F. Turchin, Aromuaa gHeprua, (Atomic En- 
ergy) 4, 244 (1958). 

3T. S. Belanova, JETP 34, 574 (1958), Soviet 
Phys. JETP 7, 397 (1958). 
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The a spectrum of U8 has been studied with the aid of an ionization chamber containing 
a grid. The energy of the fundamental group of a particles, after corrections for ioniza- 
tion, imperfect grid shielding, and pulse rise time have been applied, is equal to 4.488 

+ 0.003 Mev. The energies and intensities of the transitions to the 2* and 4* levels of the 


daughter nucleus were also determined. 


I NFORMATION about the excited levels of Th? 
has been obtained chiefly from Coulomb excitation 
experiments; the excitation of levels with energies 
of 50 and 790 kev has been observed.!’* The exist- 
ence of the 50-kev level, which appears to be the 
first level of the fundamental rotation band, has 
also been confirmed by measurements of the con- 
version electron spectrum in photo-emulsions.° 
The 790-kev level is de-excited by the emission of 
y quanta with energies of 790, 740, and 613 kev, 
which apparently correspond to transitions to the 
o*, 2*, and 4* levels of the fundamental rotation 
band. It is known that the 0*, 2+, and 4+ levels in 
even-even nuclei are also excited during a@ decay. 
Hence the study of the fine structure of the U?% 

a spectrum is of considerable interest. 

We have carried out a study of the U** q 
spectrum in an ionization q@ spectrometer of 
high resolution. 

An ionization chamber permits one to deter- 
mine the number of ion pairs produced by an 
a particle within the active volume of the 
chamber. The number of ion pairs N and the 
energy E of the a particle are connected by 
the relation E =Nw, where w is the mean 
energy required for the formation of a single 
ion pair. w depends on the working gas in the 
chamber and also, generally speaking, on the 
a-particle energy. In the case of argon there are 
contradictory opinions in the literature about the 
dependence of w onthe a-particle energy. How- 
ever, for a-particle energies above 4 Mev, w 
can be assumed, on the basis of experimental re- 
sults, to be independent of the energy. Under these 
conditions the relation of a-particle energy to the 
total number of pairs is given by the formula 
E =Nwp + €9, where wo is the mean energy going 
into the formation of a single ion pair when 
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E > 4 Mey, and €) is a parameter depending on 
the nature of the gas. For a mixture of argon and 
methane, €) = 83 kev.* 

The U5 q@-particle energies were measured 
by a comparison of the pulse amplitudes from 
u86 q@ particles with the pulse amplitudes from a 
reference a source, U?*4, whose energy was on 
taken equal to 4.768 Mev.® The amplitude com- 
parison was accomplished with the aid of a pre- | 
cision generator, whose pulses were applied to the 
input of the preamplifier. The pulse amplitudes 
were measured by a method described previously.® 
The energy of the U?** q particles was deter- 
mined from the relationship 


Eo3g = QE og, + e, (1 —a), 


where a is the ratio of the pulse amplitudes of the 
a particles from U™* and v4, 

After correcting for imperfect screening by the 
grid and for the pulse rise time, the energy of the 
u238 @ particles was found to be E = 4.488 
+ 0.003 Mev. No correction was applied for the 
source thickness, since the a-particle energies 
of U6 and U4 are close together, and the 
source was one and the same. Previously meas- 
ured values for the energy have been 4.5 Mev? 
and 4.499 + 0.004 Mev.® It should be observed that 
reference 8 gives not the measurement error, 
but the deviation from the mean of 9 measure- 
ments. The error of these measurements must 
have been high (about 10 kev), judging from the 
large half-width of the a@ lines, the considerable 
“tail”? of U4 q@ particles, and the inaccurate 
values of energies for the reference standards 
used. The U8 q-particle energy measured in 
reference 8 is high because corrections were not 
applied for imperfect grid screening and for pulse © 
rise time. When these corrections are taken into 
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FIG. 1. Spectrum of U**° @ particles. Channel width 5 kev. The resolution of the curve is shown by dashed lines. 4, is 
the group of particles corresponding to a transition to the 0* level of the daughter nucleus, and 0, to the 2+ level. The groups 
a” and aM correspond to the cases in which the © particles of group @, are accompanied by conversion electrons from the L and M 
shells, which introduce an additional ionization; in half the cases the electrons do not traverse the active volume of the chamber 


(group %;). 


FIG. 2. Energy spectrum of U7** a particles, taken with a channel width of 13.9 kev. The groups @,, @,, and @, correspond to 


transitions to the 0*, 2+, and 4* levels of the Th?*? nucleus. 
FIG. 3. Decay scheme of U?*®. 


account, the value of energy measured in refer- 
ence 8 does not disagree with our result, within 
the errors of measurement. 

In Fig. 1 is shown the @ spectrum of U6, 
obtained with the use of electrical collimation. 

In carrying out the resolution of the curve, the 
distortion of the spectrum due to the conversion 
electrons was taken into account. The intensity of 
the a, line was 26+4%. The separation between 
the @p) and a, lines is 50+ 5 kev. 

Figure 2 represents the a spectrum of U?% 
taken with a greater channel width. A group of 
Q@» particles can be seen at a separation of 160 
kev from the main line, with an intensity of 0.26 
+ 0.1%. In determining the intensities of the a 
lines, account has been taken of the intensity dis- 
tortions introduced by the electrical collimation. 
The a, group apparently corresponds to the 
transition to the excited state 4* of the Th? 
nucleus. 

The decay scheme for U?** is shown in Fig. 3. 

The authors take this opportunity to express 
sincere thanks to Prof. S. A. Baranov for kindly 
furnishing the U?*6, 
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The properties of fast electrons (50 —300 kev), which produce hard x rays in powerful 
pulsed discharges, are investigated. The dependence of the peak energy of the electron 
spectrum on the initial pressure and on the initial voltage is derived. The effect of an ex- 
ternal longitudinal magnetic field on the electron energy is studied. The experiments were 
carried out in hydrogen, deuterium, and inert gases. 


INTRODUCTION 


N 1952, hard x rays were observed during the 
course of investigations devoted to attempts at re- 
alizing controllable thermonuclear reactions in 
high-power gas discharges. In particular, a study 
was made!” of the basic properties of hard x rays 
produced in discharges in cylindrical chambers. It 
was shown later on that the electrons responsible 
for this radiation are accelerated along the axis of 
the discharge chamber towards the electrode which 
is under positive potential at the initial instant of 
time (‘‘anode’’). The maximum energy of the fast 
electrons diverted from the discharge through the 
aperture in the ‘‘anode’’ was found to be (300 
+ 20) kev at the initial voltage of 40 kv in the dis- 
charge chamber.? 

It is well known‘ that a high-power pulsed dis- 
charge in deuterium is accompanied by the emis- 
sion of neutrons. The neutron emission is due to 
a group of deuterons accelerated to energies of 
order 200 kev along the discharge axis towards the 
‘‘cathode.’*»* Thus, during the development of a 
powerful pulsed discharge, strong electric fields 
are produced and favorable conditions are created 
for acceleration of charged particles in the axial 
direction. The occurrence of a non-equilibrium 
group of fast particles in the plasma is not only 
of interest in itself, but may be significant in the 
explanation of the nature of bursts of cosmic radi- 
ation. The lack of sufficient experimental mate- 
rial and the complexity of the phenomenon have 
made it impossible until now to explain fully the 
mechanism of acceleration of charged particles. 

In the present paper we report the results of an 
investigation of fast electrons produced in a power- 
ful discharge. 


EXPERIMENTAL SETUP AND MEASUREMENT 
PROCEDURE 


The construction of the experimental setup is 
similar in its main outlines to the generators used 
previously in work on powerful pulsed discharges 
in cylindrical chambers. The capacitor bank con- 
sisted of 12 IM-3/50 capacitors, with a total capac- 
ity of 36 pf. The discharges were produced ina 
porcelain chamber 170 mm in diameter and 1,000 
mm long. The discharge chamber was placed ina 
coaxial feeder. The parisitic inductance of the ex- 
ternal circuit amounted to 0.5 microhenry. The 
capacitor bank could be charged with a high-voltage 
rectifier to 45 kev. The circuit was closed by ap- 
plying an igniting pulse to a thyratron. After each 
discharge, the chamber was pumped out to a high 
vacuum and filled with a new batch of gas. When 
working with hydrogen and deuterium, the chamber 
was filled through a nickel gas-leak valve. In ex- 
periments with inert gases, the gases were spec- 
trally pure. The time characteristics of the dis- 
charge were investigated by means of a type OK- 
17M double-beam pulse oscillograph. The current 
flowing in the main resonant circuit of the pulse 
generator was measured with a Rogovsky belt with 
an RL integrating network. In the case of hydro- 
gen, the maximum in the discharge chamber was 
200 kiloamp at a pressure of 6 xX 10% mm Hg and 
40 kv on the capacitor bank. 

To divert the electron beam from the discharge, 
a hole was drilled through the center of the 
“‘anode.’’ The energy of the electrons accelerated 
along the axis of the discharge was measured with 
a direct-deflection spectrograph, located directly 


behind the hole in the ‘‘anode.’? The electromagnet . 


of the spectrograph was fed with direct current 
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from a storage battery. The electrons were regis- 
tered with sensitive Agfa x-ray film, wrapped in 
aluminum foil 6 micron thick (to protect it against 
visible light). In the first experiment on the ex- 
traction of the fast-electron beam,? the exposure 
amounted to several tens of discharges. In order 
to reduce the exposure, we decreased considerably — 
the distance from the hole in the electrode to the 
input slit of the spectrograph. To separate the vac- 
uum volume of the spectrograph from the discharge 
chamber during the reloading of the film cassette, 

a special vacuum valve was used. After thorough 
adjustment of the spectrograph we succeeded in re- 
ducing the exposure to three or four discharges, 
and sometimes even to one discharge. 

To determine the electron energy, the x-ray 
film was exposed without a magnetic field, and then, 
without changing the film, several discharges were 
made at 200 oe. This procedure produced on the 
same film both the energy spectrum of the elec- 
trons and a reference line corresponding to the 
undeflected beam. The density of the film was 
measured with a MF-4 microphotometer. The 
spectrograph dispersion curve was obtained by 
graphically plotting the electron trajectories. By 
using this curve and by measuring on the micro- 
photogram the distance between the reference line 
and the boundary of the blackening due to the elec- 
trons deflected in the magnetic field, it is easy to 
obtain the maximum energy of the electron spec- 
trum 

The correctness of the plotted electron trajec- 
tories was verified with a 100-kev electron beam. 
In addition, the spectrograph was calibrated against 
the blackening of the film by the electrons ‘ ‘shot 
through’’ at the beginning of the discharge. Ata 
pressure of 1.5 x 10-2. mm Hg and an exposure of 
one or two discharges, these electrons produce on 
the x-ray film a black sharp line. The energy of 
the electrons, obtained by measuring the difference 
in potentials, coincided within 3% or 4% with the 
energy obtained from the dispersion curve. In de- 
termining the end-point energy of the electron 
spectrum, an additional error of approximately 3% 
must be taken into account, due to the fact that the 
boundary of the blackened part of the x-ray film is 
somewhat smeared. The overall relative error in 
the determination of the end-point energy of the 
electron spectrum did not exceed 8%. 

The instant at which the electron pulse occurs 
and its relative intensity under different initial 
discharge conditions was determined by a scintilla- 
tion recorder feeding an oscillograph, the second 
beam of which recorded the discharge-current 
curve. In these experiments the hole in the 
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FIG. 1. Depend- 
ence of the end-point 
energy of the elec- 
tron spectrum, E,, on 
the initial pressure p, 
of the hydrogen in the 
discharge chamber 
(U, = 40 kv). 
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7,,mm Hg 


‘‘anode’’ was covered with a 6-micron aluminum 
foil. Located behind the foil was a luminescent 
stilbene crystal. To reduce the sensitivity to the 
hard x rays, a thin crystal (approximately 1 mm) 
was used. The optical connection between the 
crystal and the FEU-19 photomultiplier was pro- 
vided by a light pipe of organic glass. 


MEASUREMENT RESULTS 


1. The dependence of the end-point energy of 
the electron spectrum on the initial hydrogen 
pressure pg in the discharge chamber was de- 
termined with the direct-deflection magnetic spec- 
trograph described above. The experiments were 
carried out with pp) ranging from 4 x 107? to 
6 x 107-' mm Hg (the gas in the discharge chamber 
did not break down at py <4 La. mm Hg). A 
capacitor-bank voltage Uy of 40 kv was used in 
these experiments. The dependence of the elec- 
tron end-point energy Ep») onthe pressure pp is 
shown in Fig. 1. The energy E) was determined 
by averaging the results of five individual experi- 
ments (the dispersion of the results of the individ- 
ual experiments did not exceed 8% for each value 
of py). As can be seen from Fig. 1, when pg 
ranges from 2x 107? to 1.3x 107! mm Hg there 
is a sharply pronounced maximum, in which the 
electron energy reaches 295 kev. 

The dependence obtained is similar to the de- 
pendence of the neutron yield on the initial pres- 
sure in discharges in deuterium, but differs some- 
what from the corresponding dependence for the 
intensity of the hard x rays. This is apparently 
due to the fact that the electrons and deutrons, 
being accelerated in the same electric fields, ac- 
quire identical energies. The yield of neutrons de- 
pends exponentially on the energy of the deuterons 
accelerated along the discharge axis:' 


sag = (288/Ez) exp [— 45.8Ea "I; 


where ogq is the cross section of the (d,d) reac- 
tion in barns, while Eg is the deuteron energy in 
kev. At electron energies not greater than 500 kev 
the yield of x-ray quanta is, as is well known, di- 
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rectly proportional to the electron energy. Asa 
result, with pp greater than 7 x 10°? mm Hg, when 
the energy of the charged particles accelerated 
along the discharge axis diminishes rapidly, the 
neutron yield diminishes much more rapidly than 
the intensity of the hard x rays. 

Ep, ker 

500 
250 


200 
FIG. 2. Dependence of the end-point 
energy E, on the initial voltage U, 


(p, = 7 x 107? mm Hg). 


150 
100 
50 


o 9 35 40 45 
I, ky 

2. We measured the dependence of the end- 
point energy Ep, on the initial voltage Up atan 
initial hydrogen pressure of 7 x 10°27 mm _ Hg (see 
Fig. 2). As in Fig. 1, the experimental points of 
Fig. 2 represent average values of several indi- 
vidual experiments. At initial voltages Up) < 30 
kv the intensity of the electron beam diminishes 
rapidly, since even an exposure of 15 or 20 dis- 
charges is insufficient for registration. The de- 
pendence considered here is also analogous to the 
dependence of the neutron yield on the initial vol- 
tage in discharges in deuterium. The reduction in 
the fast-electron energies at voltages Up) > 40 kv 
can be attributed to the intense liberation of gas 
and evaporation of the wall material at the initial 
stages of very powerful discharges. Actually, the 
evaporation from the walls increases the mass of 
the gas-discharge column, slows down its com- 
pression, and consequently reduces the electric 
induction fields which can accelerate the charged 
particles. 

3. In connection with the suggested possibility 
of accelerating the charged particles during the 
development of an unstable plasma pinch of the 
‘“neck-in’’ type, we investigated the dependence of 
the electron end-point energy Eg on the intensity 
of the external longitudinal magnetic field. 

For this purpose, the coaxial feeder surround- 
ing the discharge chamber was placed in a solenoid. 
The solenoid winding consisted of 180 turns, uni- 
formly distributed over the entire length of the 
discharge chamber. The solenoid was fed with di- 
rect current from a motor generator electronically 
stabilized to within 0.5% of the excitation current. 
The electron energies were measured with a direct- 
deflection magnetic spectrograph with the magnetic 
field intensity H on the solenoid axis ranging from 
0 to 150 oe at the optimum initial discharge condi- 
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FIG. 3. Dependence of the end-point energy E, on the in- 
tensity of the external longitudinal magnetic field H (p, = 7 
x 107? mm Hg; U, = 40 kv). 
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tions (pp = 107mm Hg, Up = 40 kv). The re 
sults obtained are shown in Fig. 3. When the cur- 
rent in the solenoid winding is reversed, the plot 
of Ey vs. H remains the same. As can be seen 
from Fig. 3, the electron end-point energy dimin- 
ishes sharply (from 300 to 150 kev) as the mag- 
netic field intensity is increased from 0 to 25 or 
30 oe. Further increase in the magnetic field 
causes the electron energy to diminish much more 
slowly. 

If it is assumed that the plasma in the discharge 
has an infinite conductance and consequently the 
force lines of the magnetic field are ‘‘frozen-in’’ 
and completely entrained by the plasma, the longi- 
tudinal magnetic field Hz inside a pinch of radius 
r should increase as r~* upon compression. The 
magnetic field Hy of the discharge current in- 
creases as r~! upon compression of the plasma 
pinch. Ata radius rm corresponding to the in- 
stant of maximum compression (approximately 1 
to 2cm) we have H, >Hy, (if Hz = 30 oe ini- 
tially). It is therefore difficult to expect the pres- 
ence of so weak an external magnetic field to influ- 
ence noticeably the compression of the current col- 
umn. However, the fields Hz, and H, become 
comparable in magnitude when the plasma pinch 
radius becomes of order 0.2—0.5 cm. Since the 
application of an external magnetic field H ~ 30 oe 
reduces the electron energy from 300 to 150 kev, it 
is obvious that the electrons acquire these high 
energies by acceleration in the electric field pro- 
duced when the radius of the plasma pinch is re- 
duced to 0.2 or 0.5 cm. A plasma pinch can have 


so small a radius where an instability of the ‘‘neck- 


in’’ type occurs. 

4. The radial distribution of fast electrons ac- 
celerated along the discharge axis was investigated 
with a specially prepared collimator (see Fig. 4). 
The x-ray film was placed directly behind the col- 


limator and could be covered with aluminum filters . 


of different thickness. The experiments were 
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FIG. 4. Arrange- 

1 ment and placement of 
the collimator. 1—col- 
limator, 2—cassette 
with x-ray film, 3— 

&  **anode’’ of discharge 
chamber, 4—side 
walls of the chamber, 
5 — protective cover. 
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carried out at Up = 40 kv. In the region of low 
initial hydrogen pressures, approximately 7 x 107° 
mm Hg, the intensity of the ‘‘shot through’’ elec- 
trons produced at the start of the discharge ex- 
ceeds considerably the intensity of the electrons 
responsible for the hard x rays. Under these con- 
ditions an exposure of ten discharges produced no 
blackening of the film placed behind an aluminum 
filter 30 microns thick. At the same initial pres- 
sure and at a filter thickness of 12 microns, the 
same blackening was obtained on x-ray films 
placed opposite each opening of the collimator. It 
follows therefore that the electrons, with energies 
several times ten kev, produced at the start of the 
discharge, are uniformly distributed over the 
cross section of the discharge chamber. 

The radial distribution of fast electrons respon- 
sible for the hard x rays was investigated at po 
= 107? mm Hg. Figure 5 shows the film density 
distribution after an exposure of 10 discharges with 
aluminum filters 30, 54 and 75 microns thick. Ac- 
cording to the experimental data, electrons with 
energies 80, 110 and 140 kev have average ranges 
of 30, 54 and 75 microns in aluminum, respectively. 
As can be seen from Fig. 5, as the filter thickness 
is increased the half-width of the radial distribu- 
tion of the film density decreases. The results of 
these experiments indicate that the non-equilibrium 


group of fast electrons is accelerated in the immed- 


iate vicinity of the axis of the discharge chamber. 
Calibration experiments, in which the densities 
of x-ray film exposed to electron beams of known 
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FIG. 5. Radial distribution 
of the intensity of the electron 
beam at the outlet of the col- 
limator. Ordinates — film density 
(relative units), abscissas — dis- 
tance from the tube axis (centi- 
meters); the upper, middle, and 
lower curves are for filter thick- 
nesses of 30, 54, and 75 microns, 
respectively. 


intensity were measured, made it possible to esti- 
mate the number of fast electrons accelerated 
along the discharge axis. At optimum initial con- 
ditions (py) = 7x 10-2 mm Hg, Up = 40 kv), the 
total number of 140-kev electrons amounts to ap- 
proximately 10 electrons per discharge. 


INVESTIGATION OF FAST ELECTRONS IN 
DEUTERIUM AND INERT GASES 


For all the investigated gases, with the excep- 
tion of krypton and xenon, there exists a minimum 
pressure Pmin, below which no electron pulses are 
observed. These values of Pyin are listed in the 
second column of the table. 

As the pressure increases above Pmin, the am- 
plitude of the electron pulse increases, reaches a 
maximum value, and starts diminishing with fur- 
ther increase in pressure. The third column of the 
table lists the values of the pressure p, corre- 
sponding to the maximum amplitude of the elec- 
tron pulse. For krypton and xenon, the intensity of 
the electron pulse increases down to 3 X 10-3? mm 
Hg, below which these gases do not break down in 
the discharge chamber. It must be noted that in 
heavy gases the electron pulses appear both near 
the first and near the second singularity of the 
current oscillogram. On the other hand, in light 
gases (hydrogen, deuterium, or helium) the elec- 
tron-pulse time coincides as a rule, with the sec- 
ond singularity of the discharge-current curve. 
When the polarity of the voltage applied to the dis- 
charge chamber is reversed, no electron pulses 
are observed on the oscillogram even when the 
sensitivity of the photomultiplier is increased by 
two orders of magnitude. 
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aa aximum nite Pressure p, | Maximum 
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Gas ers 3| electron energy Gas 4 : 10~2 electron energy 
Pmin 10 energy, registered, ee Hg energy, registered, 
men te 107? mm Hg kev 107? mm Hg kev 
H 255 7 295 Ar 0.4 4 105 
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The end-point energy Eg of the electrons ac- 
celerated along the discharge axis was measured 
for each gas at initial pressures p,; corresponding 
to the maximum intensity of the electron pulse. 
The results obtained are listed in the fourth column 
of the table. 

The data listed in the table agree qualitatively 
with the assumption that inertial forces play a pre- 
dominant role in the process of the constriction of 
the plasma pinch.® No accurate calculations can be 
made, however, because of the differences in the 
effective cross sections for the interactions be- 
tween the ions and the electrons of the plasma with 
the neutral atoms. 


CONCLUSION 


Analyzing the dependence of the end-point energy 
of the electron spectrum on the intensity of the ex- 
ternal magnetic field and on the initial pressure, as 
well as the radial distribution of the fast electrons, 
we can conclude that there exist two groups of non- 


equilibrium electrons in powerful pulsed discharges. 


The first group of fast electrons, with energies up 
to 100 kev, is apparently accelerated in the electric 
field produced when the current becomes redistri- 
buted during the constriction of the plasma pinch. 
The second group of fast electrons, with energies 
up to 300 kev, is apparently accelerated in the local 
electric field, due for example to the development 
of plasma pinch instabilities of the neck-in type. 
The corresponding estimates?® lead to a voltage 
drop of approximately 50 kv for each ‘‘neck-in.’’ 
Assuming a mechanism of successive acceleration 
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of particles in several ‘‘neck-in’”’ spots, one would 
expect a discrete spectrum of the fast electrons 
extracted along the discharge axis. Experiments 
have shown, however, that the electron spectrum 
has no such discrete nature. 

The authors express their gratitude to S. Yu. 
Luk’yanov for discussing the results obtained. 
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Gamma rays produced in the capture of resonance neutrons are investigated. The spin of 
the compound-nucleus levels is determined from the presence of the ground transition in 
the y-ray spectrum. It is found that the spin of the Pt!®* nucleons is 1 for levels with 

neutron energies of 11.9 and 68.2 ev and 0 for a level energy of 19.6 ev. 


Merccunement of the total neutron cross sec- 
tion yields all the parameters of the excited level 
of the nucleus, with the exception of the spin. To 
determine the spin it is necessary to measure, in 
addition to the total cross section, one of the par- 
tial cross sections, for example the radiative-cap- 
ture cross section or the scattering cross section. 
Another method of determining the spin is also 
possible, based on the study of the spectrum of y 
rays emitted in the capture of neutrons at different 
levels. The use of the method is particularly sim- 
ple in those cases when the radiative transition 
from the excited state into the ground state is pos- 
sible only for one value of the excited-state spin. 
This is the situation in the case of even-odd nuclei 
with spin %. In this case one obtains upon capture 
of a neutron an even-even compound nucleus, in 
which the spin of the ground state is 0 and the spin 
of the excited state may be either 0 or 1. Since the 
0 — 0 transition is forbidden, the presence in this 
case of y rays of energy corresponding to the 
ground-state transition will determine uniquely that 
the spin of the excited state is 1, while the absence 
of y rays of the ground-state transition will cor- 
respond to a spin of 0. 

Using such measurements, the spins were de- 
termined! for a series of levels of Hg'®? and 
w?83_ In the present investigation, this method was 
used to determine the values of the spin for several 


FIG. 1. Diagram of the setup: 1— cyclotron 
target, 2—paraffin moderator, 3—boron-c arbide 
neutron collimator, 4— lead shield, 5—boric- 
acid shield, 6—specimen, 7—Nal(T1) crystals, 


levels of platinum. The nucleus of Pt!® is even- 


odd and has a spin Sh i.e., it is included among the 
nuclei whose spin levels are completely determined 
by the y rays of the ground-state transition. 

The arrangement of the apparatus is shown in 
Fig. 1. The neutron source was a cyclotron with a 
‘pulsed’? beam. The duration of the neutron pulse 
was 2 to 3 microseconds. The energy of the neu- 
trons was determined by means of a time analyzer 
from the time required to cover the 10-cm base. 
The width of the electronic channel was 2 micro- 
seconds. The y rays produced by neutron capture 
in the sample were detected with two NalI( Tl ) 
crystals and FEU-24 photomultipliers. The 
crystal dimensions were 8 cm high and 10 and 7 
cm indiameter. The y-ray detectors were 
placed in a shield made of lead and boron carbide. 
The crystals were protected by filters made of 
boron carbide, 2 cm thick, against neutrons scat- 
tered by the sample. 

The pulses from the photomultipliers were fed 
to cathode followers, linear amplifiers, and an am- 
plitude discriminator, with which the necessary y-ray 
energy interval E, was selected. The pulses 
were then analyzed by a time analyzer. The ampli- 
tudes of the pulses in the crystal were calibrated 
by measuring the energies of the y rays from 
Co® (1.17 and 1.33 Mev) andfrom Po + Be 
(4.45 Mev). The measurements were made 
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8—FEU-24 photomultipliers, 9—boron-carbide 
filter, 10—monitoring neutron counter with BF,, 
11 —cathode followers, 12— amplifiers, 13-— 
adder, 14—discriminator, 15—time analyzer. 
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with a multi-channel amplitude analyzer. 

It must be noted that the crystals did not have 
sufficiently good resolution. The forms of.the 
spectra of the y rays from the Co® and Po +Be 
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FIG. 2. Calibration curves for NaI(T1) crystals. A—pulse 
amplitude in relative units, N.,—number of pulses in relative 
units. 
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are shown in Fig. 2. As can be seen from the fig- 
ure, the distribution of the amplitudes for mono- 
chromatic 4.45-Mev y rays is rather complicated. 
In addition to the maximum corresponding to total 
absorption of the energy, two other maxima are ob- 
served, corresponding to one of the two annihila- 
tion quanta going outside the crystal. In addition, 


relatively many low-amplitude pulses are abserved. 


Such a pulse distribution is probably due both to 
insufficient crystal size (for total absorption of 
the y rays) and to rather poor quality of the 
crystal, with respect to uniformity of the light 
yield and the gathering of the light over the vol- 
ume of the crystal. Under such conditions only the 
lower limit of the registered energy can be estab- 
lished more or less accurately, and the efficiency 
of registration of y rays of high energies is sub- 
stantially reduced. 


Background 
=n a Se —— 1 
130 10080 60 40 20 E,, ev 
ne? 
Ny: 
7 
1500 
| FIG. 3. Intensity of resonances of Pt?® at different 
moe energies of registered capture y rays, Ny —number of 
| pulses. 
Foie fee Ser tA OP OOS SS REET e-+ le ° 


150 100 60 60 40 20 


Ey >7 Mey 


500 '—_1 4__1_.__1__ i Ti 


150 10080 60 40 w 


10 ees ev 


: Background 


0 E, ev 


— Background 


DETERMINATION OF THE SPINS 


The measured dependence of the intensity of the 
y rays due to neutron capture on the neutron en- 
ergy Ey, for a sample of platinum, are shown in 
Figs. 3 and the table. 


Comparison of the intensities of the neutron 
resonances for different energies of 
registered capture y rays 


Resonance energy, ev 19.6 68.2 95 


| 14.9 


N (E,, > 6Mev)/N (E., > 2Mev) 
N (E,, > 7Mev)/N (E,, > 2Mev) 


The counting rate of the capture y rays at Ey 
> 2 Mev is sufficiently large under our conditions, 
and within two or three hours one can obtain a 
curve with a statistical accuracy of nearly 3% 
(Fig. 3). However, when changing to energies Ey 
> 6 or 7 Mev, the counting rate decreases sharply, 
and a time 10 or 15 times longer is necessary to 
obtain the same accuracy. 

At y-ray energies above 2 Mev (see Fig. 3), 
all the neutron resonances, which are well known 
for this energy range in platinum, appear. It is 
known that three levels corresponding to the neu- 
tron energies (Ey) 11.9, 19.6 and 68.2 ev belong 
to the isotrope 7,Pt'*>®, while the 95-ev level be- 
longs to 7gPt®8, At higher neutron energies, the indi- 
vidual resonances cannot be resolved by our system. 

On going to y-ray energies greater than 6 Mev 
(Fig. 3), the same resonances are observed, but, 
as can be seen from the table, the ratio of the in- 
tensities remains the same as for the lower y -ray 
energies. Upon further increase of the lower 
threshold of registered y rays, to 7 Mev, a. no- 
ticeable change is observed in the relative intensi- 
ties of the maxima. 

From the form of the y-ray spectrum upon 
capture of thermal neutrons, and from the binding 
energies of the isotopes of platinum,’ one would 
expect the neutron-energy maximum at 95 ev to 
disappear for y rays with E, > 7 Mev, since the 
binding energy of the neutron in the compound nu- 
cleus Pt!®® amounts to 6.5 Mev. Experimentally, 
however, a noticeable reduction in this maximum 
is observed. The fact that it does not vanish com- 
pletely is apparently explained by the inaccuracy 
in calibration of the apparatus in y-ray energies, 
due to the poor resolution of the crystals, andalso 
by a certain instability of the threshold of registra- 
tion of y rays in prolonged measurements. 

Next, when the y-ray lower energy threshold 
is approximately 7 Mev, transitions should be reg- 
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istered for the isotope Pt'®, both to the ground 
state, with energy 7.9 Mev, and to the lower levels, 
with energies 7.6 and 7.26 Mev. Both lower levels 
have spin 2. Therefore all three transitions should 
take place from excited levels with spin 1 and 
should be forbidden (or have very low probability ) 
for excited levels with spin 0. 

In our experiment (see Fig. 3), as can be judged 
from the incomplete vanishing of the maximum with 
neutron-resonance energy 95 ev, the true threshold 
of the registered y-ray energy is found to be not 
7 Mev, but approximately 6 Mev. Therefore, even 
in the absence of the ground-state and the two 
neighboring transitions, one could hardly achieve 
total vanishing of the resonance, because of the 
partial registration of transitions with lower 
energy. 

Thus, the observed resonance-intensity ratio 
can be explained in the following manner. For 
levels corresponding to neutron energies 11.9 and 
68.2 ev, a ground-state transition is observed, and 
therefore the spins of these levels should be 1. 

For the level corresponding to Ep = 19.6 ev, the 
reduction in the intensity corresponds apparently 
to the absence of a ground-state transition, and 
corresponds therefore to spin 0. 

Unfortunately, our apparatus cannot as yet 
operate at high y-ray energies, owing to the poor 
resolution of the crystals and the low intensity, and — 
we cannot establish precisely the absence of a 
ground-state transition for the 19.6-ev level. Nor 
can we deny, until such an experiment is carried 
out, the other possible explanation of the observed 
effect, namely that the intensity change obtained 
may be due to fluctuations of the partial radiation 
widths of the levels under consideration. In this 
case the deduced value of the spin of the 19.6-ev 
level may be incorrect. 

We have also attempted to detect the presence 
of a ground-state transition by direct observation 
of the spectrum of the y rays emitted upon cap- 
ture of 11.9- and 19.6-ev neutrons. For this pur- 
pose we chose the necessary neutron-energy in- 
terval in the maximum region and analyzed the 
y -ray spectrum with a multi-channel amplitude 
analyzer. 

Figure 4 shows an overall view of the spectra ob- 
tained. As can be seen, the intensity of the y 
rays diminishes sharply at high energies for both 
levels, and it becomes very difficult to compare 
the spectra in our region, owing both to the low 
intensity and to the fact that the effect little exceeds 
the background. In addition, the spectra are not 
measured simultaneously for the two levels, and 
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FIG. 4. Form of 


1000 - ‘ y-ray spectrum. 


“ B,Me\ 
therefore more stringent requirements are imposed 
on the stabilities of the amplitudes. 

Nevertheless, our comparison of the two spectra, 
shown in Fig. 5, confirms qualitatively the result 


ME, =196 ev)/N(E, =19ev) 


FIG. 5. Comparison of in- 
tensity of y-ray spectra for 
the 19.6- and 11.9-ev reso- 
nances. 
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previously obtained, that inthe y-ray energy re- 
gion 6.5 —7 Mev the intensity of the spectrum for 
the 19.6-ev resonance drops approximately to half 
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the intensity of the y rays for the 11.9-ev reso- 
nance. 

To confirm the final conclusions regarding the 
spins of the levels under consideration, it would be 
desirable to perform further measurements with 
better resolution for y rays of higher energy. 
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Results are presented on the measurement of the depolarization parameter for the scattering 
of a polarized beam of 640-Mev protons through 54, 72, 108, and 126° in the c.m.s. In scat- 
tering through 54, 72, and 90° the normal polarization component of the proton beam is 
changed slightly. The sum and difference of the values of the depolarization parameter for 
scattering angles that are symmetric about the 90° direction are interpreted in terms of the 


amplitude of the p-p scattering matrix. 


Our previous experiments! showed that the scat- 
tering of a polarized beam of 640-Mev protons by 
protons through an angle of 90° in the c.m.s. causes 
a weak depolarization of the beam. This result is 
evidence of the fact that at this energy the p-p in- 
teraction associated with elastic scattering at large 


angles is relatively rarely accompanied by a change 


in the spin orientation. Further information on the 
character of the p-p interaction can be obtained 
from experiments in which the depolarization para- 
meter is measured at c.m.s. scattering angles both 
smaller and larger than 90°, which was done in this 
experiment. The results of such measurements 
give two independent relations between the ampli- 
tudes of the p-p scattering matrix supplemented by 
two relations embodying the data on the angular de- 
pendence of the differential cross sections and po- 
larization. 

The experiments described below were carried 
out on the six-meter synchrocyclotron of the Joint 
Institute for Nuclear Research as part of the pro- 
gram for studying the p-p interaction at ~ 660 
Mev. 


MEASUREMENT PROCEDURE AND RESULTS 


The experimental arrangement is shown in the 
figure, its general features being the same as in 
the previous measurements (see Fig. la of refer- 
ence 1). We used a proton beam with a degree 
of polarization P; = 0.58 + 0.03 and energy (640 
+12) Mev, scattered inside the synchrocyclotron 
chamber to the left by an angle of 9° ina beryllium 
target-polarizer. The second scattering took place 
in a cylindrical vessel of diameter 12 cm filled 
with liquid hydrogen. The mean proton energy in 
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Experimental setup (in plane of scattering). M— monitor; 
R, — second scatterer (vessel with liquid hydrogen); R, —third 
scatterer (graphite block 5x5 cm, 6 em thick; C,—C, —scintil- 
lation counters of dimensions (the first figure gives the hori- 
zontal dimension, and the second the vertical) 6.5x6.5; 6x7; 
6X7; 6x6; 66.5; 6.5x7; 6.5x6.5; 7.512; and 8.5x 13 cm 
and thickness 6 mm. The depolarization measurements at 126° 
were made without counters C, and C,; a third scatterer of 
cross section 5x5 cm and thickness 3 cm was used here. The 
shaded areas indicate the position of the lead shielding. 


the center of the liquid hydrogen target was 635 
Mey, the intensity of the beam ina 3 cm diameter 
was 7x 10° protons/cm?- sec. 

The depolarization parameter D was measured 
every 18° over the scattering angle 95, beginning 
at 54° and ending at 126°. The beam of protons 
doubly scattered through an angle 6) on the same 
side (to the left) was picked up by a telescope con- 
sisting of three counters C;, Cj, and C3. In order 
to separate elastic p-p scattering from accom- 
panying inelastic processes taking place in the liq- 
uid hydrogen target, the scattered protons and re- 
coil protons were registered by telescopes (C,C, 
C,)-and (CgC,) working together, the angle be- 
tween them corresponding to the kinematics of 
elastic p-p collisions. 
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The normal component of the polarization vector 
of the doubly scattered protons was determined by 
measurements of the left-right asymmetry €3n of 
the emitted charged particles in the direction 63 
= 12° (in the laboratory system) from a carbon 
target-analyzer R3. These measurements in- 
volved the registration of nine-fold coincidences of 
counter pulses grouped in telescopes (C;,C,C3), 
(CgCg), and (CyC5CgC_), the last registering 
triply scattered protons. Corrections to the num- 
ber of nine-fold coincidences took into account 
chance nine-fold coincidences (~1%) and the ef- 
fect of the empty vessel (~3%). In order to check 
that the angles 6; measured to the left and right 
- were actually equal to one another, and therefore 
to exclude the possibility of the appearance of a 
false asymmetry owing to the zero mark on the 63 
angular scale not coinciding with the effective axis 
of the secondary beam, the ‘‘profile’’ of the beam 
of doubly scattered protons was measured care- 
fully for all angles. The procedure involved in 
these measurements was similar to that used ear- 
lier by the Berkeley group.” 

The value of the depolarization parameter 
D(@,) was found from the relation? 

&5 


D=— (1+ PyPs) — 52, (1) 


&3 


where P, is the initial polarization of the beam, 
and P, is the polarization arising in the scattering 
on hydrogen of an unpolarized proton beam through 
a given angle @5. The value and angular dependence 
of P, are known from previous measurements.‘ 
The value of €3 represents the experimentally 
observed left-right asymmetry of emission from 
the carbon target of charged particles under the 
action of a proton beam of polarization P; and en- 
ergy equal to the energy of the protons scattered in 
hydrogen through an angle 6). In measuring the 
value of this asymmetry, we used the same appara- 
tus as in the measurements of €3,. Counters C;, 
C,, C3 and the carbon target were set in the pri- 
mary polarized proton beam whose energy was de- 
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graded, by means of a filter consisting of lead and 
polyethylene plates, to the energy of the doubly 
scattered proton beam. Particles emitted from 
the carbon target in the direction of + 12° were 
registered by the telescope (C4C5CgC7) connected 
in coincidence with the telescope (C,C2C3); the in- 
tensity of the primary beam was reduced here to 
1/50 —1/100 of its former value. It should be 
noted that measurements made with filters having 
different ratios of thickness of lead and polyethy- 
lene layers were in agreement, within the limits of 
standard deviations of the value of €3. 

At each angle of observation, of the depolariza- 
tion, we made 10 —12 independent repeated meas- 
urements of the asymmetries €3, and €3. In the 
overwhelming majority of cases the results of the 
repeated measurements were in agreement, within 
the limits of error, with the mean values. The 
data on the mean energies, and also the angular and 
energy spread of the protons in the secondary beam, 
are given in the table, along with the values found 
for the asymmetries €3, and €3 and their statis- 
tical errors. The table lists also the values ob- 
tained for the depolarization parameter, for vari- 
ous scattering angles. 


DISCUSSION OF RESULTS 


According to Wolfenstein,* the depolarization 
parameter can vary in the limits of —1 +2] P| 
=D=+1. The results obtained in our experiment 
indicate that the depolarization parameter corre- 
sponding to p-p scattering through 54, 72, 90, 108, 
and 126° is a positive quantity. Moreover, for scat- 
tering angles of 54, 72, and 90° the depolarization 
parameter was found to be close to +1. By com- 
paring the asymmetries €3n and e 3 obtained for 
angles of 54, 72, and 90°, it can be seen that in p-p 
scattering at those angles the normal component of 
the polarization does not undergo large changes. 

Thus far, systematic measurements of the de- 
polarization parameter in p-p scattering were 


Values of the Asymmetries €3, and €3 and Depolarization D 
(the results for 90° are taken from ref. 1) 


| 
6, = A, deg | E,+ AE., Mev | &, + Ag, €g, + Aeg, | D + AD 
| | 
5444 | 490420 | 0,121+0,005 0.161-40,024 | 0,99-+0.25 
7244 | 416421 | 0,173E0.008 0.1°4-£0'029 | 0.6940.20 
905 | 315+20* | 0,246-£0.012 0,2000,032 | 0.93-£0.17 
1085 | (219-497 0,198-E0.044 —0,023-E0:033 0.282016 
1264-5 0 | 9 4954024 0,157-40,015 —0.009-£0.036 0.57-L0.20 


*In the previous work the energy spread of the protons was erroneously given as 


+40 Mev. 
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carried out at energies of 315 (reference 5) and 
143 (reference 6) Mev for angles less than 90°. 
In both cases the values obtained for the depolari- 
zation parameter were of positive sign.* Compar- 
ison of the available data for triple scattering of 
protons indicates that the depolarization parameter 
discloses a tendency to increase with an increase in 
energy from 148 to 635 Mev in the scattering angle 
interval 50° = 6, = 90°. This characteristic of p-p 
interactions in the considered energy region would 
be brought out still more convincingly if the depo- 
larization parameter were to be measured with 
greater accuracy and over smaller energy inter- 
vals. 

In the notation of Wolfenstein,® the p-p scatter- 
ing matrix can be written 


M = BS +C(¢ + 61)n + + G [(sk) (+k) + (op) (o1p)] T 


+ =H (sk) (ok) — (sp) (¢:p)] T + N (on) (en) T, (2) 


and the differential cross section o (6) for the 
scattering of an unpolarized beam of protons on 
protons and the depolarization parameter D(6@) 
can be expressed in terms of the complex ampli- 
tudes B, C, G, H, N in the following way: 


2S) a EROS 2 OG] Ml CC Ae al le 
(3) 
(4) 


Then, since B, C/sin@g, and H is an even func- 
tion of cos@, while G and N are odd, it is not 
difficult to show that the values of the depolariza- 
tion parameter for angles symmetric with respect 
to the 90° direction are connected with the scatter- 
ing matrix amplitudes by the two following inde- 
pendent relations: 

¢,(9) [D (6) + D(x —6)] =4|C}?-+|N ?—|A/, (5) 

3, (8) [D(8)—D(x—6)]= Re{IG—NI]B}. (6) 

From this it is seen that the product of the differ- 
ential cross section o)(@) and the sum [D(6) 
+D(m-—@)] is represented in terms of the triplet 
amplitudes C, N, and H, while the product of 
the differential cross section 09(@) and the dif- 
ference [D(@) — D(a — 6@)] depends only on the 
singlet-triplet interference. 
~~ *The Harwell group’ carried out observations of the de- 
polarization in p-p scattering at 142 Mev and found negative 
values of the depolarization parameter for angles in the in- 
terval 50° < 6, < 90°. This result, however, has not been 
confirmed (see reference 6). It should be noted that the sign 
of the depolarization parameter is extremely sensitive to the 
model used for the nuclear potentials. Thus, the values of 
the depolarization parameter found in reference 6 are in agree- 
ment with the results of the calculations of Gammel and 
Thaler,® who used the statistical potential with the addition 
of an LS term, while use of the Signell—-Marshak potential?’ 
leads to values of the depolarization parameter differing even 
in the sign from that given by experiment. 


5» (8) [1 — D(6)] = +[G —N — BP? + | HP. 
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On the basis of the results of the present exper- 
iment, it may reliably be shown that in p-p scat- 
tering at 640 Mev the sum [D(6) + D(r-4@)] is 
not equal to zero. This means that the basic role 
in the p-p scattering matrix is played by the tri- 
plet terms C(o+o;4)n, H [( ok) (o4k) — (op) 
(o1p) ], N(on) (o4n). As has already been noted,! 
from the fact that D(90°) is close to +1 it fol- 
lows that the main contribution to scattering at an 
angle of 90° is given by the term C(o+o¢)n. 

In order to see if the observed difference be- 
tween the values of D(@) and D(7—-—@) are sig- 
nificant or accidental, it was necessary to analyze 
the character of the distributions of all the errors 
of measurement of the asymmetries €3, and €3 
and polarizations P, and Pp». The results of the 
statistical analysis were that the probabilities of 
non-zero differences in moduli [D(54°)—D 
(126°)] and [D(72°)—D(108°)] are 80 and 86%, 
respectively. Both differences between the ob- 
served values of the depolarization parameter are 
practically independent of each other and the prob- 
ability that both these differences are simultane- 
ously chance deviations from a mean value of 
zero is only ~3%. 

Thus, although the data of the present experiment 
are not marked by a high accuracy, they all indi- 
cate that in the energy region and scattering an- 
gles under consideration singlet-triplet interfer- 
ence occurs. It thus follows that the final state of 
the p-p system includes some mixture of the 
singlet states. 

The authors express their gratitude to Ya. A. 
Smorodinskii, S. N. Sokolov, N. P. Klepikov, and 
R. M. Ryndin for helpful discussions. 
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The anisotropy of surface tension at the boundary between the s and n phases of tin was 
investigated by two methods. In the first, the structures of the intermediate state, revealed 
by using a ferromagnetic powder, were observed in specimens with different crystal orien- 
tations. In the second method, the moment of the forces acting on a spherical specimen in 
a magnetic field was measured. There was agreement between the results obtained by both 
methods. The form of the dependence of surface tension on the direction of the normal to 
the phase interface, the absolute order of magnitude of the effect and its temperature de- 


pendence were determined. 


tere is little known at present about the an- 
isotropy of the properties of superconductors. 
In particular, the anisotropy of surface tension 
A* at the boundary between the superconducting 
(s) and normal (n) phases has not been stud- 
ied. A comparison between the anisotropy of A 
and the anisotropy of other quantities character- 
izing the electronic state of a metal is interest- 
ing, in that the method of studying the anisotropy 
of A has some advantages over the study of the 
anisotropy of other parameters of superconduc- 
tors. 

The boundary separating the s and n phases 
extends into the body of the metal. In studying 
A, therefore, we do not encounter the difficulties 
met in measuring the penetration depth of a mag- 
netic field into a superconductor and the high- 
frequency impedance, where the results depend 
appreciably on the state of the surface of the 
metal. 

On the other hand, we should point out that in 
measuring A the specimens must satisfy strin- 
gent requirements as to the perfection of the 
crystal lattice. It is essential that the phase 
boundary be able to move freely and take up the 
position corresponding to thermodynamic equi- 
librium. This condition gives rise to serious 
difficulties in the case of boundary movement in 
a solid. Any irregularities in the metal lattice 
give rise to “‘dry friction’’ in the movement of 
an ns boundary, i.e. to forces preventing the 

*We denote by A, as usual, a quantity with the dimensions 
of length, which is related to the magnitude of the surface 
free energy Ons by the relation on, = AH2/87. 


motion of the boundary, which do not tend to zero 
as the movement slows down. 

In our work we were up against the fact that in 
single-crystal tin with less than 6 x 105% im- 
purity, treated with the greatest care to avoid 
mechanical deformation, these forces neverthe- 
less do not disappear and noticeably affect the 
regularity and reproducibility of the structures 
of the intermediate state. The form of the struc- 
tures always depends, to a known extent, on the 
previous history of the specimen, i.e., on how the 
magnetic field and temperature were changed in 
the preceding moments. 

This made investigation of the anisotropy of 
A considerably more difficult, especially as it 
turned out to be relatively small. 

In order to obtain a qualitative picture of the 
phenomenon, we used two independent differential 
methods, which allowed direct comparison to be 
made between the values of A for different 
orientations of the ns boundary, under conditions 
which excluded, as far as possible, the influence 
of ‘‘dry friction’’ on the results. 


1. THE ‘‘FROZEN-IN FLUX’’ METHOD 


The object of this part of the work was to ob- 
tain information on the anisotropy of A from an 
analysis of the structures of the intermediate 
state, which can easily be observed by sprinkling 
a fine ferromagnetic powder on the surface of the 
specimen.!? The existence of an anisotropy in 
A should lead to a preferential orientation of the 
phase boundaries along directions for which A is 
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Direction of 
observation 


FIG. 1. Diagram of apparatus: 
1—specimen; 2—lead tube, hung 
from the stand 3 by two threads 4, 
passing through the seal 5; 6—lead 
resistance thermometer for monitor- 
ing the temperature of the tube; 

7 —carbon thermometer; 8 — bismuth 
for measuring the field; 9—heater; 
10—lamp; 11—glass tube; 12— 
flat window; 13—solenoid. 
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a minimum, assuming of course that other factors 
that determine the arrangement of s and n do- 
mains are sufficiently unimportant. 

First of all it is essential to remove all factors, 
related to the geometry of the field or of the 
specimen, which could affect the arrangement of 
the regions. Ideally the experiment would be car- 
ried out on an infinite plane-parallel plate of 
superconductor, in a uniform magnetic field per- 
pendicular to its surface. We realized this case 
in practice by containing the specimen (a flat 
round single crystal of tin, 37 mm in diameter 
and 10 mm thick) — in a long lead tube (16 cm 
long) fitting the specimen closely (see Fig. 1). 
Since the critical field is considerably higher 
for lead than for tin at all temperatures, the lead 
tube acted as an ideal ‘‘magnetic mirror’’, 
thanks to which the specimen was equivalent to 
an infinite disc in an electrodynamic sense. 

The uniform magnetic field, produced by a 
solenoid, penetrated the lead tube when its tem- 
perature was above the critical temperature for 
lead. A Dewar with liquid helium, which could 
be moved vertically, was first placed in its lower 
position. The Dewar was then raised, the lead 
tube immersed in the helium and cooled, and the 
magnetic flux became ‘‘frozen’’ in the tube. On 
lowering the temperature further (by pumping 
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the helium) the tin specimen went over into the 
intermediate state. As the magnetic flux in the 
specimen Stayed constant, the transition occurred 
under the condition B=const (B is the mag- 
netic induction in the specimen, averaged over 
the volume, which contained a considerable num- 
ber of s and n domains). It was essential for 
our purpose that this condition be fulfilled, since 
eddy currents would otherwise be induced on the 
surface of the specimen at the moment of transi- 
tion, flowing round the whole specimen and ex- 
erting an orienting action on the position of the 
boundaries. It is known that this effect causes a 
marked ‘radial’ structure to appear in a spheri- 
cal or plane cylindrical specimen when a field is 
suddenly trapped.?#! In our case the edge and 
center of the specimen were in practically the 
same states, and no radial structures were ob- 
served. 

The technique for introducing the ferromag- 
netic powder was the same as in the previous 
work? (the apparatus for sprinkling is not shown 
in Fig. 1). The illumination of the surface of the 
specimen was produced by an opal bulb, the light 
from which was reflected from the mirror sur- 
face of the specimen. 


We obtained photographs of the structures of 
the intermediate state for nine tin single-crystal 
specimens, containing not more than 1074% im- 
purity. The crystallographic orientations of the 
specimens are shown in Fig. 2. Most of the pic- 
tures were taken at 3°K, and for some specimens 
the temperature dependence of the structures was 
followed up to 3.6°. The concentration Cg of the 
superconducting phase in the specimen was deter- 
mined from the value of the frozen-in field B by 
the relation Cg = 1 —- B/Hg. 

The most convenient structures for interpreta- 
tion were obtained with concentrations Cg in the 
range 0.05 — 0.2. The s domains then appeared 
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FIG. 2. Stereographic projection of the directions of the 
normals to the plane surfaces of the specimens. 
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FIG. 3 FIG. 4 FIG. 5 
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FIGS. 3—7. Photographs of structures of the 
intermediate state. White regions are supercon- 
ducting. Field of view 1.4 cm in diameter. The 
arrows denote the projections of the crystallo- 
graphic axes onto the plane of the specimen. 

FIG. 3. Specimen 1. T = 3.04°, C, = 0.08. 

FIG. 4. Specimen 2. T = 3.24°, C, = 0.17 

FIG. 5. Specimen 9, T = 3.00°, C, = 0.17 

FIG. 6. Specimen 9. T = 3.00°, C, = 0.17. 
The transition to the intermediate state produced 
by cooling. 

FIG. 7. Filament-like s domains. T = 3.00° 
Cq7=10:06: 


FIG. 6 FIG. 7 


For Cg >0.2 the structures take on a more 
involved character, going over for Cg — 1 to 
a system of wrinkled n domains.! 


on the surface of the specimen as elongated spots, 
having one or several directions of preferred 
orientation (Figs. 3—5). 


From the condition that the free energy of the 
system should be a minimum, it follows that in 
the body of the specimen the s domains must 
have a cross section approaching circular (with 
minimum surface area), flattening only at the 
surface of the specimen (like the end of a screw- 
driver). This is due to the reduced magnetic 
field energy, compared with the case of cylindri- 
cal regions with the same cross section. For 
C, —~ 0 the observed dimensions of the s do- 
mains decrease and no flattening takes place 
near the surface (see Fig. 7). 

When Cg, increases, small specks of s 
phase appear in the structures (the white dots 
in Figs. 4—6), which are, apparently, a pe- 
culiar form of branched structure, also leading 
to a reduction of magnetic energy.* 


To explain the results obtained we must first 
discuss the factors that can affect the orientation 
of the s domains, apart from the anisotropy of 
A which interests us. 

1. The movement of the ns boundaries leads 
to the production of local eddy currents flowing 
near the boundaries and hindering the movement. 
In pure metals, as Faber has shown,° the electron 
mean free path exceeds the thickness of the layer 
in which the eddy currents flow, i.e.,-the condi- 
tions are analogous to the conditions for the 
anomalous skin effect. The anisotropy in the rate 
of growth of the s domains will therefore be re- 
lated to the anisotropy of the anomalous skin ef- 
fect in a given metal. 

We can judge the influence of this factor by 
comparing Figs. 5 and 6. In one case (Fig. 6) the 
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specimen was brought into the intermediate state 
from the normal state. The supercooling pro- 
duced a rapid growth of long s filaments parallel 
to the [001] axis. In the second case (Fig. 5) the 
specimen was originally in the intermediate state, 
with larger Cg and with a finely dispersed struc- 
ture. On heating to the required temperature the 
s domains gradually ‘‘crystallized out’’ in the 
presence of sufficient nuclei. In this case layers 
parallel to the [001] axis were encountered very 
rarely. We made analogous observations on other 
Specimens. We then have grounds for saying that 
for such a transition the influence of eddy currents 
on the anisotropy of the structure is small. 

We therefore used the second method of transi- 
tion in all the remaining cases, sometimes also 
applying a slow temperature oscillation with am- 
plitude ~0.01°, which improved the regularity 
of the structures. 

2. One can also assume an ordering of the 
structure to result from a correlation in the ori- 
entation of the s domains relative to one another, 
i.e., some ‘‘packing’’ of the domains due to their 
magnetic interaction. The following facts, how- 
ever, contradict this suggestion: a) the structures 
in specimens with different crystal orientations 
differ from one another, b) in structures of the 
type shown in Fig. 3, one finds neighboring re- 
gions oriented perpendicular to one another as 
often as parallel, c) the orientation of the s do- 
mains is related to the direction of the crystal 
axes in the specimen. 

From the above we deduce that the observed 
preferred orientation of the s domains is deter- 
mined primarily by the anisotropy of A. 

Results obtained with the ‘‘frozen-in flux’’ 
method. We counted on the photographs the num- 
ber of regions whose directions lay in consecutive 
equal intervals of angle, and plotted polar dia- 
grams (Figs. 8 —10 and 13 — 15) showing the cor- 
responding number in the direction of the normal 
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FIG. 8. Specimen 1. 
ay T=13 049) Ca = 0.08: 
100 Angular interval 10°. 
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FIG. 9. Specimen 1. 
Tas 5205 Cau= 0012, 
Angular interval 10° 


to the elongated side of the s domain (this di- 
rection will be referred to as n in what follows). 
The part of the diagram between 180 and 360° is 
just a duplicate of the 0— 180° part. The scale 
for the number of regions is shown along one of 
the radii. The appearance of the diagram is in- 
dependent of Cg for a given specimen. 

We shall consider first the results of experi- 
ments for the simplest orientations of the crys- 
tallographic axes relative to the specimen surface, 
and at a temperature relatively far from the 
critical temperature (T ~ 3°K). 

1. Specimen 1. The normal to the surface of 
the specimen N directed along the 4-fold crystal 
axis [001]. The s domains are equally divided 
between the equivalent directions [100] and 
[010] (Figs. 3 and 8). The corresponding polar 
diagram for A(n) must have two identical min- 
ima in these directions, i.e., it must have the 
form of the dashed curve shown in Fig. 8. 

2. Specimen 2 (Fig. 4). The normal N close 
to the [100] axis in direction. The greater part 
of the s domains is elongated along the [ 001 ] axis, 
but about 15% have a perpendicular direction. It 
is natural to assume that the polar diagram for 
A would have, in this case, two minima, one of 
which is wider and deeper than the other. 

3. Specimen 6. The normal N parallel to the 
[110] axis. There are again two preferred orien- 
tations along the [001] and [110] directions 
with roughly the same number of domains. 

Figure 11 shows how the structure changes as 
N varies from the [100] to the [110] direction. 


FIG. 10. Specimen 1. T = 3.60°, 
C, = 0.16. Angular interval 10°. 


FIG. 11. p—the ratio of the 
number of domains elongated along 
the [001] axis, to the total number. 
The domains are oriented either 
along the [001] axis or perpendicu- 
lar to it. The numbers at the points 
denote the specimen number. T=3° 
K, C, = 0.1-—0.2, & is the angle 
between the [100] axis and the 
surface of the specimen. 
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The magnitude of A must in general depend 
on the direction of the normal n tothe ns _ bound- 
ary and the direction i of the superconductivity 
current in the boundary layer, i.e., on three ang- 
ular parameters, in so faras iln. 

Each of the experiments described makes pos- 
sible a comparison of the values of A, fora 
given direction of N, associated with ns bound- 
aries when NnLN andilN. 

We must have additional data, obtained by other 
methods, in order to connect together the data for 
specimens with different N. In the second part 
of this work we shall return to this question, but 
for now, to systematize our qualitative data, we 
shall make the simplifying assumption that the de- 
pendence A (i) for a given n is small and can 
be neglected compared with the variation of A(n). 

With this assumption we can describe the A(n) 
surface qualitatively from our data. Its central 
sections by planes parallel to the surfaces of the 
specimen must look like the polar diagrams of A 
for the corresponding experiments. 

There is apparently a minimum on the A|n| 
surface for n||[{ 100], since there are minima at 
this point for two mutually perpendicular sections 
of the surface by its plane of symmetry (see above, 
items 1 and 2). 

It follows in an analogous way from item 2 (or 
3) that for n||/[ 001] there is a shallower mini- 
mum on the surface i.e. Ajog4; > Afyoo}- These 
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FIG. 13. Specimen 7. 
T = 3° Data from four 
photographs: C, = 0.16; 
0.14; 0.14; 0.13. Angular 
interval 5°. 


Projection 


S 
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minima are indicated by full circles in the stere- 
ographic projection of Fig. 12. The point [110] 
on the A(n) surface must be the saddle point, 
according to items 1 and 3. 

We should point out that an attempt to repre- 
sent the results by using the A(i) surface, 
neglecting the dependence of A(n), would im- 
mediately lead to an inconsistency, since then 
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from item 1 it follows that 
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where the superscript to A denotes the direc- 
tion of the superconductivity current. 


FIG. 14. Specimen 8. 
T =2.95°. C, = 0.14. Angu- 
lar interval 2°. 


Projection [ooi] 


The form of the A(n) surface can be deter- 
mined on the basis of experiments with specimens 
7, 8, and 9 (Figs. 13 —15). The circuits corre- 
sponding to the surfaces of these specimens are 
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FIG. 15. Specimen 9. 
T = 3°. Data from four 
photographs: C, = 0.17; 
0.15; 0.09; 0.08. Angular 
interval 3°. 
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FIG. 16. Specimen 1. q = (a—b)/(a +b), where a is the 
number of s domains with normals making angles of less 
than 22.5° with the [100] or [010] axis, i.e., falling within the 
shaded sectors of the diagram; b is the number of remaining 
s domains. C, = 0.1—0.2. 


shown by dashes in Fig. 12, and the points for the 
relative minima of A in these sections (corre- 
sponding to the peaks of Figs. 13 — 15) are shown 
by the small circles. If we represent the depend- 
ence A(n) by using lines of constant A, then 
these lines must touch the dashed curves at the 
points of relative minimum. 

The arbitrariness in drawing the lines of con- 
stant A turns out to be insignificant in practice. 
The lines of equal A, shown in Fig. 12 and 
obtained from the data on the positions of the peaks 

in Figs. 183—15, also explain a number of other 
features of these diagrams. For example, the 
large difference in height between the peaks in 
Fig. 14 is related to the fact that one of the min- 
ima for specimen 8 in Fig. 12 (near the saddle 
point) lies between two close maxima, and the 
probability of the s domain falling in this nar- 
row angular interval is small. 

The diffuseness and the sharp asymmetry in 
the form of the peaks in Fig. 15 are related to 
the fact that the circuit for specimen 9 in Fig. 

12 runs almost exactly along a line of constant 
A far from the [001] axis, and spreads through 
the maximum in the region between the peaks 
near the [001] axis. 

Let us examine the temperature dependence of 
the anisotropy of A. The data obtained with speci- 
men 1 (N||[001]) show that the anisotropy in 
this section gradually decreases as T — Te. 
With increasing temperature, the polar diagrams 
of the distribution of s domains become ever 
more diffuse (see Figs. 8—10 and 16). At 
T =3.6°K the distribution is practically iso- 
tropic, since the disordering action of other fac- 
tors predominates over the anisotropy of A at 
this temperature. 

On the other hand, we found no noticeable tem- 
perature dependence for the structures obtained 
for N||[100] up to 3.6°K. The structures ob- 
tained with N]||[110] approach the structures for 


FIG. 17. Specimen 5. 
p is the ratio of the num- 
ber of domains elongated 
along the [001] axis to 
the total number; p = 0.5 
corresponds to equal 
probability of the two 
different directions. 
Ce 10. 1052: 
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N||[100] for T— Tg, (see Fig. 17) and become 
practically identical at T =3.6°. It became 
difficult to observe the structures at T =3.6° 
because of the small contrast in the pictures (due 
to the small field He), and it was not possible to 
raise the temperature further. 

From our observations we can deduce that for 
T— Te the A(n) surface takes on the symmetry 
of a body of rotation and has a line of minima on 
the equator. The question of whether the small 
minimum at the pole is preserved or merges into 
the maximum is still open. 

We will return to a discussion of these results 
after presenting the second part of the work. 


2. TORSION BALANCE METHOD 


An anisotropy in A must lead to a dependence 
of the free energy, F, of the specimen in the in- 
termediate state on the direction of the magnetic 
field relative to the crystallographic axes of the 
specimen. 

If the specimen is hung on a taut thread in a 
horizontal magnetic field, then by measuring the 
angle turned through by the thread at equilibrium 
the mechanical moment M = — 8F/8a can be de- 
termined, where a is the angle turned through 
by the specimen around a vertical axis. The mag- 
nitude of M must be related to the anisotropy of 
A if, of course, the specimen is sufficiently uni- 
form and the ‘‘dry friction’? forces and irregu- 
larities in the external shape of the specimen have 
no effect. 

In our experiments we studied single crystal 
specimens of tin which were close to spherical in 
shape. The specimens were cast ina glass former 
and the deviations from spherical were 2 — 3yin 
diameter for a mean diameter of about 12.6 mm. 
After cooling to helium temperatures the speci- 
mens approximated to an oblate ellipsoid of revo- 
lution with axes differing by 0.1 mm. 

The torsion balance, used for measuring the 
mechanical moment in the intermediate state, was 
also used to measure the conductivity of metal 
specimens at helium temperatures (including all 
the specimens mentioned below) and has been de- 
scribed elsewhere.® 
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TABLE I. 

Speci- Impurity 10*| m | 

ae ApPy Bree Content, % Gatea = 3,699) 
Oo. 

1c 0,4 <6-1075 4 

] [2 (0) 5 Sohne 3 
3c 1,8 oe Ome 5 
4c 1,6 soils 2 
5c 0,4 <6-10% ag Wee 
6c 0,5 8-105 8 

MER EFKe 0,7 1.1074 10 
8c 13 Pine 42 
9c 18 3-103 8 


*Two measurements on different days. 


The measurements were carried out in the fol- 
lowing way. After the required temperature had 
been established, a small field Hs was switched 
on and the mechanical moment in the superconduc- 
ting state, Ms, was determined. This moment 
is related to the deviation of the specimen from a 
spherical shape, already mentioned. We then de- 
termined the critical field Hg by reducing the 
field gradually to a value (2/3)Hg, at which the 
specimen went over from the intermediate into 
the superconducting state. This transition was 
determined by finding when the specimen ceased 
being carried by the slowly rotating field which 
induces eddy currents in the normal phase. 

The specimen was then put into the intermediate 
state and the moment of the forces acting on it 
was measured for different directions of the mag- 
netic field in the horizontal plane. All but some 
preliminary measurements were made at the con- 
centration Cg =0.5, i.e. for H = (5/6)He. 

We took each point twice in order to annul the 
influence of ‘‘dry friction.’’ In one case the speci- 
men, previously inclined to the position of equi- 
librium, approached it by turning in a clockwise 
direction, and in the other case by turning in the 
opposite direction. As far as possible, all con- 
ditions were symmetrical in both cases. The ap- 
proach to the equilibrium position was made very 
slowly (to prevent eddy currents) and usually took 
5—6 min. The position reached by the specimen 
when approaching from different directions did 
not coincide, and this served as a measure of the 
magnitude of the ‘‘dry friction.’’ We took the 
mean of the results of the two measurements as 
the position for true thermodynamic equilibrium. 
From the value of the moment M obtained, we 
subtracted the part Me which was caused by the 
specimen not being spherical. Me was determined 
from the moment Msg in the superconducting 
state for the same magnetic field direction, using 
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FIG. 18. Spherical specimen 1c. Axis of rotation along 
[O01 T = 3.11% 


the formula Me =4Mg (He — H)*/H%, which can 
easily be derived by assuming the specimen to be 
an ellipsoid that differs little from a sphere. The 
difference obtained M —- Me=Mj_ is the quantity 
required, related to the anisotropy of the struc- 
ture in the intermediate state. The effect observed 
was small, so that Me and Mj were of the same 
order of magnitude. The deflection of the light 
spot of the torsion balance was usually not more 
than 5—10 mm and its position was determined 
with an accuracy of 0.1 to 0.2 mm. 
Results obtained with the torsion-balance 


method. We studied nine specimens, the residual 


resistance py and the presumed purity of which 
are shown in the first and second columns of 
Table I. It appeared that the specimens could be 
divided into two qualitatively different groups ac- 
cording to the type of curves obtained (group I 
comprising speciments 1c — 3c and group II 
specimens 5c — 9c). Within the groups, the dif- 
ferences were more of a quantitative nature. 

Specimen 4c was intermediate in its prop- 
erties. 

We shall discuss the properties of specimens 
of the first group, which appear to approximate 
more closely to the properties of an ideal uniform 
single crystal. Specimens 1c and 2c were com- 
paratively similar and gave results in close agree- 
ment. 

One of the curves obtained with specimen 1c 
is shown in Fig. 18. The specimen was hung so 
that the [001] axis was vertical. The abscissa 
represents the angle, a, between the [100] axis 
and the magnetic field. The orientation of the 
specimen relative to the balance was determined 
by x-ray diffraction. The ordinate gives the 
mechanical moment m = 87Mj/H%V, where V 
is the volume of the specimen. The circles show 
the results of measurement when the equilibrium 
position is approached from two directions (with 
a correction for departures from sphericity ) and 
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m/0 
pees FIG. 19. Spherical 


specimen Ic. Axis of 
rotation along [110], 
T =3.13°. Points ob- 
tained by averaging 
over the approach from 
the left and from the 
right. 
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the solid dots and the curve represent the mean. 
It can be seen from the figure that the moment of 
the ‘‘dry friction’’ forces Am (i.e., the distance 
between the upper and lower points ) does not de- 
pend on direction in a regular way, while the mean 
moment changes with angle smoothly and is sym- 
metrical with respect to the crystallographic 
directions. 

Assuming that the mean value of m is the 
equilibrium value, we obtain, apart from an ar- 
bitrary constant, f(q@) =—- J mda, where f is 
the free energy of the specimen divided by 
VH2/87. For H||[110] f is a maximum; it is 
a minimum for H||[100]. For specimen 1c at 
T= 32012) fyi) = 411009, = 74 x 103. where. the 
subscript denotes the direction of the magnetic 
field. 

Figures 19 and 20 show the curves obtained 
on the same specimen at 3.13° for the cases 
where the [110] and [100] axes were vertical. 
Integrating these curves gives f,179; — froo4) 
= 25 x10 and fj9i9; — fion1)=21X-10-°., The 
difference between these two values is 4 x 107°, 
which agrees in sign and order of magnitude with 
the value 7.4 x fo: derived from Fig. 18. For 
specimen 2c at T =3.13° the difference fjq 49) 
Spins eseo se 10°. 

In order to connect these results with the an- 
isotropy of A, we have to make some assump- 
tions about the structure of the intermediate state 
of spherical specimens. 

Experiments made by the powder method! have 
shown that a sphere in the intermediate state with 
C, =0.5 has a radial layer structure in the region 
of the magnetic equator and a complicated wrinkled 
structure elsewhere. 
m-10° [100] 


FIG. 20. Spherical 
specimen lc. Axis of 
rotation along [010], 

T = 3.13° Points ob- 
tained by averaging 
over the approach from 
the left and from the 
right. 


om(B) for B= I0" 
9 x  -m(180°-f) 
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If we construct the normals to all the surfaces 
of separation of the phases within the sphere, 
their traces on a stereographic projection will 
appear in a narrow band running along the mag- 
netic equator, since it is known that inside a 
sphere the field has a constant direction at all 
points. In what follows we shall assume that the 


normals lie exactly in the plane of the magnetic 


equator, that all directions in this plane are 
equally represented, and that the free energy in 
the intermediate state is determined by the value 
of A(n), averaged over these directions. It is 
not difficult to see that with these assumptions 
the data for f are in qualitative agreement with 
the form of the A(n) surface, shown in Fig. 12, 
since averaging A over the great circle (110) 
must lead to a larger value of A than the circle 
(100), and the average over (001) to a smaller 
value of A. 

For a quantitative measure of the anisotropy 
of A we need the absolute value of the free 
energy in the intermediate state. Using Landau’s 
model for the structure of the intermediate 
state,’ an expression can be derived for the free 
energy of a sphere: f =2V2~A/R, where R is 
the radius of the sphere and g=0.0221 for 
Cg = 0.5*. Substituting A for tin here, equal 
to 2.3 x 10-°°(1 - T/Tc) ¥ em (see refer- 
ences 2 and 8), we obtain f = 2.6 x LOT ( iT 
- T/Te y-t/4, For specimen Ic at 3.13°, for ex- 
ample, we then derive (f;499)— fto04;) / £ ¥6%. 


Since f ~VA, the corresponding relative change 
in A must be twice as great i.e. 12%. The change 
in the unaveraged value of A must be even 
greater. A rough calculation based on the assump- 
tions about the way of averaging A shows that the 
relative difference between the maximum value, 

at the points shown in Fig. 12 by stars, and the 
minimum at the points [100] is 20 —25% at 3.1°K. 


~~ *For the calculation it was assumed that the n domains 

in a sphere are not branched and are distributed in a radial 
direction. It was also taken into account that the lines of 
force make an angle with the surface of the sphere which de- 
pends on the magnetic latitude. If the sphere is divided into 
strips by coaxial cylinders, then the energy enclosed in such 
a Strip per unit surface of the sphere is F = (H2 /2V27) 
xVQ9(C,) AR sin? 3, where # is the latitude (see reference 2). 
Integration of this expression gives the formula above. Calcu- 
lation according to reference 4 shows that neglecting the 
branching of the layers does not lead to any appreciable error 
in our case in calculating the free energy (an error of ~10% in 
the worst conditions, far from T,). We obtain for the period of 
the structure the expression a = V2RAQ, independent of lati- 
tude. This expression also holds for a cylinder in a transverse 
field. 
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FIG. 21. Rota- 
tion about the [001] 
axis. O—Specimen 
1c, A—specimen 2c. 
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The temperature dependence of the effect was 
different for the various orientations of the speci- 
men in the balance. For rotation around the [001] 
axis the shape of the curves did not change ap- 
preciably with temperature, while the amplitude 
of the curves and the ratio (f;439) — ff109})/£. tended 
to zero for T—~Te (see Fig. 21). The curve of 
Fig. 21 represents, in more accurate form, the 
behavior also derived by the ‘‘frozen-in flux’”’ 
method (see Fig. 16). 

For rotation about the [100] and [110] axes 
the shape of the curves was slightly different at 
temperatures far from and close to Tg. The ratios 
(ffo101 — fto011)/£ and (ff430) — ftoo11) /£ were little 
dependent on temperature and apparently tended 
to a limiting value for T— Te (see Table II). We 
should note that the experimental conditions for a 
temperature near Te were worse than for a tem- 
perature far from it, and the reproducibility and 
accuracy of the curves deteriorated. The differ- 
ence of 2x 107? between (fi; — ftoo4))/f and 
(fto10) — ff001))/£ at T =3.69° comes from the 
poor reproducibility of the data, in so far as 
careful direct measurements give (f,449) — fr499;) /f 
< 0.3%. The reason for these disagreements is ap- 
parently related to the presence of some sort of 
lattice defects, the influence of which is more ap- 
parent near T,. An analogous phenomenon was 
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found in the same form with the specimens of 
group II (5c — 9c). 

The rather complicated behavior of the speci- 
mens of group II is apparently connected with 
their imperfection, and we will only discuss them 
briefly to help in substantiating the results ob- 
tained with specimens of group I. 

The curves obtained for specimens 5c — 9c at 
T =3.69° with rotation about the [100] axis were 
very different from the corresponding curves for 
the specimens of group I. The value of m be- 
came zero in the [001] and [010] directions and 
at an intermediate point, 8 = 30—40° (fis the 
angle with the [001] axis), which was a point of 
stable equilibrium. The maximum value of |m| 
was 2—4 times greater than |m|max for the 
specimens of group I (see Table I). 

The resemblance between the curves obtained 
with some of the group II specimens led us at 
first to the incorrect conclusion? that the effect 
is related to the anisotropy of A. It was only 
after we had managed to obtain the group I speci- 
mens that we finally established that the real 
reason for these curves is apparently the chance 
plastic deformation of the specimens and the for- 
mation of regions with somewhat different values 
Of THe. 

This conclusion is borne out by the following 
facts: 

a) For T ~ 3°, far from Tg, this effect dis- 
appears and the curves for rotation about the 
[100] and [001] axes agree well with the corre- 
sponding curves for group I specimens. The 
relative indeterminacy in the value of H, must, 
in fact, decrease with decreasing temperature, 
since its absolute value is little dependent on T 
(cf. the data of reference 10). 

b) The effect stays at an appreciable magnitude 
for Cg «0.5 (being halved only at Cg = 0.04) 
and is thus connected with a small fraction of the 
volume of the specimen. 

c) A small plastic deformation (rolling it 


TABLE II. 

oe Rotation about the [oo1] axis Rotation about the [110] axis 

3) 
PROS ANS o 

ag 10* [| max| 404 Am * (F010) een us 10*|™| max| 104 Am * (e110) poe 

} 1 i) 

3.69 lic 4 4 4.4 4.5 3.4 6 
3.69 me 3 1.4 Shell — = ue 
3.69 3c 5 6 5.4 — — — 
Sele te Deel {5 5a S54 1.6 
O40 2c 3 0.9 ef — = es 
2.08 1c — — — 3) Sno 4,7 


*Am is the average value of the ‘‘dry friction’’ forces, i.e., the mean of the 
difference in the values of m when the equilibrium position is approached from 


different directions. 


ANISOTROPY 70 F 


lightly on the top of a table) of specimen 4c led 
to an increase of |m|max at T =3.69° to 50 
x 1074, i.e. a 16-fold increase. 

The observations described lead us to suppose 
that the anomalous behavior of the group II speci- 
mens is to be explained by the existence of some 
regions of twinning in them. The mechanical 
twinning plane in tin (301) lies at an angle of 
~30° to the {001} axis, which is close to the 
equilibrium direction of the domains in the speci- 
mens of group II. 

It seems that measurement of the forces acting 
on a specimen in the intermediate state might be 
applicable for showing up small lattice defects, 
which can not be found by other methods. 

The difference between the properties of speci- 
mens of groups I and II for T close to Te serves 
as some confirmation that the anisotropy of the 
group I specimens in the intermediate state is not 
related to lattice imperfections, and is due to the 
anisotropy of surface tension. 


3. DISCUSSION OF RESULTS 


A. Comparison of the different methods of 


studying the anisotropy of A. A comparison of 
the results obtained by the two methods described 


above shows that they are in satisfactory agree- 
ment and partly complement each other. The 
‘*frozen-in flux’’ method enables one to build up 
a qualitative picture of the anisotropy of A at 
temperatures far from Te, which is confirmed 
by the data obtained with the torsion balance. We 
should point out that these two methods are inde- 
pendent, since in the first the energies of sepa- 
rate s domains within one structure are com- 
pared for a given magnetic field direction, while 
in the second the energies of a structure as a 
whole are compared for different field directions. 
A consideration of the results obtained by both 
methods leads to the conclusion that, in the tem- 
perature range studied, the dependence of A on 
the direction of the normal to the surface of sepa- 
ration is greater than the dependence on the cur- 
rent direction. In any case, the dependence 
A(n) derived is quite enough to explain all the 
observations, while consideration of the depend- 
ence A(i) alone, neglecting the dependence on 
n, leads to inconsistencies. This deduction, for 
a temperature of 3°K, was made in the first part 
of this work. Near Tc the ‘‘frozen-in flux’’ 
method shows only that the orientation of layers 
with n 1 [001] and i||{001] are more favorable, 
i.e., that the surface of A(n) is prolate, or that 
of A(i) is oblate, in the [001] direction. The 
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torsion balance method yields fr199} — fy994) > 0, 
from which it follows that the surface of A(n) 
or A(i) is drawn out. For agreement between 
the results we must therefore introduce a de- 
pendence A(n). 

The nature and magnitude of the dependence 
of A on the current direction can only be decided 
experimentally from a more detailed and exact 
quantitative investigation of the anisotropy of A. 
In principle this could be achieved by measuring 
the period of the structures in a flat specimen lo- 
cated in an inclined magnetic field. It would be a 
fairly difficult task to carry out these measure- 
ments with sufficient accuracy and completeness, 
and might only be undertaken after a preliminary 
qualitative study .? 

B. Comparison of the results with theory. It 
seems to us that the most important result from 
the theoretical point of view is the anisotropy of 
A found in the (001) plane, perpendicular to the 
four-fold symmetry axis of the crystal. A theory 
based on the existence of a local tensor relation 
between current and field, should for such a high 
degree of symmetry lead to the absence of aniso- 
tropy in this plane (see Ginzburg and Landau!!+12y , 
The existence of anisotropy is evidence of the 
existence of a non-local correlation between cur- 
rent and field in a superconductor. 

The existence of such a correlation, predicted 
by Pippard,'? is one of the main points of the mi- 
croscopic theory of superconductivity due to 
Bardeen, Cooper, and Shrieffer! and to Bogol- 
yubov.'® The electrodynamics of anisotropic 
superconductors, taking into account such a cor- 
relation, has not yet been worked out. We cannot, 
therefore, compare our results with data on the 
anisotropy of other properties of superconductors, 
especially since such information is very scanty. 
Bezuglyi et al.!® and Morse et al.!” have investi- 
gated the anisotropy in the absorption of sound in 
tin, and Pippard® and Schawlow and Devlin!® have 
studied the anisotropy of penetration depth 6. 

It appears that the gradual disappearance of the 
anisotropy of A inthe (001) plane, as the tem- 
perature approaches Tg, is related to the increase 
in thickness of the transition layer between the 
phases, equal to A in order of magnitude, as 
compared with the parameter € that character- 
izes the distance over which a non-local correla- 
tion exists. In so far as & is independent of 
temperature, /A ~VTe —T for T— Tg. As 
can be seen from Fig. 21, (£449) — frio0)/£ tends 
to zero apparently linearly with Te — T. Thus 


(Apiioy — Atuooy)/A ~ (&/4)? for T > Te. 
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For small &/A the connection between current 
and field can be considered local and the relation 
between the anisotropy of A and 6 can be found 
from the phenomenological theory of Ginzburg and 
Landau. The anisotropy of superconductivity can 
then be described by introducing the effective mass 
tensor for the superconducting electrons.!? We 
confine ourselves to the simplest case, when the 
normal to the phase boundary is directed along one 
of the principal axes of the mass tensor, z, and 
the current flows along another principal axis x. 

In the isotropic case A = 6ja(k)/K where 6 
is the penetration depth for H — 0, and” x = 4.32 
x 10"H, 63. Values of a(x)/k were tabulated by 
Ginzburg,7! and aCe e189 or “ici 20. 

It can be shown easily that in the anisotropic 
case 


AZ = box% (x z)/[%xz9 


where Kxz = 4.32 X 10"Hodpxd9z, Ook 
= (mc?/47e’ng 1/2, m, is the effective mass 
along the principal axis k, and ng is the con- 
centration of superconducting electrons. Thus 
A* ~ a(kxz)6jz and since a is relatively weak- 
ly dependent on k, ies is mainly determined by 
the effective mass and by the direction of the 
normal to the phase interface. 
For tin 
oA? 


Boz 


AL #5 

0z Box 0% —~—" Ue, 

i.e. the dependence of A¥ on 69, is 3—4 times 
less than the dependence on doz. Our data con- 
firm this result qualitatively. 

It will be possible to compare our results 
quantitatively with these relations when we have 
data on the temperature dependence of the aniso- 
tropy of A for Tg - T~ 0.1 ~-0.01°, where 
the tensor representation of the anisotropy is 
applicable. 

We are very grateful to Academician P. L. 
Kapitza for his interest in the work and to A. I. 
Shal’nikov for a detailed discussion of the results. 
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Elastic pp scattering at 8.5 Bev was studied by the emulsion technique. The irradiation 
geometry employed was such that the incident-proton beam was perpendicular to the 
emulsion plane. A total of 145 elastic scattering events were detected, of which 66 have 
been previously reported.! The contribution of scattering on quasi-free photons and of 
other ‘‘background’’ events comprises approximatelt 1%. The total elastic cross section 
in the c.m.s. is found to be (8.6 + 0.8) mb. A differential cross section down to one de- 
gree in the c.m.s. has also been obtained. The results can be made consistent with the 
model of a homogeneous semi-transparent ball with a refractive index not equal to unity. 


SETUP OF THE EXPERIMENT 


Pretmmrary data on elastic pp scattering at 

8.5 Bev have been published earlier.! The present 
work was performed witha 10x 10x 2cm cham- 
ber made up of type NIKFI-BR emulsions 400 mi- 
crons thick and irradiated in the Joint Institute pro- 


ton synchrotron by the internal 8.5-Bev proton beam, 


incident perpendicular to the emulsion plane. Spe- 
cial analyses made for the hydrogen content in con- 
trol emulsions have shown that the hydrogen content 
was (2.90 + 0.06) x 1072 atoms per cubic centi- 
meter of exposed emulsion. 

Area scanning was carried out with an inmmer- 
sion objective at a magnification 630x, in the 2 
x 2em central portion of the emulsion. The 
average flux density in this zone was (1.97 + 0.05) 
x 10° particles per square centimeter. A total of 
3.35 cubic centimeters of emulsion was scanned. 

To determine the effectiveness of finding the 
investigated events and to increase the reliability 
of the results, the aforementioned volume was 
scanned twice. The stars outwardly resembling 
elastic pp scattering were separated from all the 
obtained two-prong stars. Their number was 799. 
These events were divided in the following three 
groups, depending on the range of the slow proton: 
1) 10H=R<100p, 2) 100H=R< 20,000u, 3) 

R = 20,000 p. 

The tracks of the slow protons in the first two 
groups were practically ‘‘black,’’ since the sensi- 
tivity of the emulsion was high (J/Jmin = 40 
grains/100y). The efficiency of the double scan- 
ning was found to be (85 + 3) %, (92.5 + 0.8) %, 
and (78+5)% for events in the first, second, and 
third groups respectively. 


ANALYSIS OF THE DETECTED EVENTS AND 
MEASUREMENT PROCEDURE 


The following criteria were used to identify the 
cases of elastic scattering on free hydrogen: 

1. The relation between the range R of the re- 
coil proton and its angle with the direction of the 
primary photon, g, satisfies the kinematics of 
elastic scattering. 

2. The angle y between the planes passing 
through the direction of the primary proton and the 
direction of emergence of the secondary particles 
is zero (coplanarity condition). 

3. The relation between the range of the recoil 
proton and the angle y» that the scattered proton 
makes with the direction of the primary particle 
satisfies the kinematics of elastic scattering. 

4. No recoil nucieus or 8 electron is observed 
at the point of scattering. 

The relation between the angle of the scattered 
proton and the angle of the recoil proton, which 
holds for elastic scattering, was used when the re- 
coil proton did not stop in the chamber and its mo- 
mentum, determined by ionization measurements, 
was known to be in considerable error. 

The range of the recoil proton was measured 
accurate to 5%. 

The principal error in the determination of the 
angle of emission of the recoil proton was due to 
the inaccuracy in the measurement of the dip angle. 
On the average this error does not exceed 1.5 or 
2 deg, for cases when the recoil proton has a short 
range (R <500,,). 

The angle of emission of the scattered proton, 
~, was measured in the following manner. A ref- 
erence track of a primary proton that did not ex- 
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perience interaction was selected within 20 or 30 
microns of the point of scattering. To determine 
the scattering angle 7, four measurements were 
made of the x and y projections of the distance 
from the reference track to the scattered track, in 
the plane of the emulsion (parallel to the marker 
lines). We made two measurements to the point 
of scattering on a 2000-p base (that is, through 
five emulsions), and two past this point, on the 
same base. The accuracy with which the projec- 
tions were measured was approximately ly, so 
that these scattering angles could be measured 
accurate to 2’ or 3’. To exclude random errors, 
independent measurements were made relative to 
the three reference tracks. 

The angle of non-coplanarity y was determined 
from these measurements. The error in y was 
due essentially to the error of measurement of the 
angle of the scattered proton, and dependent on the 
value of this angle. Thus, for ~=1 deg, the error 
in the non-coplanarity angle is 3 deg if Ay = 3’. As 
shown earlier,! at the prevailing measurement ac- 
curacies the contribution of the number of quasi- 
elastic scatterings should be approximately 1%. 


. FIG. 1. Distribu- 
40 tion of |AQ| in scatter- 
ing events: Ag —dif- 
30 
ference between the 
40 measured angle of the 
30 recoil proton and the 
20 angle that corresponds 
10 to its range in the 
elastic scattering 
Otées 4 § &6d¢!. deg kinematics. 


The measurement errors were estimated for 
each measured event and the events satisfying the 
kinematics of elastic scattering within the tripled 
errors were selected. Figures 1 to 3 show the distri- 
butions of |Ag|, T =|y/Ay!, and | Aw] for these 
events. It followsfrom Fig. 1 that the mean-square 
error inthe measurement of @ amounts to ~ 2 deg. 

N 


30 
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FIG. 2. Distribution of I’ = |y/Ay| in elastic scattering 
events; where y is the non-coplanarity angle and Ay is the 
error in its determination. 
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5" 20 25 30 35" 40 «45° 50" 55 60 
lag 
FIG. 3. Distribution of |Aw~| in events chosen in accord- 
ance with the first two criteria (ratio of R to w and the co- 
planarity). Aw —difference between the angle of the scattered 
proton and the angle corresponding to the range of the recoil 
proton in the elastic scattering kinematics. 
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From the distribution of I in the selected cases it 

is seen that the errors inthe distributions of the non- 
coplanarity angle Ay have been correctly esti- 
mated. For the histogram of Fig. 3, we selected, 
by the first two criteria, the cases satisfying the 
kinematics of elastic scattering within the limits of 
the tripled mean-square error. The histogram in- 
cludes also those cases of scattering by quasi- 
elastic protons, for which the momentum lies in the 
scattering plane and is perpendicular to the incident 
proton, inasmuch as such cases were not identified 
by the first two criteria. A considerable fraction of 
such cases falls within the region ; Ag | > 12’ (that 
is, past the tripled half-width of the distribution), 
where there are no cases of scattering by free pro- 
tons. From the number of such events one can esti- 
mate the contribution of quasi-elastic cases and 
other background in the region ; Ag |< 12’. This 
contribution is found to be approximately 1%. 


RESULTS AND DISCUSSION 


The technique employed (irradiation of emulsions 
at right angle to their plane) and the corresponding 
measurement procedure have made it possible to 
obtain the c.m.s. differential cross sections down to 
1 deg, to separate reliably the quasi-elastic events 
from the background, and to accumulate consider- 
able data in a relatively short time. 

A total of 145 events satisfied the selection cri- 
teria within the limit of tripled mean-squared er- 
rors. This is several times more than in other 
emulsion investigations of elastic scattering in the 
energy range 2 1 Bev (see references 2 — 4). 

After estimating the contribution of quasi-elastic 
processes, discarding the cases of scattering by 
small angles (= 1 deg in the c.m.s.), and estimat- 
ing the scanning efficiency, the value obtained for 
the cross section of elastic interaction was found to. 
be oe] = 8.5 + 0.8 mb. 
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FIG. 4. Differential cross section of elastic pp scattering 
at 8.5 Bev (histogram). w—scattering angle in c.m.s. Calcu- 
lated curves: 1—Coulomb scattering, 2—disc for R = 0.94 f 
and a= 0.453; 3—homogeneous semi-transparent sphere, 

R= 15 £, k= 0:12 10" om-*, k, =0.15.x 10° cm=*, U = 34 
Mev, and V = 27 Mev; 4—homogeneous semi-transparent 
sprere, a ly 1k = 0.02 10-em, k= 0:12 x 10° cm", 
U = 22 Mev, and V = 22 Mev. 

Figure 4 shows, in the form of a histogram, the 
differential cross section for elastic pp scattering 
in the c.m.s. The heavy solid curve shows the 
angle of distribution obtained by using the model of 
a purely -absorbing disc with the following parame- 
ters: disc radius R = 0.94 x 107!3 cm, amplitude 
of passing wave A= 0.453, cross sections for 
elastic and inelastic interaction oe] = 8.5 mb and 
Cin = 22 mb. It is seen from the figures that the 
experimental data cannot be explained within the 
framework of this model. Nor can these data be 
explained by any other model of a purely absorbing 
proton, when, without allowance for the spin depend- 
ence, the differential cross section at zero angle is 
given by the optical theorem 


| 1m f (0) |? = (o4/ 4nx)? 


and is found to be considerably less than the exper- 
imental value. In this respect, our results disagree 
with the conclusions of other experiments carried 
out at lower energies. Thus, for example, in the 
work by Cork et al.,®> in which ele stic scattering at 
6.15 Bev is investigated, the differential cross 
section is extrapolated from 7.6 deg to the value 
for 0 deg given by the optical theorem. However, 

if we plot kg sin @ vs. kg *do/dQ instead of our 
differential cross section (as is usually done to 
compare experiments at different energies) the 
experimental data of reference 5 and ours are 
found to be in satisfactory agreement. The point is 
that our experimental data disagree with the proton 
model proposed by the authors of reference 5 only 
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in the range of angles from 0 to 7.6 deg, for which 
there are no experimental data in reference 5. 

The agreement with the data of Kalbach et al.® 
and the model of the purely-absorbing disc may be due 
to the insufficient statistical accuracy. 

In view of the results obtained, we see no full 
justification for approaching the analysis of the 
data on elastic scattering of protons by protons by 
assuming a pure imaginary scattering amplitude. ® 

In reference 7 it has been shown that the model 
of the purely absorbing proton, inthe energy range 
above 6 Bev, does not contradict the available ex- 
perimental data. Our data, obtained at smaller 
scattering angles, indicate that it is also neces- 
sary to take into account the real part of the scat- 
tering amplitude. 

We have performed the calculations using the 
model of the homogeneous sphere with a complex co- 
efficient of refraction.® As seen from Fig. 4, the 
experimental data are in satisfactory agreement 
with the calculations for a sphere having the fol- 
lowing parameters: 

R zs (25 to lk7/)- 108 cm 
k = (0.191 to 0,125)-10*eni!, zk, = (0,155 to 0:125)-10%enr!, 
U = (34.1 to 22.3) Mev, V = (27,5 to 21.8) Mev, 
where R is the radius of the sphere, k and k, 
describe the absorption and refraction coefficients 
respectively, and U and V are the imaginary and 
real parts of the potential inside the sphere. 

Figure 4 shows also the differential cross sec- 
tion of the Coulomb interaction (thin solid line). It 
is seen that at angles greater than 2.5 deg the effect 
of the Coulomb interaction is very small and can be 
neglected. In the interval from 1.0 to 2.5 deg, ex- 
periment yields a differential cross section some- 
what smaller than that predicted by the model of the 
homogeneous sphere, although the efficiency of 
finding the scattering is sufficiently high here and 
is known with good accuracy. If the result is con- 
firmed after the statistical errors have been re- 
duced, it will be possible to attribute it to the inter- 
ference of the Coulomb interaction with the nuclear 
interaction. 

The large value of the differential cross section 
at 0 deg does not contradict the model of a purely 
absorbing proton, if a great difference is assumed 
in the interaction cross sections for the singlet and 
triplet states. It is therefore of interest to investi- 
gate the role of the spin interactions in elastic pp 
scattering at 8.5 Bev. This has been done in sim- 
plest form by one of the authors (Shakhvazyan)?® for 
the model of a purely absorbing proton (pure imagi- 
nary scattering phase shifts) with allowance for the 
spin-spin interaction. 
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In this case the scattering matrix is independent 
of the total angular momentum J (see reference 6) 
and has the form 


Ry = 1—1, 0O<y< 1. 


The last inequality yields expressions for the upper 
limits of the coefficients of the curve that approxi- 
mates the experimental points. A phase-shift anal- 
ysis’ carried out under the same assumptions both 
for different mixtures of singlet and triplet states, 
and for purely singlet states, leads to values of nj 
which do not satisfy the inequality. This circum- 
stance allows us to state that in the approximation 
of reference 6 the experimental results cannot be 
explained by the model of a purely absorbing proton 
which allows for the spin-spin interaction. 

The authors are very pleased to express deep 
gratitude to D. I. Blokhintsev, V. I. Veksler, 
M. Danysz, M. I. Podgoretskil, I. Ya. Pomeran- 
chuk, Ya. A. Smorodinskil, and K. D. Tolstov for 
numerous valuable discussions of the results and 
for interest in the work. The authors thank the 
proton synchrotron crew of the Joint Institute for 
Nuclear Research for irradiating the emulsion 
chamber, and the staff of the emulsion scanning 
section of the High-Energy Laboratory of the Joint 
Institute for Nuclear Research. The authors also 
thank L. G. Popova, V. A. Nikitin, and V. A. Sviridov 
for aid in processing the experimental data, to the 
crew of the ‘‘Ural’’ computer ( Laboratory of Tech- 
nical Physics, Joint Institute for Nuclear Research) 
and also T. F. Grabovskaya and O. A. Ignatenko for 
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A new definition is proposed for a three-dimensional spatial metric that corresponds to a 
given four-dimensional space-time metric. The space with a metric so defined is called 
conformal space. It is shown that the equations of the Einstein statics in conformal space 
are simple in form and lead to definite expressions for the energy density and for the gravi- 
tational tensions. Cases of spherical and axial symmetry are considered. It is pointed out 
that the concept of conformal space can be useful in the general non-static case as well. 


INTRODUCTION 


i the Einstein theory of gravitation, the static 
is characterized, as is well known, by the fact 
that the fundamental tensor does not depend upon 
time and its mixed coefficient components are 
equal to zero. In this case, the time coordinate 
is determined uniquely (it is harmonic). For 
the spatial coordinates, there remains the group 
of their transformations among themselves. 
Therefore, it is natural here to make use of the 
apparatus of three-dimensional tensor analysis 
and to write the equations of gravity in corre- 
sponding fashion. This has also been done by 
Levi-Civita.! Howeyer, no attention was paid 
in these researches to the fact that complete 
separation of space and time, which is possible 
in the static case, can be achieved by different 
means. Usually a metric corresponding to the 
spatial part of ds” is attributed to the space. 
In other words, it is tacitly assumed that the 
square of the spatial interval must enter into 
the expression for the square of the four-dimen- 
sional interval with the coefficient (—1). But 
one can introduce another assumption. In the 
present paper, we shall show that the most 
natural one is this capability of separation of 
space and time, in which the metric of the space 
is conformally connected with the metric usually 
employed, in such a way that the coefficient 
mentioned will not be constant but will be a quan- 
tity inversely proportional to the coefficient in 
front of the square of the differential of the time. 


A space with a metric defined in such a fashion — 


we shall call it conformal space — posseses many 
significant properties. First of all, it is approxi- 
mately Euclidean; one can assume it to be Euclid- 


ean with much greater accuracy than in the usual 
definition of the spatial metric. In this case, the 
coordinates, harmonic in a four-dimensional sense, 
will be harmonic also in a three-dimensional sense 
(which, as is well known, does not hold in the usual 
definition of the metric of space). The well-known 
previous solutions of the equations of Einstein with 
spherical and axial symmetry (the solutions of 
Schwartzschild, Weyl, and Levi-Civita) are ob- 
tained in especially simple fashion if one starts 
out from the equations of gravity in conformal 
space. A further advantage of conformal space is 
the fact that the equations of Einstein written for 
it, without any artificial hypothesis, lead to defi- 
nite expressions for the energy density and for 
gravitational tensions. 


1. THE TRANSFORMATION OF LEVI-CIVITA 


Let us consider the formulation of the Einstein 
statics proposed by Levi-Civita (see references 1 
and 2). 

The static case is characterized by the well- 
known equations* 


(6) 
=e = 0, Lu = 9, (Cay == Ls (1.1) 
such that if we sett 
Zo =eV?, Sik = — Yr, (1.2) 


then one can write the quantity ds? in the form 


ds? = c?V? dt? — azz dx; dx x. (1.3) 


*The Greek letters p, v, etc., take on the values 0, 1, 2, 3; 
the Latin letters i, k, etc., take on the values 1, 2, 3. 

tIn distinction from the notation used in references 1 and 2, 
we now write the coefficient for dt? in the form c?V’, and not 
in the form V’. 
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Levi-Civita proposed to express all the four-di- 
mensional quantities entering into the Einstein 
equations in terms of three-dimensional quantities 
referred to a space with the square of the linear 
element 


dl? = Qip dx; dXp. (1 4) 


By this means, in particular, a relation is obtained 
between the four-dimensional curvature tensor 

(R al , constructed from the fundamental tensor 
Suv and the three-dimensional curvature tensor 
(Rik)g constructed from the a;,. For the spatial 
components, we have 


Vida 


(Ria)g = (Riz)a =e Wr ? (1 .0) 


where (Vjk)g is the second covariant derivative 
of V inthe sense of the metric (1.4). The mixed 
components are equal to zero, while the time com- 
ponent is equal to 


Roo = — eV (AV)a, (1.6) 


where 


(AV)a = a'* (Vir)a (1.7) 


is the Laplace operator in the sense of (1.4). The 
gravitational equations of Einstein can be trans- 
formed by means of these expressions. The cor- 
responding formulas are given in the book of Levi- 
Civita,' and also in our book.” 


2. TRANSITION TO CONFORMAL SPACE 


In contrast with Levi-Civita, we represent the 
square of the four-dimensional interval in the 
form 


ads — 62) 2012 — = hp, dx; dx, (25h) 
and write the spatial metric 
do? = hi dx; dx, (2 22) 
so that 
ds? = eV %dj2 — ax de®. (2.3) 
Thus, we have 
— (2/2 =—7\() Asp 
Zo =e ; Eo = Y, Lik = — Vy” (2.4) 
and also 
4 
ge = TE & (ee = 0, git = — V*hik (2.5) 
and, finally, 
V—8=7Vh, (2.6) 


where h is the determinant composed of the hix- 
All the three-dimensional quantities will be re- 


V WA. EOCKE 


lated to the metric (2.2). From a comparison of 


(1.3) with (2.1), we obtain 


di? = +1 ds? 


ce (2.7) 


and, consequently, 


aik = Vir, (2.8) 


1 
aR= yz hiks 


Thus, both the spaces (1.4) and (2.2) are con- 
formal to one another. According to the general 
formula of Finzi (see reference 1), for two such 
spaces, the covariant components of the curvature 
tensor of fourth rank are related by the equation 


Vii Vij v V; 
V? (Raj ude = Rey, un le ae — hg aa as hi — hy; aa 
Vinv™ 
+ (Aechjt — hethjz) qa - (2.9) 


On the right hand side of this formula, as in the 
following formulas, all the three-dimensional 
tensor symbols refer to the metric (2.2). It fol- 
lows from Eq. (2.9) that 

7 
(Risa = Rik — — + hip is ist 2} (2.10) 
On the other hand, for the second covariant de- 
rivatives of some quantity W, we have 


Va: V, viw, 
(Wir)a = Wit a Wet Wi—he—* (2.11) 
and, if W=V, 
2V V viv 
(Vitlo = Vir-+ =~ — hin (2.12) 
Then, 
oi a Vee 
(AV), = v2| Ave (2.13) 


With the help of (2.10) and (2.12), Eq. (1.5) 
gives the following expression for the spatial com- 
ponents of the four-dimensional curvature tensor 
of second rank 


2V 


A. : ? vvi 
(Rin)e = Rin + fat + hin(— SP 40). (ety 


In accordance with (1.6), the time component is 
equal to 


(Roe = CV(—VAV + VV/). (2.15) 
The mixed components are equal to zero, as has 


already been pointed out. The four-dimensional 
invariant is equal to 


(R) =2VAV —4V,V' —V?R. (2.16) 


Hence we obtain for the components of the Einstein 
tensor 


Gia Rae ee (2.17) 


OO E— eS eae 
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the following expressions 


VV vy 
Gin = Hin + 2 — ha G-, (2.18) 
Gyy = €°V? {— V?H — QVAV + 3VV3. (2.19) 


Here Hj, is the three-dimensional conservative 
tensor of conformal space, and H is its invariant 


Az = Riz — = hizk, 
In this case 


H=—1R. (2.20) 


Rz= Hiz—hzH. (2.21) 


We also write down the expression for the four- 
dimensional D’Alembert operator 
cid 1 oy 


rid — Vee. 


Lily = 2? oF (2.22) 
Here Aw denotes the Laplace operator in con- 
formal space, as before, 
4 d 
Vi O54; 


Ad = Vin e (2.23) 
It is then seen that the coordinates which are har- 
monic in a four-dimensional sense will be har- 
rmonic also in the sense of three-dimensional 
conformal space. 

An important difference between our formulas 
(2.18) for the spatial components of the conserva- 


tive tensor and the formulas of Levi-Civita follow- 


_ing from (1.5) and (1.6) is the fact that our formu- 


las, which are written for conformal space, do not 
contain second derivatives of the quantity V. 


3. THE EINSTEIN EQUATIONS IN CONFORMAL 
SPACE 


Introducing the expressions (2.15) and (2.16) 
for the Einstein tensor in the equation of gravity 


ah eee (3.1) 
we obtain 
eve. Vivi 
Hie 2 = = hiz ae — x1 xz, (3.2) 
LAV YM _ 1 op yer (3.3) 
H+27,-—3—7- =a o9 — ~ . 


Eliminating the quantity H from (3.3) by means of 
(3.2), we can write 


9 (+ i = mh, (3.4) 
where 
pci” PT (3.5) 
or 
=e (13 —Ti—Ti—T?). (3.6) 
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In the last equation, the quantities T° are also 
understood in the four-dimensional space. The 
physical meaning of the quantity p is the mass 
density in conformal space.* 

In what follows it is advantageous to replace the 
quantity V by © through the formula 


V ='e-%, (3.7) 


so that the connection of the metric of space-time 
with the metric of conformal space will have the 
form 


ds? = c*e—29 df? 2 do?, (3.8) 
As a consequence of 
oi ee. Aw ses Ams (3.9) 
the equations of gravity are written 
Hig = — 20,Dp + hyOO! —+T jp, (3.10) 
A® = —+m. (3.11) 


Since yp is the mass density, and the Einstein 
constant kx is connected with the Newtonian con- 
stant y by the relation (3.1), the the latter equa- 
tion is essentially the equation for the Newtonian 
potential U. We can write approximately 

D= = (3.12) 


and, consequently, 
ee (3.13) 
where gj; is the component of the acceleration 
due to gravity. 
We shall now make clear the physical meaning 
of Eq. (3.10). We set 
4 


Qiz = — (20,0, — hz Dj’) (3.14) 
and write the equation (3.10) in the form 
Ay = —2%(Qz2+Tiz)s (3.15) 
The divergence of the tensor Q;, is equal to 
V'Oin = = DAY = — pO, (3.16) 


by virtue of (3.11). On the other hand, since Hj, 
is the conservative tensor of conformal space, then 
its divergence is equal to zero. Therefore, it fol- 
lows from Eq. (3.15) that 


VT in = pO; (3.17) 


It is not difficult to see that this equation repre- 
sents a generalization of the ordinary equations of 
the statics of an elastic body in a gravitational 


*The value obtained for » agrees with the well-known ex- 
pression of Tolman (see the book of Moeller,’ page 341). 
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field. It is natural to explain the expression Qj, 
as the spatial part of the energy-momentum ten- 
sor of the gravitational field or, inasmuch as we 
are dealing with statics here, as a quantity pro- 
portional to the tensor of gravitational tension. 
From this viewpoint the equations (3.15) written 
down for conformal space form an analogue with 
the Einstein equations (3.1) written down for space- 
time. In the present and other equations, the left 
hand side is a conservative tensor while the right 
hand is the energy-momentum tensor or the stress 
tensor. Here the gravitational stresses appear in 
explicit form only after separation of space from 
time and after a transition to conformal space. 
. The gravitational equations in the form (3.10) 
show that conformal space will be almost Eu- 
clidean. In fact, as is seen from (3.13), the right 
hand side of (3.10) will be of the order of ge /c!; 
this leads to the result that the deviation of hj, 
from the Euclidean values will be of the order of 
U*/ct, and not oforder U/c?, as for a space 
with the metric (1.4). 

All the formulas of this section [except the 
estimates (3.12) and (3.13)] contain no approxi- 
mations if we do not consider the approximation 
of the static character of the field. All our equa- 
tions are covariant relative to choice of coordi- 
nates in conformal space. 

For empty space Tap =0 we shall have 
tH =0 and Eq. (3.11) will be the consequence of 
(3.10). 


4. SCHWARTZSCHILD’S SOLUTION IN CON- 
FORMAL SPACE 


In the case of spherical symmetry we can set 


is? = dr? + p? (db? + sin? ddp?). (4.1) 


We shall assume the coefficient of dr? equal to 
unity, which presents no limitations. The quan- 
tity p is a function of the single variable r. 
The Laplace operator in a space with the metric 
(4.1) is written 


=e ($ (eS) +49), 


where A*yz is the Laplace operator on a sphere. 
Combining the quantities Hj, we obtain 


(4.2) 


4 —p’? 
His ao 


Hy9 = — 0", Hep = —pp" sin? 9, (4.3) 


while the nondiagonal elements H;, are equal to 


zero. The equation for empty space has the form 
Jake —+ ——— @?, Hy5 = o2D?, 


A@ = 0, then 


(4.4) 


Since we have 


V MA FOCK 


p°D, = —a, (4.5) 


where a is aconstant (the gravitational mass 
radius). As a result of (4.3) and (4.5), the first 
equation of (4.2) gives 


P=1t+S, of =V era (4.6) 
Since 
pe orp Pals (4.7) 
the second equation here is also satisfied. 
Hence 
r=Ve+oe, p=Vr—a, (4.8) 


We shall set the additive constant equal to zero. 
Then, 


do® = dr® +- (r® —a?) (d02 + sin? Odg?). (4.9) 


With the help of (4.2), it is easy to prove that the 
coordinates 

x, = rsintcosg, Xx, =rsin?sing, 
(4.10) 


will be harmonic. In order to derive the solution 
of the equations, it suffices to find C. We have 
from (4.5) 


x3 = rcosd 


dD ree a 
Gh Se 


rta 


r—a’ 


(4.11) 


4 
? D = -5 log 


since for r=«,@ _ should be equal to zero. Thus, 
finally, 


pe lo Pua ese 
aS pasa pares 


(4.12) 
where do® has the form (4.9). 

The computations that have been written out 
have the purpose of showing how the Schwartzschild 


problem is easily solved in conformal space. 


5. WEYL’S SOLUTION IN CONFORMAL SPACE 


For axial symmetry the value of do” can be 


written in the form 
do® = f? (dz? + dr?) + o*dip®, (5.1) 


where f and p are functions of z and r, but 
not of ». Computing the quantities Hj,, we have 


4 02 A Op 1 90 ‘aro ee) 
Hei Se ee jp ae PE get ae 
af p Oz? f oar eile UT OR ae GY 
Pe re We eis ee 
Wie YP Gyr p Or i Ge TS GE 
1020 APSO, all (6) i Gy 4 
[Glos = — weg Ty Ie a 
"BOOZ POO par te ianoes appeal e2) 
Pe hee, a (1 af . 
Hoo = —n4s- |e cee ara) Page aes ae 
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It then follows that 
Reg 


hese 3 ( Op, %p\ 

f= \eore Oz” 
If Roo = 0, then we can replace z by sucha 
function ¢(z,r) that ¢+ip would be a function 
of the complex variable z+ir. Then the quantity 
do*® takes the form 


(5.4) 


ds® = F® (dt? + do%) + p%de?. (5.5) 


The variables ¢ and p represent the cyclindrical 
coordinates of Weyl (see Sec. 35 of Weyl’s book*). 
In these coordinates, the expressions for Hy, are 
simplified and can be written 


ithe 8d OF Bier 
PG Hoe eG > Hoe = oF 5G (5.6) 
Beet iat fh OP ey OF 
Hoe = ier ) TE teaels rn) 
The corresponding metric (5.5) of the Laplace 
operator is equal to 
1 [ a” 1 dy ap} , 1 Ow 
ru MJ 
SeatpwRE lop Lop cope 5E | Tig i Og? (5.8) 


and for functions which do not depend upon g, the 
Laplace equation will have the same form as in 
Euclidean space. 

Let us write down the conditions for the stress 
tensor, which follow from our assumption that 
R =0 and that the function @ entering into 
(3.10) does not depend on gy. We must then have 


PT Te Te = 0, T?=0. (5.9) 


Moreover, the stress tensor must apparently satis- 
fy the equations of statics (3.17). 

For empty space, the equations of gravity (3.10) 
take the form 


1 OF 4 OF 
aera (@; — 2), Fe = 20PeM:, (5.10) 
where @ is the solution of the equation 
aD {JOD 7/6? (5.11) 


opt tp Op TOF 
When @ is given, the function F is obtained 
from (5.10) by integration of the total differential 
(under the condition that F=1 when p=0). The 
Weyl solution consists of this also. We shall see 
that, in conformal space, this solution is obtained 
in an extremely simple way.* 


*Here it is appropriate to turn our attention to the fact that 
in the well-known book of Weyl* there are typegraphical errors 
in the equations for the axially symmetric solution which can 
lead to misunderstandings, inasmuch as the derivation of the 
formula is not given in the book. 
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6. CONNECTION BETWEEN THE WEYL AND 
THE SCHWARTZSCHILD SOLUTIONS 


Let us express the solution with spherical 
symmetry considered earlier in the Weyl coor- 
dinates. If we mean by p, 3, g the spherical 
coordinates of Sec. 4, and by ¢, p, o the Weyl 
coordinates, then obviously will be the same 
in both cases. As a consequence of (5.8), £ = 


rcos J since the coordinate ¢ is harmonic. The 
value of p can be obtained by equating the co- 
efficients for dy? in (5.5) and (4.8). Then 
€=rcos9, 0=Vr?—a? sino. (6.1) 
Conversely, 
4 ao ai? 
= aye TOT Oia te eg) 
a cos = 3(Ver (C+a)? — VP + C—a)). (6.2) 


Spheres in harmonic coordinates will correspond 
to ellipsoids of revolution in Weyl coordinates with 
foci at the points p=0, €=a, and ¢=-a. If 
we set 


r= acoshiu, (6.3) 


then u, ¥# will be the ordinary ellipsoidal coordi- 
nates. In these coordinates, Eq. (5.11) is written 


os = 0. 


oo + SS +cothu +cotes (6.4) 


The desired solution will be a function depending 
only on u, namely 


==lo coshu + 4 
wy & coshu— 1° 


This solution coincides with (4.11). 
the total differential gives 


(6.5) 


Integration of 


a aces a” (oes) 
and, since 
do® + d@?? = a? (sinh? uw + sin? 0) (du? + dd*), (6.7) 
then 
de® = g?sinh* u (du? + dO? + sin? 6 dg’). (6.8) 


We see that in the Weyl coordinates the spherical 
symmetry is lost and is replaced by axial sym- 
metry. If we take the solution in which ¢$ is 
spherically symmetric in the Weyl coordinates, 
Be ees i eee eS 

C=Tape 8h — zero 
then it is shown that it has a singularity in the 
plane ¢=0 for p— 0, which it is difficult to 
explain physically. Therefore, in the given case, 
the Weyl coordinates correspond less to the char- 
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acter of the problem than the harmonic coordi- 
nates. 


7, CONCLUDING REMARKS 


The possibility of a simple physical interpre- 
tation of the gravitational equations, which are 
written down for conformal space, the simplicity 
of these equations and their solution speak in con- 
vincing fashion on behalf of the expediency of the 
introduction of the concept of conformal space. 
To this one can add the fact that this concept 
makes it possible to interpret very simply the 
known fact that the deviation of a light ray pass- 
ing by a heavy mass is twice as great as one 
would expect on the basis of the so-called prin- 
ciple of equivalence. This fact is explained 
simply in this way, that, according to (2.22), the 
velocity of light in conformal space is equal to 
eV’, and not to cV as in the ordinary defini- 
tion of the spatial metric. 

In the present work we have considered only 
the static case. For the non-static case the 
transformation of the Einstein equations to the 
three-dimensional form (without transition to 
conformal space) was carried out by Zel’manov. 
The transition to conformal space in this case is 
not entirely unique, since it depends on the choice 
of the time coordinate. For corresponding ad- 
ditional conditions laid on the time coordinate, 
such a transition can nevertheless be shown to 
be expedient, especially in approximate calcu- 
lations, when the fact that the conformal space 
is almost Euclidean can introduce material sim- 
plifications. 

An attempt to construct a theory of the grav- 
itational field with a single function similar to 
our function ® has been made by Papapetrou. 
The theory of Papapetrou corresponds to the as- 
sumption that the conformal space is Euclidean. 
There is no doubt that in the static case, the 
theory of Papapetrou represents a reasonable 
approximation to the Einstein theory. However, 
in the general, non-static case, a one field func- 
tion is clearly insufficient. As a subsequent 


5 


6 
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calculation, one could introduce four functions — 
the scalar and vector potentials of gravity. The 
approximate solutions of the gravitational equa- 
tions given by us in reference 2 demonstrates 
this. There it was shown that, with the relative 
error of the order of U?/c* in gj,, and of the 
order of U%/c® in gy, the gravitational field 
can be expressed in terms of four functions U* 
and Uj, which satisfy the equations 

RS 
ce at? 


AU; = — 4nx p0;, 


[NGF —— = — Any (c?T® + T), (eb) 


(7.2) 


where pv; is the density of mass flow [Eqs. 
(68.30) and (68.19) in reference 3]. Equation (7.1) 
corresponds in the static case to Eq. (3.11), while 
the right-hand side of (7.1) is proportional to the 
quantity » from (3.05). In the given approxima- 
tion, the conformal space is Euclidean and we 
have 


c? — U* 4 
SoC aor? Sau a Vi. (7.3) 
It is not excluded that the concept of conformal 
space can find application in an exact non-static 


theory. 
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We investigate the effect of the Coulomb attraction of the nucleus on the cross section for 
the absorption of antiprotons whose energy is small compared with the Coulomb energy on 
the boundary of the nucleus. The interaction of antiprotons with nuclei is analyzed in the 


optical model. 
repulsion potentials. 


The calculations are carried out for C, Cu, and Pb, with attraction and 
It is shown that because of the Coulomb attraction the cross section 


for antiproton absorption, at energies below Coulomb values, is 4 to 10 times greater than 
the cross section for antineutrons at the same energy. 


I T is known! that the cross sections for the inter- 
action of antinucleons with nuclei exceed consider- 
ably the nuclear cross sections for protons and 
neutrons. Starting with the cross sections for the 
elementary nucleon-antinucleon act, we can explain 
the interaction between fast antinucleons and nuclei 
with the aid of the optical model. For antiprotons 
with energies comparable with the Coulomb energy 
on the boundary of the nucleus, the cross sections 
for absorption by the nucleus are substantially in- 
creased because the Coulomb field focuses the tra- 
jectories of the antiprotons in the region of the nu- 
cleus. This effect can be calculated within the 
framework of the optical model of the nucleus. 

The calculations that follow can be used for all 
negatively charged particles which are strongly ab- 
sorbed, particularly those for which the wavelength 
x at energies on the order of the Coulomb energy 
Vc on the boundary of the nucleus is small com- 
pared with the nuclear radius R: 


K(R) =h/V 2uV-(R)<R (1) 
(u — reduced mass of the particle and nucleus). 

The antiproton is acted upon inside the nucleus 
by a complex potential, whose dependence on the 
radius r can be assumed to be identical with the 
dependence of the nucleon-nucleus complex poten- 
tialon r. In the present investigation we consider 
both the nuclear attractive potential (negative real 
part of the complex potential), and the nuclear po- 
tential of repulsion (positive real part). We con- 
sider attraction first. 

The nuclear potential diminishes on the boundary 
of the nucleus gradually.?’3 This is due to the finite 
radius of the NN and NN interaction and to the 
gradual decrease in nuclear density on the boundary 


of the nucleus. Such a potential leads to a larger 
coefficient of adhesion of the antiproton than a po- 
tential with a sharp edge. However, when E « Ve 
x (R) (E is the total energy of the antiproton in the 
c.m.s. of the antiproton and nucleus), the presence 
of a Coulomb interaction decreases the difference 
between these two cases. A calculation of the ad- 
hesion coefficient for the S-wave shows that a po- 
tential of the type 


ees O0<TS fo, 
W = —U e-2"—) To << r < R, 
| —Ze?/r Rik 


Va 0.7 10cm, 7 RI /e: U, = const 


(2) 


(Ug includes in addition to the nuclear potential 
also the electrostatic potential of the antiproton in 
the nucleus) and 


—U)(1 + if) 
es {20 


Om r=<_ R; 
R<r 


(3) 


leads to results that differ by not more than 10%. 
At the same time, one can obtain for the potential 
(3) (rectangular well) an exact solution of the 
Schrédinger equation within the region of the nu- 
cleus. 

The imaginary part of the complex potential 
should be much greater for antiprotons than for 
nucleons. Actually, when slow nucleons interact 
with the nucleus, the exclusion principle limits the 
possibility of momentum transfer to the intranu- 
clear nucleons. This limitation is inessential in 
the case of antinucleons, for which annihilation 
plays the decisive role (it appears partially only 
in non-annihilation collisions ). 

The calculation has been made with the poten- 
tial (3), using R= 1.25 x 107A! cm for the 
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radius of the nucleus. The imaginary part of the 
potential was set equal to —( Uy — Vc), and the 
Coulomb potential was replaced by its value on the 
boundary of the nucleus. This simplification barely 
affects the result, which depends little on the real 
part of the potential. 

When r <R, the solution of the Schrodinger 
equation can be expressed in terms of spherical 
Bessel functions. When r= R the solution can be 
written in the quasi-classical approximation in the 
form 


Y ) 7) = a 
2: V rP, (r) 
—nexp |e) Pr (1) dr |} Yo O (4) 


P, (r) = {2u[E — W (r) — hh? (L + 4/,)?/2ur?}}. (47) 


B, f 


\exP l-z \ P, {(r) dr| 


The amplitude n, of the scattered antiproton wave 
is found by fitting together the logarithmic deriva- 
tives of the wave functions with indices l. 

In the case of a Coulomb potential, the quasi- 
classical approximation is applicable down to small 
distances, determined by the centrifugal potential. 
The condition for a quasi-classical solution on the 
nuclear boundary at zero energy of the incoming 
particle can be written in the form 

l 
ered ea 


e2 


poe ele om) 


from which we obtain for C, Cu, and Pb 

17=0, 1=2, and 1=5, respectively. When E > 0, 
solution (4) is applicable for the indicated values 
Oket. dows to, 2 ="R. 

The absorption cross section can be estimated 
also for values of 7 that do not. satisfy condition 
(5). Let us consider an uncharged particle with 
energy equal to the kinetic energy of the antiproton 
on the boundary of the nucleus, that is, with E’/=E 
+ Ze/R. The coefficient of adhesion of a particle 
with energy E’ anda momentum 7 will be some- 
what greater than for an antiproton of energy E, 
owing to the greater perveance of the centrifugal 
barrier in the former case. It follows therefore 
that this method of calculating the coefficients of 
adhesion gives the upper limit of the partial cross 
sections. 

Calculation shows that in the case of carbon the 
values of 7 that do not satisfy (5) can yield a 
large contribution. Their contribution for copper, 
and particularly for lead, is insignificant. 

Table I lists the calculated cross sections for the 
absorption of antiprotons by nuclei at E = 0.5 Mev. 
For comparison, we calculated the absorption 

cross sections of antineutrons with E = 0.5 Mev. 
The parameters of the complex potential were taken 
to be the same as for the antiprotons, and there was 
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no Coulomb field. The results of the calculation | 
are listed in Table II. It should be noted that the | 
adhesion coefficient for antiprotons remains prac- 
tically constant for energies less than 0.5 Mev. 


TABLE I 
Value of / 
Nucleus U,, Mev cone once 
section 
ci2 33 al | 3.2 
Cus 38 <3 | 41.2 | 
520° 43 ==5 =>18 | 
| 
TABLE II | 
Val f 
l Contnibe gM4%(5) | 
Nucleus| Uo. Mev| uting to | sc. b = | 
the cross 6, (n) 
section 
| 
CHE il W300) fe ee anNO 82 4 
Cuss | 30 So Wid Ae 40 
P22 220 eo teed eae ~10 


The relation o@ = const. v is satisfied for this 
energy interval, in agreement withthe general quan- 
tum-mechanical premises for inelastic processes.4 

The antiprotons moving in matter collide not 
with the nuclei, but with the atoms. Therefore, for 
very slow antiprotons with wavelengths on the order 
of the radii of the first atomic shells, the nuclear 
charge is partially screened and antiprotons with 
orbital momenta other than zero are no longer 
focused by the Coulomb field. However, the anti- 
proton energy below which partial screening takes 
place is very low. Thus, for antiprotons with 
1=1, in the case of lead, this energy is 100 ev, 
since x of the antiproton is equal to the radius of 
the K shell of lead at 100 ev. 

We consider now the absorption cross section 
for copper under the assumption that the real part 
of the nuclear potential is positive. We assume 
here that Up + Vc = 30 Mev, and retain the same 
imaginary part, that is, -30 Mev. The absorption 
cross section of antiprotons for E = 0.5 Mev is 
found here to be 6 barns instead of 10 barns for the 
attraction potential. Thus, in the presence of a 
reasonable repulsion potential, the absorption cross 
section is still much greater than the geometrical 
cross section. 


‘ Asnew, Chamberlain, Keller, Mermod, Rogers, 
Steiner, and Wiegand, Phys. Rev. 108, 1545 (1957). 
2A. E. Glassgold, Phys. Rev. 110, 220 (1958). 

3p. E. Nemirovskii, Dokl. Akad. Nauk SSSR 112, 
411 (1957), Soviet Phys.-Doklady 2, 45 (1957). 

41. D. Landau and E. M. Lifshitz, KBanrosas 
MexaHuka (Quantum Mechanics) 1948, p. 497 (Engl. 
Transl., Pergamon, 1958). 

Translated by J. G. Adashko 
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The relativistically covariant spin structure of the S matrix is examined for the reactions 
at+b—a’'+b’, y+b—a’+b’, y+b—y +b’, and a+b—2y. The S matrix is repre- 
sented in a form in which its individual terms correspond to transitions between states with 


definite initial and final spins of the system. 
1. THE KINEMATICAL VARIABLES 


ee us consider a reaction of the type a+b 
—a’+hb’. The state of a system of two particles 
a, b is completely determined by the three- 
dimensional momenta p, q and spin projections 
bt, v of these particles. Instead of the momenta 
P, q (six independent variables) we can introduce 
the four-momenta* p, q, remembering the condi- 
tion that their lengths are equal to the masses of 
the corresponding particles: 


|p| = tMa, |q| = mp. (1) 


Finally, instead of p, q we can use the four- 
momentum t of the system 


bere Pics. (2) 
and the four-momentum k 


k= +(p—g—FlPt+ OP? —PVM(p +9), (3) 
which satisfy the invariant conditions 


pep gy *, (thy = 0" (4) 


and which, like the set of variables p and q, con- 
tain six independent variables. We note that the 
vector t is timelike and the vector k is space- 
like; in the center-of-mass system (c.m.s.) t re- 
duces to the total energy of the system and k to 
the relative momentum, 


to (0, t(Poc 7 Joc), Re == (K,,.0). (5) 
In what follows we shall describe a system of 
particles a, b by the spin projections p, v and 
by the momenta p, q satisfying the conditions (1) 
or the momenta t, k satisfying the conditions (4). 
We shall describe the system a’, b’ by analogous 


*The following notation is used: 
(ab) = a,b, =ab-+ dgba, 
see hin 15 = Owen eR 


a= (a, Qs), 4= ia, 


A 
az 


Tye Tpty i Twa. SF 28,9) 


quantities with a prime. If a particle is a photon, 
we shall describe its spin state not by the spin pro- 
jection, but by the polarization four-vector ey. In 
virtue of gauge invariance we can require that the 
vector potential Ay, satisfy the Lorentz gauge con- 
dition 0A, /8x, = 0, and choose its fourth compo- 
nent equal to zero in the c.m.s. Then the polariza- 
tion vector ey, will satisfy the invariant conditions 


(ep) = (et) = 0, (6) 


where p is the four-momentum of the photon, and 
consequently also the condition 


(ek), =,.0. (7) 


In the c.m.s. the spacelike vector e, reduces to 
the three-dimensional vector e satisfying the con- 
dition e*k=0. It is also convenient to introduce 

a spacelike four-vector sy: 


Sy = — Evaro hyent?, iy = ihe | t ee. (8) 


which satisfies the conditions 
(se) = (sk) = (st) = (sp) = 0 (9) 


and reduces in the c.m.s. to the vector s=kxe. 
Choosing the vectors t, k and t’, k’ to de- 

scribe the reaction a+b-—a’+b’ and recalling 

the energy-momentum conservation law t =t’ 


t=p+q=p+q, (10) 


we see without difficulty that we can describe the 
reaction a+b—a’+b’ by only three independent 
four-vectors k, k’, t, which in virtue of the rela- 
tions (4) contain only eight independent variables. 
Since the conditions (4) are of invariant character, 
we can construct from the vectors k, k’, t only 
two independent scalars* 

~_ ¥*In the general case one can construct from n independent 
vectors n(n + 1)/2 independent scalars; but if m invariant 
conditions are imposed on the n vectors, then the number of 
independent scalars is n(n + 1)/2—m. 
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12, (k’R). (11) 


These scalars have good physical meanings: € 
= (-t? 1/2 is the total energy of the system in the 
c.m.s. and x = (kk’)/|k||k’| is equal to the co- 
sine of the scattering angle in the c.m.s. 

From the vectors k, k’, t we can construct a 
spacelike pseudovector ny: 


hy = —1Euvro RyRate, (1 2) 
which is orthogonal to the vectors k, k’, t: 
(ak) = (nk) == (ni) = 0, (13) 


and consequently also to p, q, p’, q’, and reduces 
in the c.m.s. to the vector normal to the plane of 
the scattering, n=kxk’. 


2. THE INVARIANT PROPERTIES OF THE § 
MATRIX AND OF THE OPERATOR &(p’q’;pq) 


The matrix element of the S matrix for the 
process a+b-—a’+hb’ inwhich particles a, b 
with momenta p, q and spin projections yp, v 
collide and particles a’, b’ with momenta p’, q’ 
and spin projections pu’, v’ emerge in one of 
three forms 


S(p’q'w’v’; pquv) = u(p’w’) u(q'v’) S (p’q’;_ pq)u(py)u(qv), 
(14a) 

S(p’q’u’v’; pquv) = o(pu) » (qv) S (p'q’;_ pq)u(p'p’)o(q'v’), 
(14b) 

S(p’q'v’v’; pquv) = u(p’p’) o(qv) S (p’q’; pq) u (py) 2 (q’v’), 
(14¢) 


where u(pu), u(pu) and v(pu), v(py) are the 
spin functions of the particle (u) and antiparticle 
(v) with momentum p and spin projection p in 
the initial (u, V) and final (U, v) states, and 

S (p’p’; pq) is an operator in the spin space of 
the particles which depends on the momenta of the 
particles. For particles with spin 0 all the u, v 
are equal to unity, and for particles with spin Y, 


u(p, +2) =No(op sins pp 
o(p, =)) he een ae) 


Np = V (po +[p|)/2I pl. 

Taken as a matrix in the indices wp’, v’, py, »v, 
the elements S(p’q’y’v’; pquv) form a matrix 
S (p’q’; pq), whose structure has been well stud- 
ied in the c.m.s. The right members of the equa- 
tions (14) also form matrices in the indices py’, v’, 
u, v, which we denote by M(p’q’; pq), M(pq; p’q’), 
and M(p’q; pq’), respectively. It is obvious that 
with the exception of M(p’q’; pq) these matrices 
are not in general the same as the matrices S(p’q’; pq). 
One can, however, obtain the matrices M (pq; p’q’) 


(= fa, 
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and M (p’q; pq’) ina simple way from the corre- 
sponding matrices S(p’q’; pq). Our problem is 

to find the structure of the operator S (p’q’; pq) 
from the structure of the matrix S(p’q’; pq) in 
the c.m.s. or from the structure of the correspond- 
ing matrix M. The analogous problem for a nar- 
row class of reactions has been treated by Stapp! 
and also by Kawaguchi and Mugibayashi;? we note 
that the results of the latter authors are incorrect 
(see further discussion here, and reference 3). 

We shall assume that the operator © is invari- 
ant under Lorentz transformations, spatial rota- 
tions, reflections, and time reversal. The invari- 
ance of © under the first three transformations 
means that the operator © (p’q’; pq) of a physical 
system K is connected with the analogous operator 
S (pede; Pedc) of the transformed system Ky, by 
relation 


S(p'q’; pq) =Fa' Fr" S (pede; Pec) FaFo, (15a) 
S(p'q's pq) = Fa'Fs'S (pees Peqc) FarFy — (15b) 
G(p'q's pq) = Fa' Fo'S (popes Peqe) FaFy,  (15e) 


where Fg, is the operator in the spin space of par- 
ticle a that transforms the system K _ into the 
system Ke. 

In what follows we shall present only relations 
of type a), since the corresponding relations of 
types b) and c) can be obtained from those of 
type a) by obvious interchanges [cf. Eqs. (14) 
and (15)]. 

The function Fu(pyu) obtained by the action of 
the operator F on the function u(pu) of the sys- 
tem K can be expressed in terms of the function 
u(Peuc) of the system Ke: 


Fu (pp) = >») U (Pelle) f (Pee; PH), 


Be 


(pp) F? = S\f 4 (pps pete) 4 (Pette)« (16) 
Pe 
In the indices uc, pw the coefficients f (pec; py) 
form a certain matrix f (pg; p). 
From the invariance of © under the transfor- 


mations F it follows that 


M(p'q’; pa) =f-"(p’, pe) f-2 (a's a-)M (peace; pede)f (Pes p)f (des 4)- 

(17a) 
For spinless particles F=f=1, and for particles 
of spin wh the Lorentz operator is 


L (vc) = exp[*/2éxyayn] 


(where Vg is the velocity of system Kg relative 
to K, tanh y=ve, N=Ve/Vva); ‘the operator for 
rotation of the physical system around the axis n 
by the angle 9 is 
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R (n, 9) = exp [1/.pyaysynl; 


the reflection (inversion) operator is P = 43 
and the corresponding matrixes lI, r, p are 


(Poe + | P|) (Po +1 pl) + (op,) (sp) 


ALES NE oS a RT al I 
(Pes P) [2 (Poe +1 P|) (Po +1 P|) (PogPo+ | P|? + p,py) 2’ 


(18) 


r (Pes p) = exp([—zig(en)], p (Pe: p) = p(—P; p) = tis 

We note that the matrix 1 (pe; p) has the fol- 
lowing properties: 

1) it is Hermitian, /*(po; p) =1(p; pe); 

2) L(p; q)0* (43 q) =1(p; q)2(q3 r) =1(p; r); 

3) 2(p;q)=1 if q is parallel or antiparallel 
to p; 

4) 1-'(p;q) =1(p;q), and by definition 
1" (p3.q) = [2 (q; p)]7!. 

The invariance of © with respect to time re- 
versal, under which the momentum p = (p, ipy) 
goes over into pc = (—p, ipy), and so on, means 
that 


S*(p'q'; pq) = Ta Tx S* (pede: Pog) Tal», 
where T is the time-reversal operator, which 
transforms the function u(pyu) into the function 
A= Doi) 

Tu" (pp) = 5) u* (Pete) t (Yes 1), 
Be 


a” (pp) T-! = St; pe) w* (Dette). 


Be 


(20a) 


(21) 


From the invariance of © with respect to time 
reversal it follows that 


M*(p'q’; pq) = tate’ M* (pede; pede) fato. (22) 


For particles with spin zero T=t=1, and for 
particles with spin y, we have T= iygy5C, t 
=+io, (the signs + correspond to the functions 
We Ve): 

Let us now go on to the construction of the op- 
erator © which satisfies the invariance condi- 
tions (15), (20) in terms of the S matrix in the 
c.m.s. (or of the M matrix in the c.m.s.), which 
satisfies the invariance conditions (17) and (22). 
For this purpose we write the right member of 
Eq. (14a) in the form 
u'(Op’) 4 (Ov’) L-(p’/po) L-? (q'/q0) 

x G (p’q'; pq) L (p/po) L (q/qo) uw (Op) u (Ov), 
where L (p/p) is the Lorentz operator which 
transforms the spin function of a particle at rest 
into that of a particle with the momentum p: 


L (p/po) u (Op) = u (pp). (23) 
It is obvious that the operator L7!(p’/p}) 


x L7!(q’/aq) S (p’a’; pa) L (p/p) L (a/qo) trans- 


forms the spin functions of the particles a, b at 
rest into those of the particles a’, b’ at rest. 
Since for a particle at rest ug(0u) = Say the 
matrix M(p’q’; pq) with the matrix elements 


u(p'y’) u(q'v’) S (p’q’;_ pq) u (pp) u (qv) 


is equal to the matrix of the operator 


L-*(p'/po) L* (q'/40) S (p'q';,_ pq) L (p/po) L (a/q0), 
namely 
M(p’q’; pq) 

= L*(p’/po) L™ (q'/qu) S (p's 99) L (p/po)L(a/qo) s 


Using the explicit expression for the matrix 

M (PceGc; PeGc) in the c.m.s., we can find the op- 
erator © (pedo; Pcdc): 

SG (peqe, Pee) = L (PelPoe) L( qe/qoe) 


xM (peqes PcQc) sb (Pe/Poc) ae (e/ oc)» 


which has as its only elements (14) different from 
zero the elements (14a). 

We now note that the matrix M and the oper- 
ators L are not relativistically invariant in struc- 
ture, whereas the expression (25a) as a whole must 
be of invariant structure. Therefore, if by means 
of the explicitly noninvariant expressions for the 
matrix M (poqo; PeGc) and the operators 
L (pe /Poc ), etc., we construct corresponding 
auxiliary relativistically-invariant operators 
M® (p’q’; pq) and L(p,t), etc., which coincide 
with M(poqe; PcGc) and L(pe/poc), etc., then 
by substituting these relativistically-invariant 
operators into Eq. (25a) we shall get a relativistic- 
ally-invariant expression for the operator 
S (p’q’; pq). Thus in the construction of the rela- 
tivistically-invariant operator © (p’q’; pq) we 
can work from the formula 
S (p'q'; Pq) 

=L(p’, t) L(q',t) M(p'q'; pg)L* (p, L-*(q, 0), 
(26a) 


4a) 


(25a) 


where ®(p’q’; pq), L(p,t), etc., are auxiliary 
relativistically-invariant operators that coincide 
in the c.m.s. with the matrix M (peqe; Pcdc) and 
the Lorentz operators L(pc/poc), etc. 


3. THE STRUCTURES OF THE MATRIX 
S(p’q’; pq) AND THE OPERATOR 6 (p’q’; pq) 


For particles with spins 0 and vf the Lorentz 
operators L(v) are respectively unity and 
exp [idxyyyyn]. If v = p/p, where py = (p?+|p|”) 
then we can write the operator L(p/p)) fora 
particle with spin 3 in the form 


L (p/po) =(—ifts + 1p!) /V 21 P| (o+|P))- 


1/2 


(27) 
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It is obvious that the corresponding relativistically- 
invariant operator L(p,t) that coincides with 
L(p/p)) in the c.m.s. is the operator 


L(p, t) = (—pt +|t|| ep) /V 21 él pl (allt! — (a). (28) 


In the spin space of the system the matrix 
S(p’q’; pa) has the structure 


S(p’q’; pq) = A + oA, (29) 
if the spin of the system is half-integral (i.e., is 
equal to 3), and 


S(p’q’; pq) = (1—S?) A + ToB + TiC 


+ SD + SD + (SS; + S)S;— —$*6:;) Diz, (80) 
if the spin of the system is integral (i.e., is equal 
to 0 or 1). In the latter case the term in A corre- 
sponds to singlet-singlet transitions, the terms in 

B and C to triplet-singlet and singlet-triplet 
transitions, and the terms in D, D, and Dij to 
triplet-triplet transitions. The functions A, A, 
By Cr 1) dD, Dij depend on the vectors k, k’, e 
and the total energy of the system and are so con- 
structed that the entire matrix S(p’q’; pq) isa 
scalar or pseudoscalar, depending on whether the 
intrinsic parity of the system is conserved or 
changes in the reaction. Namely, if the intrinsic 
parity of the system is conserved, then 
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A=Al A ms (spin'/s) ae 
be inBy, G= inC,, D= Di, Dr= inDs, 
Dij = (Rikj — + k’%;)) Ds + (Riki — 3 46:1) Da 

+ (R:kj-+ Riki — 2 (kk) 6z;)Ds — (Spin0, 1). 


If, on the other hand, the parity changes, then 


A=o” SRST (spin Hie 
Au—a0: B = k’Bi + kBz, C = k’Ci + kCe, 
D = 0, D = k’D, + +kDz, 


Diy = (Rpnj + Rj’ nz)D3 + (Rinj + Riri) Da (spin 0,1), 
For details of the structure of the matrix 
S (p’q’; pq) see reference 4. 

An investigation shows that if the matrix 
S(p’q’; pq) is put in the form (29) or (30), then 
the matrix M associated with it has the forms 
shown below for the three cases of Eq. (14). In 
these formulas the signs + or — placed on the 
two-rowed matrices I and o indicate that the 
corresponding indices on the elements of these 
matrices refer to the particle (+) or the anti- 
particle (—); for example, o_, denotes a Pauli 
matrix for whose elements (0_,),p the index yu 
refers to the antiparticle and v to the particle; 
o' and o* connect the particles a, a’ and b, b’ 
[see Eqs. (32, a, b, c) below] or the particles 
a, b and a’, b’ [see Eq. (32c’)]. 


Case a 
M(p’q’; pq) = A + ¢,,A; (31a) 
M(p'q'; pa) =-7 (I= 9), JA +t. — 5), B+ C)—4i ([ot,, 07, 1, B—C) + £8 401, 7D 

Posi, ot, ,D) + 2 tet Obes Seat — (She Say ) OD yy. (32a) 

Case b 
Mpa; pq.) = A—'o__A; (31b) 
M(pq; p’a’) =~ (1 —et_ 2 )A+4(—9t +02, B +0) —Li(lcl_o?_], B—C +26 fo 6? jp 

—(¢1_ +0°_,D) 4+4fot ep toes — 2(61_ 6? _)d)]Di. (32b) 

Case c 
Mipq, pq) =A-+s,,A or A—(6_ A); (31c) 
M(p'q;-pq’) =~ (1 + oy, 6 JA +2 (oh, Pel, B+ C)+.4i(ict, 7 J) BC) 28 — ata 

+ (8, —-82_ ,D)— 4 [ot o®@_j tot, 0, —2(ot, 0?_)8,)] Dy (32c) 
or 
M (p’q; pq’) = a leacevege 7a B or sae A ae C; (31¢’) 
M (p'q; pq’) = nae ipa Ag cube = ot C += cee he D+—= i((o,,6%_ ]D) 

—A ley yp +o ohs —Z (61, of_ ) 8) Dy. 


(32c’) 
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The matrices (31, a, b, c) refer to half-integral 


spin of the system, and the matrices (32, a, b, c, ¢c’) 


and (31c’) to integral spin. 
Each matrix M_ is two-rowed if only two of the 
particles in the reaction a+b—a’+b’ have 


spin 3 [see Eqs. (31, a, b, c, c’)], and is the direct 


product of two two-rowed matrices if all of the 
particles have spin $ [see Eqs. (31, a, b, c, c’)]. 
The corresponding relativistically invariant mat- 
rix ® will obviously be a four-rowed matrix or 
the direct product of two four-rowed matrices, 
and in the c.m.s. these four-rowed matrices re- 
duce to the left upper (++) two-rowed matrices 
for processes of type a, to the right lower (-——) 
matrices for processes of type b, to the left upper 
or right lower for processes of type c, and to the 
left lower (—+) or right upper (+—) for proc- 
esses of type c’. In accordance with this, to con- 
struct the relativistically invariant operators 

M® (p’q’; pq), etc., that coincide in the c.m.s. with 
the matrices M(p’q’; pq), etc., we have only to 
replace in the matrix M (p’q’; pq) the three- 
dimensional vectors k, k’, n, e, s by the four- 
dimensional vectors k, k’, n, e, s and replace 
the two-rowed matrices I,,, Ikz, O44, Oy4 by 
the respective four-rowed matrices 


sey A.) AsO) = —yAc), 
+Ax (2) itsteAs (Q = Hbirs (ye iff) As (0, 
A. (2) iyAs () = Li (yy F itn) Az (Z). 


The operators A,(t) are defined in the following 


way w 
Az() = (t|F @)/2i |, 


As) +Az@ =1 


A®. (t) = Ax (0), 


Ax (t) Az (f) =0, (33) 


and in the c.m.s. are equal to $(1+8). The 
signs + for the operators A,(t) must be chosen 
in accordance with the form of the matrix M [cf. 
Eqs. (31) and (32)] and the statements made above. 
Using now the formula (26) and the relation 


Ax ()L™ (p,t) = KpAx (t) Ax (Pp), 


Kp = [2|t| |p| / (et! |p|—(p)) I, (34) 


we get the final formulas for the matrix S (p’q’; pq) 


(we have further Kp’p = Kp’Kp, etc. ): 
S(p'q'; pq) =KoppA, (p')A, OR (p's pq) A, (ft) A, (2), 


(35a, c) 
S(p'q’; pq) =KppA_(p) A_() R (pq; p’g’) A_ (2) A_(P), 
(35b, c) 
S(p'q'; pq) = KpgA_(q) A_(t) R(q'p;_ pq’) Ay) A, (P) 
OT 


Kya, (p') A, () 8 (qp’; pq’) A) A_(q),  (850") 
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if only two particles have spin 4, and 
S(p'q's pq) =Kpra'pgA.(p') Ay (t) A,(7') A, & (p'q's pg) 

XA, (2)A, (p) A,(t) A, (9), (36a) 
S (p'q'; Pq) =Kpra'pqA_ (p) A_(t) A_(q) A_() R (pq; p’q’) 

x A_(t) A_(p’) A_QA(q’), (36b) 


S(p'q'; 99) = Kyaogh, (0') A,(t) A_(q) AO) & (pq; pq’) 
xX A(t) A,(p)A_(A_(q), (36c) 


S(p'q's pq) = Kpra'pgA_(q) A_ (A, (p’)A, () R (gp’;_ pq’) 
x A, ()A,(p)A_@A_(Q)s (36c’) 


if all the particles have spin 3; the matrix ® is 
obtained from the matrix M [see Eqs. (31), (32)] 
by replacing the three-dimensional vectors k, k’, 
n, @, s by the four-vectors k, k’, n, e, s and 
the two-rowed matrices Li, Ls, Siz, Sux by 
the four-rowed matrices I, —ys, tivsYy, +ivy.* 

We shall present the form of the matrices ® 
for the reactions a+ b— a’ = bl, 4y+.Die= a ed 
yt+b—y +b’, a+b-— 2y, in which the spins of 
the particles do not exceed $. The matrices for 
reactions with conservation and with change of the 
intrinsic parity of the system are denoted respec- 
tively by 2‘). We have also introduced the nota- 
tion) 4)>2.= ye? ay. 


The Reaction a+ b—a’+b’ 


1) If the spins of all particles are zero, Sq 
= Sh = Sq’ = Sp = 0, then 


N= Als, x): (37a, b, c) 
2) Sq = Sq’ =) Sh = Sp = 0, 
Qe — Ay — 1A (38a, b; c) 
R' = iygk’Ay + iy,hAo; (39a, b, c) 
3) Sg =Sp=2, Sg = Sp = 0, 
1 4 , 
gh Sah x nBe (40c’) 
(=) aiid eee ’ 
NK —— ia V2 ik 18% V2 ikB,, (41c ) 


*We note that in Eqs. (35), (36) we may strike out the 
operators A,(t) on the left (or on the right) of Mt if we replace 
yz in R by yy + it?, which is equivalent to the replacement 


(~172) = (717?) — 1. in cases a, b, 


((272) = (717?) +1. in cases c, c. 


1080 View lis 


+ vbr (y*4%) Ar — $ (oer — 150?) (Bi + Ca) — 


+ yn?) Dy — 615 [RR + +h k’? — 
=e ie < k? — = (yy*) k*] Ds 

or 

RO — a 1itsA1 —in 1y5By - = 1 GPC, + 


— [ee — = (x24?) H?] Dy — [BB — % (in) RP] Ds 


1 
raat alse pwnd? pl 


2 (yy?) (R'R)I.Ds — 18% ae 


> (x25) Dy + = iCnvrctptv¥r te De a 


RITUS 


1309 (Bi — Cy) +4 (3 — 155 (117) 
= (44?) R?] Da 
(42a, b, c) 
[artke + BR? — 2 (34?) (HR) Ds 
(43c’) 


(for elastic reactions it follows from the invariance of the interaction under time reversal that 


B, = Cy, D,=D;), and 


MO LG (YR — R(Br +a) +i (oe —GRY(Be + Co) — FS anak TES (Br — Ca) & TENE pana THTG o (Ba — C2) 
+ Li (RT PR) Dy Li (RY +R) Da — hy3 (BN? + PR) Ds — es (BEM? + HP) Da (44a, b, c) 

or 

MO = — 2 iR1B, — 4 iRB, + EER Cy + EIR Ce + Lepper ttite (RD + RpDa) — (Rn? + 1h’) Ds — (hin? + nh R) Da 


The Reaction y+ b—a’ +b’ 


We present the matrices gn) that correspond 
to reactions in which the intrinsic parities of the 
particle b and the system a’+b’ are the same, 
since the matrices ©‘) that correspond to reac- 
tions in which these parities are opposite are ob- 
tained from those presented here by the interchange 
e = -is. 

1) For Spb = Sg’ = Sp’ = 0 


RO = (ke) As; (46a, b, c) 
2) Sh = Sp’ = 2 Sq’ = 0 
RY) — (ns) Ay + Y58A2 + sk’ (R's) As + sk (k's) Aas 
(47a, b, c) 
3) Sh =0, Sq’ = Sp =% 
OG) WE {%5 (k'e) Ai — ieuvretwkventeCr 
+ sC, +7 (R’e) C3}. (48¢’) 


The Reaction y+b—y’ + b’ 


We present the matrices ®‘*) that correspond 
to reactions in which the intrinsic parities of the 
particles b and b’ are the same, since the mat- 
rices ®@ that correspond to reactions in which 
these parities are opposite are obtained from 
those given here by the interchange e =-—is or 
e’ = —is’. 


1) For Sp = Sp = 0 


RM = (e’e)Ai + (s'3) Ag; (49a, b, c) 


2) Sp = Spr =2 
RY = (e’e)Ay +(s's) Aa + ix sSuvrotperventoAs 
A. iseuno'tpSvSate As — 5k! (e’s)As — 5h (s’e) Ag 
— sh" (s’e) A,— toh (e's) Ac. (50a, b, c) 


(45c’) 


For elastic reactions it follows from time-reversal 
invariance that Ag =—As, Ag = —A;.* 


The: Reection au) Dae. 


1) In the case Sg = Sh = 0 


MM — (e,@,) Ay + (Rey) (Res) Aas (51a, b, c) 
RO = eyyro RulreoatoAr + i [(hS1) (Rez) + (Ase) (Re1)] Aes 
(52a, b, c) 
2) Sg =Sh=3 
Nir) id 


— sg (ts (Cxea) Aa + 5 (Re) (Res) Aa + (sea) Cy 
aie k (S1€2) Co [s, (Re) + s (Rey) ]C3 + R’ [(As;) (Ree) 


ay (Asp) (Re;) | Cy+ k [(As1) (R€2) +- (RS) (Rex) 1C;}, (53c’) 


RO = 1 (5 (Site) Arts UUs) (Ren) + (hs) (Ren) Ae 
ao R’ (ees) Cy+ R (exe) C+ [e, (ey) + e (ke2)1Cs 


=e k’ (Re;) (Rez) Cy + k (Ae;) (Rea) C5+ n (sié2)C,}. (54c7) 


Thus the relativistically-invariant spin struc- 
ture of the operator ©(p’q’; pq) defined by Eqs. 
(35) — (54) is closely connected with the spin struc- 
ture of the matrix S(p’q’; pq) inthe c.m.s. The 
functions Aj, Bj, Cj, Dj are scalar functions of 
the variables x and ¢€, which in the c.m.s. are 
the cosine of the scattering angle and the total en- 
ergy of the system. In the general case the number 
of such scalar functions that characterize the oper- 


ator ©(p’q’; pq) is given by (cf. references 3 
and 4) 


ge awake =D) Pie ret 
S’,S S’ +S S 


*We note that the ten spin invariants for this reaction pre- 
sented in reference 2 are actually not independent, and reduce ° 
to eight invariants. 


(55) 


RELATIVISTICALLY COVARIANT SPIN STRUCTURE OF THE S MATRIX 


for inelastic and elastic reactions, respectively, 
where rg’g is the number of scalar functions that 
correspond in the c.m.s. to a transition from a 
state in which the spin of the system is S to one in 
which it is S’. We have as the formulas for the 
numbers Lgrvg and rg: 

1) for the reaction a+b—a’+b’ (S, S’ and 
i, i’ are the spins and intrinsic parities of the sys- 
tems a+b, a’ +b’): 


Pg = | (2S +128 +1)+ 411 (— 18, 


r= (S41)? (S,S’—integral), (56) 
fos = = (28 + 1)(25-+ 4, 
ro. =(S+1)?—4/, (S, S’— half—integral ), 
2) for the reaction y+b—a’+b’ (S, S’ are 
the spins of particle b and system a’ +b’): 
Pog (2S’ + 12S + 1); (57) 
3) for the reaction y+b—vy’+b’ (S, S’ are 


the spins of particles b, b’): 
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reg =20S'+NQSH1), A, =2ES+ (S40; 
(58) 
4) for the reaction a+b— 2y (S is the spin 


of the system a+b): 
rs = 2(2S + 1). 
The operator ©S(p’q’; pq) and the matrix 
M (p’q’; pq) discussed in this paper can be used 
in the relativistic theory of reactions with polar- 
ized particles, in the construction of dispersion 
relations, and in other problems. 


(59) 


1H. P. Stapp, Phys. Rev. 103, 425 (1956). 

2M. Kawaguchi and N. Mugibayashi, Progr. 
Theoret. Phys. 8, 212 (1952). 

3V. I. Ritus, JETP 35, 1485 (1958), Soviet Phys. 
JETP 8, 1035 (1959). 

4v. I. Ritus, JETP 33, 1264 (1957), Soviet Phys. 
JETP 6, 972 (1958). 


Translated by W. H. Furry 
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A simple method is proposed for quantitative description of the ground state of nuclear mat- 
ter. It is shown that the gas approximation with a modified nucleon dispersion law can be 
employed. The error of the method does not exceed that of the empirical quantities. 


if Nuclear matter is usually pictured as a uniform 
infinite system of protons and neutrons having 
equal density and bound by nuclear forces alone. 
This obviously idealized model accounts essen- 
tially for the most important properties of atomic 
nuclei. The development of a microscopic theory 
of real nuclei must begin with an explanation of the 
fundamental properties* of nuclear matter through 
the assumption of some interaction potential be- 
tween isolated nucleons. 

The specific character of the many-particle 
problem of nuclear matter is based on the nature 
of the nuclear forces — the strong short-range 
repulsion (with range c) and the relatively weak 
long-range attraction. The problem is clearly de- 
fined by two very important qualitative restric- 
tions. In nucleonic interactions a very important 
part is played by the Pauli exclusion principle, 
which forbids virtual transitions into the Fermi 
sphere and thus effectively suppresses interac- 
tions. Also, because of the smallness of the pa- 
rameter pc*® simultaneous collisions? of three or 
more nucleons are unlikely; therefore collisions 
are governed by pair correlations. 

In the present paper we attempt to construct a 
simple quantitative scheme which will take both 
of the foregoing factors into account as completely 
as possible and will thus provide a quantitative 
justification for the simplifications that are in- 
troduced. 

The fundamental investigations of Brueckner 
and his collaborators (in reference 1, for ex- 
ample) have produced a theoretical apparatus 


*The fundamental properties of nuclear matter are the nu- 
cleon density (corresponding to p, = 1.5f~*) and the binding 
energy € ~ 15 Mev/nucleon, The Fermi momentum p, is re- 
lated to the nucleon number density p by p, = (32?p/2)% We 
shall assume fi = 1. 

TBy collisions we mean the entrance of particles within 
the range of repulsive forces. 


which yields results that are quite close to ex- 
perimental data, but which is extremely complex 
and cumbersome. This complexity does not ap- 
pear to be justified. Brueckner’s scheme is a 
direct extension of the Hartree-Fock method to 
a case in which pair correlations of particles 
must be taken into account. Therefore an exact 
description is given of the interaction of each 
pair of particles moving in the self-consistent 
field of the remaining particles. The Brueekner 
scheme thus reflects the second of the foregoing 
circumstances (the possibility of neglecting triple 
and higher correlations ). 

However, this scheme does not utilize the pos- 
sible simplification associated with the exclusion 
principle. It is equally significant that the problem 
of pair correlations is solved exactly in terms of 
the parameter pc®. Thus higher-order terms in 
this parameter are taken into account although 
they are unimportant to the extent to which triple 
or more complex correlations can be neglected.* 

Weisskopf and his co-workers? have clearly 
shown the possibility of simplifying the theory, 
but despite the convincing qualitative arguments 
the program is essentially incomplete. This re- 
sults to a considerable extent from the important 
part played in Weisskopf’s argument by a very in- 
definite quantity, the so-called “healing distance.” 
Therefore the method of the indicated authors? is 
too complicated. It will be shown below that we 
do not need to analyze and solve the Bethe-Gold- 
stone equation by the complicated self-consistent 
procedure to derive the nucleon dispersion law etc. 

2. In presenting the results we shall first dis- 
cuss the choice of an interaction potential. The 
theory of nuclear matter is usually based on an 
empirical potential for nucleons interacting pair- 


*It may be necessary to use Brueckner’s method when pair 
correlations are especially distinguished in some sense, as, 
perhaps, in the superfluidity of nuclear matter. 


1082 


1960 


ONPIMESTHE ORY OF NUCLEAR MATTER 


wise. The many-body forces which arise are not 
taken into account and their magnitude is still an 
open question. 

Following Weisskopf et al.? we shall limit our- 
selves here to the simplified Hamiltonian 

A = > pi/2M + >} vy. (1) 
é t<j 

The potential v consists of the “hard-core” po- 
tential 


Va=swo (F< Cc); v=0 (r>c) (2) 


and the attractive potential 


eer eC = CG), 0, ==). (reeg, 7 > 0). . (3) 


where c=0.4f, a=2.3f, V)=17°/4M(a-—c)? 
= 28.4 Mev. The attractive forces are of the Ser- 
ber type 


Viz = Ve (Fj) + Va (ri) Si, (4) 


where S= (1+ B)/2 isthe appropriate exchange 
operator. 

The assumed Hamiltonian neglects tensor and 
spin-orbit forces as well as the dependence of the 
interaction on spin states. However, as a result 
of averaging these effects play a much smaller 
part in nuclear matter than in interactions between 
isolated nucleons. Results which have been ob- 
tained by using a more exact Hamiltonian will be 
published in the near future. 

3. We wish to determine the energy € per nu- 
cleon as a function of the maximum momentum pp. 
Minimization of € (py) will then yield the equilib- 
rium values of py) and the binding energy.* 

The total energy € consists of two parts, with 
the kinetic energy of an ideal nucleonic gas given 
by the familiar expression 


e, = 3p7/10 M. (5) 


We shall now calculate the interaction energy 
including kinetic-energy corrections for a non- 
ideal gas. It has been erroneously believed that 
the problem of nuclear matter does not depend on 
small parameters, whereas there are actually two 
such parameters, pe? and (pa®): whose small- 
ness corresponds to the simplifying factors dis- 
cussed in Sec. 1.7 

We shall now consider two ancillary problems, 
the. first of which concerns the potential (2) (va 


*This is not an approximate statement of the problem. To 
check this one need only imagine the system to be inclosed in 
a large box with movable walls and to consider that at the 
minimum point the pressure on the walls disappears. 

tIt is also significant that the correction terms [see (8) 
and (17) below] are small and that these terms differ in sign. 
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= 0). We have here y=cpy) = 0.59 <1, repre- 
senting a comparatively rarefied Fermi gas. We 
can here apply the so-called gas approximation,? 
which means physically that in a rarefied non- 
ideal gas such characteristics of interactions be- 
tween isolated pairs of particles as the scattering 
amplitude etc. will be conserved and can be used 
to express corrections for a nonideal gas. The 
gas approximation thus accounts for the larger 
part (with respect to the parameter y) of the 
pair correlations. 

It has been shown by several authors? that the 
true interaction potential va may be replaced by 
the pseudopotential 


O = = 5(r)(1 + rz) +0(C%). (6) 
Expanding the energy of the system in a series with 
respect toc (in the general case with respect to 
the scattering amplitude*), we obtain the following 
expression for the interaction energy: 

2 
c= at ftp SO) + (0,13 + met a 


wT 


(7) 


The error resulting from the neglect of three-body 
correlations is* 


dye = 0.1 p24? /M~2 MeV. (8) 


In the second problem we assume va #0 (Ve 
= 0). We now have = ap) =3.4 >1, correspond- 
ing to a compressed Fermi gas, for which the 
Hartree-Fock method is sufficiently accurate.° 
Virtual processes are strongly inhibited by the ex- 
clusion principle so that only a small part is played 
by correlation terms corresponding to higher-order 
perturbations for vg. This effect becomes more 
pronounced as the parameter & increases, so 
that the latter is a more natural measure of the 
exclusion-principle effect than the healing distance. 
The Hartree-Fock approximation is represented 
by the substitution 
i055 = we (9) 
ey | é 


where the single-particle potential V is given by 


V; = D)<floaS (1 — T)]jy»— ND <jh| 005 (1 — T) | ik), 
if 


j<k 


T is the coordinate-permutation operator and N 
is the total number of particles. 

The following self-consistent Hamiltonian is 
obtained: 


*See reference 2. The positive sign in (8) las in (7)] is 
associated with a reduction of the effective volume of the 
system due to repulsion. 
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=D) Gi /2M +0:) = B (pi 2M + W (Be) + C (Po) 
i (10) 
7 _ 8Vo fsinn-sin€ 1a; 
W (p) == {e 7 (Si€+1) 
+Si(é—m)] sin + Sidh, (11) 
where = ap. The expression for C (py) will 
not be given. 
The interaction energy in this approximation 
is 
es = N19) <ij| v8 (1 —T)|ii> 
i<j 
= —ale—% a 9 Si 25 — 5 (3 — cos 2) 
£5 sin ae. (12) 


The error resulting from the substitution (9), 
that is, the correlation energy, can be calculated 
by regarding the difference 


= > OS SV 
as a perturbation. The first order for H’ gives 
<bo |’ | bo> = 0; 


this expresses the self-consistency of the problem 
[% is the wave function of the system with the 
Hamiltonian (10)]. The sum of important higher- 
order terms, which was obtained in reference 5, 
is* 


(13) 


3 (A= 182) yaya? In 


Ten? —1 Mev. 


(14) 


5.8 = — Ga 


4. We shall utilize the foregoing results to 
solve the basic problem with the potential (4). 

We shall show that even when the potential ve 
does not vanish the Hartree-Fock approximation 
may be used for va, that is, the original Hamilto- 
nian (1) can be replaced by 

Ay a Hi ai DQ Vc, 

i<j 

where Hy is, as previously, given by (10) and (11). 
The resulting error is determined by the proce- 
dure explained above. The difference between 
H and H, is again found through (13), although 
the first-order correction no longer disappears 
since the wave function 7%, of the Hamiitonian (15) 
is not now consistent with the single-particle po- 
tential V (calculated by means of Yo). 

The average difference between %, and y% is 
insignificant because y is small, as well as be- 


(15) 


*The negative sign in (14) follows from the variation prin- 
ciple; the wave function in the form of a determinant results 
in a higher energy value. 
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cause of the exclusion principle. Therefore the 
first-order correction in H’ resulting from the 
interference of veg and vg is 


N72, Hb, & 2N7 Re (byl), 


where 6% =%,—Y%. The pseudopotential (6) is 
used to determine 6%.* We thus obtain 


dg = 


O58 = 


85¢ Re >) <0] H’ | n><n|8(r)|0> / (Ey — En) 
When only the important terms are retained we 
finally have 


Nore —v,(% Stan t)~—1 Mev. (16 


2 


For high-order terms in H’ the difference be- 
tween 7%, and % may be altogether neglected; 

(14) may therefore be used. The total error re- 
sulting from the replacement of H by H’ is 


d,¢ + 5,¢~ —2 Mev. (17) 


5. In the preceding section we arrived at the 
approximate Hamiltonian 


= DE) + 2 0, (r,,) + C (Po); 


E (p) = p?/2M + W(p). 


In order to determine the corresponding ground- 
state energy the gas approximation equations must 
be extended to the case of a nonquadratic dispersion 
law [see (19)]. A pair interaction will then depend 
on the combined momentum of the two particles. 
Following the procedure used in references 3 and 4, 
the energy is expanded in terms of the scattering 
amplitude (or, more precisely, the t -operator 
introduced below) for a pair of isolated nucleons 
interacting through the potential vc. The wave 
function of this system satisfies the equation 


dis = Ye = Q70.b405 


(18) 


(19) 


(20) 
where ; : 
Q = F (p;) + E(p2) — E (pi) —E (Pz), 
2 = exp {i (pity + pats)}, 


and pj. represent initial nucleon momenta. (Here 
and hereinafter the principal values of inverse op- 
erators will be understood.) The new operator ¢ 
is introduced through 


dra = (1 — Q742) 8. (21) 


Unlike the case of vy the matrix elements of this 
operator are finite and are related simply to the 


*In these computations we ignore the change of the dis per- 
sion law for nucleons since mass does not appear in the final - 
expression (16). 
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scattering amplitude. By combining (20) and (21) 
we obtain 


Ve = F (1 — QA). 


Substitution of this expression in (18) followed by 
an expansion in terms of t yields the following 
correction to the pair energy: 


<12| t| ik> <ik | t 12 
+e lM) IN) — 11+... 
i,k S (22) 


where Nj is the occupation number. 

We now proceed to determine the operator f 
for the potential (2). The wave function of a pair 
satisfies 


Odi. = 0 (T1r2>C), Yi =0 (t2e<c). 


From (21) and (23) we obtain two conditions which 
must be satisfied by t: 


(23) 


a)idt, =Oforry,>c, bp, = Q-t2 AOL Tape 6 4) .* 
We shall obtain ¢ in the form 
¢ = AS (tye) + BVS (fis) +..., 


which corresponds to condition a). 
In the center-of-mass system with the notation 


(24) 


Pi + P2=_P, pi— p2 = 2k, 


q(p) =E(p +P/2) + E(p— P/2) 
—E(k + P/2) —E (k —P/2) 


condition b becomes 


elkne — (2n)-*( dp 74 (p)(A + ipB-+...)e%; (25) 


n is the unit vector of Yo. 

It is significant that, in accordance with (11) 
and (19), for high momentum E— p’/2M, this 
corresponds to the “stripping” of a fast nucleon. 
Since in (24) p~c7! is large a nonquadratic dis- 
persion law affects only high-order terms in c. 
Therefore when (25) is expanded in spherical har- 
monics with respect to n the nonquadratic charac- 
ter of the dispersion law must be taken into account 
only for the term with /=0, since the term with 
1=1 [corresponding to the second term in (24) ] 
leads to B~ c®.t We therefore have 


*A similar condition holds true for r,, <c. However, it is 
shown in the Appendix that violation of this condition affects 
only higher terms of the expansion in c. 

tAccording to reference 2, for a quadratic dispersion law ©, 
may be confined to the three terms of the expansion with re- 
spect to y that are given in (7). We are utilizing here this 
approximation. 
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Aite ine Sine \ dp p-+q™+(p) sin pe. (26) 
As already mentioned the coefficient B remains 
the same as for the quadratic dispersion law. Ad- 
ditional terms in the expansion of (25) lead to quan- 
tities of the order ~c* and may be neglected. 

6. The results obtained in the preceding sec- 
tion are sufficient for a solution of the problem in 
principle. Insertion of the dispersion law (11) 
leads to integrals which can be solved only numer- 
ically. Because of the approximate character of 
the potential (4) that we are employing we shall 
limit ourselves to an approximate analytic calcula- 
tion. The dispersion law must now be simplified, 
but this will not introduce a large error into the 
binding energy. The numerical results show that 
the effects of a nonquadratic dispersion law con- 
tribute only about 25% to the energy €,. Equation 
(11) will be approximated by means of 


E(p)=p? (1 + p)/2M, p<Apg, 
E(p) = p?/2M + p2iu/2M, p> po. 


The parameters pu(po)) and A(py) are obtained 
by the method of least squares. We also introduce 
the notation [see (26) and the Appendix ] 


A = 4m tan (kc) / RM". 


M* (piP2, Po) is slightly dependent on p,,. with 
a maximum variation of 8%; its average with re- 
spect to py. may be regarded as a constant. 
Omitting the intermediate steps, we present the 
final expression 


MIM" = 1+ yo (p,), 


Bast | Ay aap omy Fo eaodls 
Saher ikea Vu (> —tan =a 
3 1 3+ 2p 

— [ax (1+ a) | + rao 
The second-order term in y contributes ~ 0.01 
and may be neglected. Furthermore, in view of 
the fact that in (22) integration over intermediate 
momenta is actually performed in a narrow region 
near the Fermi boundary we use the substitution 


Bee ty (Pa p? — p? — p2) /2Mq, 


where 
M M OE (p) en 3 Vo Ma? (14 sine 2s) 
Mo Po OP |p "On E 2§ &° 


We now finally have 
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a= BEG teeter 
+ 0.1348 (5 +) (Fi an (27) 


Minimizing the sum of (15), (12) and (27), we ob- 
tain for the binding energy and equilibrium value 
of Po: 

=~ —11Mev/nucleon py 1.4 f-h. 


With this value of py we obtain wp ~ 0.75, A= 1.3, 
M/M* = 1.40, M/M,) = 1.54; the separate energy 
components have the values 


6 = 25, e9—= 32; 23 — 68 Mev. 


The terms in €, have the values 21, 6.0, 2.5, and 
2.5 Mev respectively [in the same order as (27)]. 
The foregoing results pertain to the ground 
state of the Hamiltonian (18). In order to estimate 

the error resulting from the difference between 
(18) and the exact Hamiltonian (1) we add (8) and 
(17) and find that even when the effective mass is 
introduced into (8) the error of our method does 
not exceed 1 Mev/nucleon. The binding energy of 
nuclear matter is known to the same degree of ac- 
curacy. We have thus justified the replacement 

of the exact Hamiltonian (1) by the simplified form 
(18) which permits a much less complicated calcu- 
lation. 

In our opinion the simplification of the mathe- 
matical apparatus is one of the principal prob- 
lems of the microscopic theory of nuclear matter. 
Calculations of different effects can then be per- 
formed to test the validity of using an interaction 
potential for isolated nucleons. 

The authors are indebted to I. E. Tamm, V. L. 
Ginzburg, A. S. Davydov for discussions and valu- 
able comments, and to L. V. Pariiskaya for cal- 
culations. 
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We shall show that although the operator (24) 
violates the condition y?, = Qartye, for Py>< ¢ 
only the terms of the order c* and higher are 
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affected. Since this is the region of high momen- 
tum we may confine ourselves to the quadratic dis- 
persion law. For the same reason we consider 
only the S state and obtain from (24) and (26) 

[see (6)] 


ss 4x oe 
t= 8 (r). 


On the other hand, we use the familiar exact 
expression 4) = exp[iP(r1+r,)/2] g(r), where 


g(r) =sink(r—o)/reoske, r>c; gplr)=0, rae 
From (21) we have Qu4) = —tv’,, whence 
? ane Ser) sept 9(r). 


Thus the exact expression for t is 


a tankc 
i 6(r—¢). formula 


Calculation the Fourier transforms of t and te 
we obtain (p ~ po) 


4 tanke /sincp 
ty — lop = ( 


aes Sf) ae 
27 a eNeeD 1) Ms 


It is easily seen that <12|t-t,|12>. In view of 
(22) our statement is therefore proved. 
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(1957); T. D. Lee and C. N. Yang, Phys. Rev. 105, 
1119 (1957); C. De Dominicis and P. C. Martin, 
Phys. Rev. 105, 1417 (1957). 
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Calculations are carried out on the fluctuations in the angular distribution of shower particles 
which imitate the ‘‘two-center’’ shower production mechanism. It is concluded that most ex- 
perimentally observed showers possessing a ‘‘two-center’’ angular distribution can be ex- 
plained by natural statistical fluctuations in the angular distribution. The calculations are 


performed by the Monte Carlo method. 


iF recent literature there has been a rather broad 
discussion on the so called ‘‘two-center’’ model for 
the production of shower particles in explosive 
showers of high energy (10!°—10!4 ev).!-? Ac- 
cording to this model, the secondary particles of 
the explosive shower originate in the decay of two 
‘excited centers’’ produced in the collision of the 
primary particles and moving in opposite directions 
(in the c.m. system), the angular distribution of the 
secondary particles in the rest system of the ex- 
cited center being isotropic. The experimental ba- 
sis of the “two-center” model for the production of 
explosive showers was provided by the character- 
istic shape of the angular distribution of the sec- 
ondary particles observed in a number of showers. 
The clearest ‘‘two-center’’ shape of the angular 
distribution is disclosed when drawn in the coordi- 
nates log[ F/(1 — F)] = f(A), where we use the 
following notation: ) = log tanv; v is the angle of 
emission of the shower particle in the laboratory 
system of coordinates, F(#) is the fraction of 
shower particles with angles smaller than the given 
angle. In these coordinates an angular distribution 
isotropic in the c.m. system is represented in the 
form of a straight line making an agle of a = 65° 
with the axis of abscissas. 

The anisotropy in the angular distribution of the 
shower particles in the c.m. system (which corre- 
sponds to that experimentally observed — see Fig. 
3 below) is represented by a line whose slope a 
decreases with an increase in the fraction of 
shower particles emitted at angles close to 0° and 
180° in the c.m. system, i.e. with a greater aniso- 
tropy. The ‘‘two-center’’ angular distribution is 
represented in these coordinates by a stepped curve 
with a more or less distinct horizontal segment di- 
viding the angular distribution curve into two parts. 
This horizontal segment reflects the absence of 


shower particles in some angular interval separat- 
ing the ‘‘narrow’’ and ‘‘wide’’ cones of the shower 
particles in the laboratory system. It is assumed 
that the ‘‘narrow’’ and ‘‘wide’’ cones separated in 
this way consist of shower particles produced in 
the decay of the two ‘‘excited centers.’’ According 
to the ‘‘two-center’’ model of shower production, 
the angular distribution of the particles of the 
‘‘narrow’’ and “‘wide’’ cones, when drawn sepa- 
rately, should be isotropic in their respective 
c.m. systems, i.e. in the coordinates log[ F/(1 
— F)]= f(A) they should be represented by 
straight lines of slope a@ = 63°. 

Figure 1 shows characteristic examples of ‘“‘two- 
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FIG. 1. Experimentally observed ‘‘two-center’’ angular 
distributions of shower particles.°® 


1087 


Chicago 3 


Bristol 2 


NIKOL’SKII and A. P. MISHAKOVA 


Bristol 4 


center’’ angular distributions observed in various 
laboratories. 

Figure 2 shows graphs of the two parts of these 
showers, corresponding to the narrow and wide 
cones in the laboratory system, which may be in- 
terpreted as the isotropic decay of two ‘‘excited 
centers.’’ * 

It should, however, be pointed out that the inter- 
pretation of the angular distribution of the individ- 
ual showers should take into account the natural 
statistical fluctuations, which may lead to signifi- 
cant deformations of the angular distribution 
curves. In particular, the angular distributions of 
the shower particles shown in Fig. 1 may be the re- 
sult of such fluctuations. In order to estimate the 
probability that statistical fluctuations lead to ang- 
ular distributions imitating the ‘“‘two-center’’ 
mechanism of shower production, we carried out a 
calculation by the method of random samples 
(Monte Carlo method). As the initial angular dis- 
tribution of shower particles we took the experi- 
mentally observed distribution f( 2) which has 
been based on a large number of showers.® Fig- 
ure 3 shows the distribution f(#) in the c.m. 
system of the colliding particles (yg = cot 3 1/2) 
In the same figure the experimental angular dis- 
tribution curve is also given in the coordinates 
log[F/(1 -— F)] = f(A) for a half angle Pi, 


*The curves in Figs. 1 and 2 were taken from the report of 
Piccioni at the 8th Conference on High-Energy Physics. 
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FIG. 2. Angular distributions of ‘‘narrow’’ and 
‘‘wide’’ parts of the experimentally observed® ‘‘two- 
center’’ showers shown in Fig. 1. 
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FIG. 3. Experimental angular distribution of shower par- 
ticles according to data from a large number of showers of 
energies 10** ev.’ 


= 0.01 rad. From this distribution were drawn 100 
random samples of angular distributions consist- 
ing of ng = 20 shower particles and another 100 
with ng = 10. . 

From the 200 angular distribution curves ob- 
tained in this way, we chose 16 curves for the case 
Ng = 20 and 19 curves for the case ng = 10. 
These imitated to a satisfactory degree, the angu- 
lar distributions of the ‘‘two-center’’ model. Nine 
of the angular distributions that were chosen are 
shown in Fig. 4 in the coordinates log[F/(1 — F)] 
= f(A) for the case ng = 20. In Fig. 5 are shown 
the corresponding angular distributions drawn sep 
arately for the two parts of these showers ( ‘‘nar- 
row’’ and ‘‘wide’’ cones in the laboratory system ). 
The 19 curves of the ‘‘two-center’’ angular distri- . 
bution for the case ng = 10 are of similar shape. 


THE ANGULAR DISTRIBUTION OF SECONDARY PARTICLES 


FIG. 4. Results of the calculation by the Monte Carlo 
method for shower particles imitating the ‘‘two-center”’ 
mechanism of production of showers for the case ng = 20 
(the numbers in the circles are for identification purposes). 


FIG. 5. Angular distribution of ‘‘narrow’’ and ‘‘wide’’ 
parts of calculated showers shown in Fig. 4. 


From the comparison of the angular distribu- 
tions shown in Figs. 1 and 4 it is seen that the de- 
formations of the angular distribution caused by 
statistical fluctuations imitate sufficiently well a 
large number of the experimentally observed cases 
of the ‘‘two-center’’ angular distribution. From 
the calculations it further follows that the number 
of randomly chosen angular distributions that imi- 
tate the ‘‘two-center’’ model make up 15 — 20% of 
the total number of showers for which the number 
of shower particles is ng = 10—20. This figure 
is in approximate agreement with the experimen- 
tally observed fraction of ‘‘two-center’’ angular 
distributions of shower particles, which, accord- 
ing to the data given by Power,’ is ~ 20%. 

Hence the obtained results indicate, at least, 
that the greater part of the experimentally ob- 
served cases of a ‘‘two-center’’ angular distri- 


—> log [F/(1-F)] 


1089 


—> log tan 0 


bution of shower particles can be explained by nat- 
ural statistical fluctuations. Of course, the com- 
parison of the calculated and experimental data is 
basically of a qualitative character. At the same 
time, it is obvious that any reliable evidence in fa- 
vor of the existence of a ‘‘two-center’’ mechanism 
for the production of explosive showers can be ob- 
tained only by a fuller space — energy analysis of 
the showers. Proof of the ‘‘two-center’’ mechan- 
ism of shower production based only on the analy- 
sis of the angular distribution of the shower parti- 
cles is quite difficult, since it is necessary to take 
into account correctly the influence of statistical 
fluctuations, which is possible only by substantially 
increasing the available experimental data. 

In conclusion the authors express their gratitude 
to I.-I. Gurevich for his constant interest in this 
work, to N. A. Lobachev for help in the calcula- 
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tions. We also wish to thank G. Cocconi and 
M. Miesowicz for sending us preprints of their 
work prior to publication. 
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Coulomb scattering of charges in a strong magnetic field, when the impact parameter is 
much greater than the Larmor radius, is considered. The solution of the problem indicates 
that the collisions cannot change the plasma electric (ion) distribution function, which is 
symmetric with respect to the velocity component transverse to the magnetic field. 


As is well known, a sufficiently strong magnetic 
field can affect the process. of charge collisions in 
a plasma. This problem was discussed by E. 
Lifshitz! on the basis of the equation of Landau, 
and by Belyaev’’® on the basis of the equation of 
Bogolyubov. We want to demonstrate a somewhat 
different, rather graphic approach to the problem 
under discussion. At the basis of this approach 
lie very well-known representations of the drift 
of Larmor loops in crossed fields. In the present 
research, the problem of two charged particles 

is considered. 

Thus, we consider two charges interacting ac- 
cording to Coulomb’s law and located in a mag- 
netic field. The magnetic field will be considered 
to be homogeneous and constant in time. More- 
over, we shall assume that it is strong. This 
means that the two conditions 


(ewH / c)/ (e?/ R®) > 1, Rios > 1, (1) 


are satisfied, where w is the velocity component 
of the charge transverse to the magnetic field, 

py, is the Larmor radius, R is the impact 
parameter. The equations of motion of the charges 
have the form 


WINGS ene 
MX, = — [XyxH] +41 & F, F = x/x°, 


« ey 
Me: Xg = > [xox H] — é1 a EE X = X; — Xo. (2) 


Here F is the strength of the Coulomb interaction 
of two unit positive charges. Under the conditions 
(1), we can simply (2), making use of the method 
of rapidly changing phase shift.4 

As a result, we get 


On => Ws => 0, (3) 
= EO) TPH), 
A omaear alae i 


X3=(C1l2/P) Fs, Ys = 9 6) 


where the index 3 denotes the coordinate axis par- 
allel to the magnetic field, yw is the reduced mass 
of the charges. Equations (3) — (5) have a simple 
meaning. Each charge rotates around the mag- 
netic field in a Larmor ring with speed W; (i 
=1,2). The centers of the Larmor rings (in 
the case of a strong magnetic field, it is the 
custom to call them guiding centers) move 
along, and perpendicular to, the magnetic field. 
Equations (4) describe the motion of the guiding 
centers perpendicular to the field, while Eqs. 
(5), the motion along the field. As in (2), x =x; 
—X), but now x; and x, refer to the guiding 
centers and not the charge; y = (mj xX; 
+ mx, )/(m, +m.) is the center of mass of 
the guiding centers. We note that Eqs. (3) —(5) 
could be written down directly from elemen- 
tary considerations on the drift velocity of the 
guiding center in crossed fields. 

We proceed to analysis of Eqs. (3) — (5). 
First of all, according to (3), the velocities of 
the Larmor rotation of the charges in the scat- 
tering process do not change. Further, from 
the first of Eqs. (4), we find x; = R =const, 
i.e., the projection of the distance between the 
guiding centers on the plane perpendicular to 
the magnetic field is a constant quantity. Fi- 
nally, an interesting integral of the motion 
follows from (4): the ‘‘electric’’ center of 
gravity of the guiding centers: 


Z= (€,X1 -+- €o%2)/(E1 + eo) = (const. 


We obtain the following picture of the motion 
of the guiding centers. Each guiding center 
moves along a helix lying on the surface of a 
right circular cylinder. The axis of the cylinder 
is parallel to the magnetic field and always 
passes through the electric center of gravity. 
The displacements of the guiding centers as a 
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result of scattering can be found from the fol- 
lowing formulas: 


See! (1) eS SN 
Soames Ax,, Ax) = Papi AX: 
Ax, = 4 [Hx] sin Ap — 2xsin? 2°, 
__elertes) fF (y ) *8)hae, 6 


Here the index zero denotes the initial instant of 
time. In order to compute Ag-— the angle of turn- 
ing of the vector x, as the result of scattering — 
it is necessary to solve the preliminary equation 
(5). As usual, we obtain the energy integral 


yu? / 2 + eye (R? + x2) = const = pu2/2, (7) 


where u = x3. Two important consequences follow 
from (7). In the first place, unlike charges travel 
alongside one another, without changing their ve- 
locities. In the second place, for like charges 
there exists a critical impact parameter Ro 
= 2e;e, /yae. For R>Rg, the identical charges 
travel alongside one another, similar to the un- 
like charges, without changing their speeds. If 
now R< R,, then the charges approach each 
other up to some minimum distance, after which 
they recoil backwards, like elastic spheres in a 
head-on collision. 

We shall now apply these results to the case 
of a plasma. We obtain the following important 
conclusion: if, at a certain moment of time, the 
electron (or ion) distribution function is an even 
function of the transverse (to the magnetic field) 
velocity, an arbitrary function of the longitudinal 
velocity, and is homogeneous in space, then it does 
not change with time. The constancy of the distri- 
bution with respect to the transverse velocities 
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follows directly from (3). The constancy relative 
to the longitudinal velocity is somewhat more 
complicated. We shall consider electrons as an 
example. From what has been said above, it is 
clear that their distribution function can change 
only upon collisions with other electrons. But in 
the collision of two electrons moving along the 
field, they exchange velocities, since their masses 
are the same. In this case the distribution func- 
tion cannot change. In order to make the latter 
circumstance clearer, we recall the Boltzmann 
collision integral. The integrand is proportional 
to the difference f(u) f(ug) — f(u,) f(u,). If 
uj =U,, us = Uy, then the integral vanishes iden- 
tically. We note that the conclusion which we 
have reached is in agreement with the result of 
Lifshitz and Belyaev on the problem of relaxa- 
tion in a plasma: these authors showed that the 
collisions with an impact parameter larger than 
the Larmor radius make no contribution to the 
relaxation process. 

In conclusion, I take the opportunity to ex- 
press my thanks to S. Temko and Yu. Klimon- 
tovich for discussion of the research. 
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The possibility of an experimental verification of the existence of transitions between hyper- 
fine structure levels in mesic atoms is considered. A convenient method, in the case of 


mesic atoms possessing nuclear spins J > fi 
cession frequency of the mesic atoms. 


Tue question of the existence of transitions be- 
tween the hyperfine structure levels is of great in- 
terest in the investigation of the effects of the hy- 
perfine structure in u-mesic atoms. In fact, a 
theoretical analysis of these effects, which manifest 
themselves in the capture of polarized mesons,'~? 
is always carried out for the case of isolated mesic 
atoms. Actually, however, an experimental verifi- 
cation of the predictions of the theory is possible 
only when the mesic atoms are produced and 
stopped in the medium Yet the presence of the 
medium can complicate the situation. Thus, for ex- 
ample, while the hyperfine structure states with 
F=J+% and F=J-—, form in the case of iso- 
lated atoms an incoherent mixture, transitions can 
occur between them in certain cases in a medium. 
In particular, in liquid hydrogen one observes the 
phenomenon of meson ‘‘jump’’ from one proton to 
another with simultaneous transition into the lower 
hfs state.4~® Attention was called in references 7 
and 8 to the need of accounting for the influence of 
the medium on the hfs effects on other substances. 
For example, two types of transitions are possible 
in metals, accompanied either by conversion on the 
conduction electrons or by magnetic dipole radia- 
tion. The expressions for the probabilities of the 
corresponding transitions wk and wp have the fol- 
lowing form:' 


4 \6 m, 3m, 0? 1 
w= 10 (i) 2 (me) at ( ) 


(2) 


It is obvious that if the medium is not a metal, there 
will be no transitions of type Wk. 

In this article we shall touch upon the question of 
experimental verification of the existence of the 
transitions. One of the methods,® proposed for the 


is shown to be the measurement of the pre- 


detection of transitions, consists of investigating 
the curvature K of the p-meson decay curve. 
Thus, with the A-V interaction universal and in 
the presence of transitions in metals having nuclear 
magnetic moment un >0 and Z= 13, the value of 
K should be negative if the meson capture takes 
place by a separate ‘‘super-shell’’ proton of the nu- 
cleus. The preliminary results of an experiment? 
with aluminum have shown that K <0. However, 
the results of this experiment alone cannot be in- 
terpreted uniquely in favor of the existence of 
transitions, since there is no direct experimental 
proof at present of the universality of interaction 
in the process w~+p=n+yvp, or of the assumption 
that meson capture in aluminum is on the ‘‘super- 
shell’’ proton of the nucleus. Yet a direct detection 
of the transitions would add to the arguments in fa- 
vor of interpreting such experiments to mean that 
in the process p-~ +p=n+v the constants of the 
A and V interactions have different signs.* We 
wish to call attention in the present paper to one 
possibility of direct experimental verification of 
the existence of transitions, consisting of a study of 
the polarization of mesons in mesic atoms of a def- 
inite type. The suggestion consists essentially of 
the following. Estimates of the values of w, and 
Wp with the aid of formulas (1) and (2) for dif- 
ferent values of Z show that Wp (whose value 
at small Z in many orders of magnitude smaller 
than A, the total meson-absorption probability ) 
becomes of the same order of magnitude as A 
when Zeff = 30. As regards wk, it becomes equal 
to A evenat small Z. Thus, for aluminum!’ wx 
=4x 10° sec}, Wp =1%X 10? sec™!, and A =1.2 
x 10° sec™'. 

It is obvious that the existence of transitions 
will also affect the magnitude of the polarization 
of mesons in mesic atoms of metals, as well as of 
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non-metals with Zeff = 30. Therefore the polari- 
zation in s ostances having different properties but 


the same values of nuclear spin J may be different. 


A measure of the transition probability will be the 
difference between the value of the polarization, ob- 
tained experimentally, and that calculated? for iso- 
lated mesic atoms. 

It would seem best to use for the proposed ex- 
periments substances with J = % and uy > 0. Ac- 
tually, such mesic atoms can be produced in states 
F =1 and F=0. In the case of the lower state 
F = 0, the mesons become depolarized. The upper 
state F=1 ‘‘remembers’’ the spin direction (no 
depolarization takes place). Each of the states is 
characterized by its own value of g, the gyromag- 
netic ratio. If the polarization is determined by 
measuring the asymmetry of the decay electrons,? 
the curve for the precession of the spins of the 
mesic nuclei in a magnetic field, observed in this 
case, will be very simple, corresponding to either 
F=1 or F=0. In addition, since the degree of 
polarization P of a meson on the K shell, averaged 
over two hfs states, is? 


P = 7P, (14 2/(2J + 1)? 


(here Py is the degree of polarization of the meson 
beam ), the value of P will be greatest for sub- 
stances with J= ee Unfortunately, experiments 
with such substances cannot be performed in prac- 
tice. The point is that among the substances with 
J #0 and small Z, in which the quantities w, 
and A are comparable, there are no metals with 
I= Te, One might think that phosphorus and silver 
would be ‘‘accessible’’ and convenient objects of in- 
vestigation. True, both substances have J = '/, and 
differ greatly in their properties, silver being a 
metal and phosphorus not. In the case of phos- 
phorus, therefore, the investigated transitions will 
play an insignificant role,® owing to the small values 
of wk and Wp, whereas for silver they will play 
the predominant role. However, results of experi- 
ments with phosphorus and silver cannot be inter- 
preted uniquely. The reason is that in mesic nu- 
clei of silver, with un <0, the transitions will be 
from the state F=0 tothe state F=1. Conse- 
quently, in the case of phosphorus and silver, the 
experimentally expected precession curves will be- 
long to mesic nuclei which are only in the state 
F =1, and consequently the value of polarization 
will be the same. 

It becomes possible to observe the transitions if 
substances with J > ve are used and the precession 
frequency of the mesic nuclei is measured in the 
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experiment instead of the polarization. Actually, in 
this case the precession curve observed experi- 
mentally® in the absence of transitions will be com- 
plex, namely a superposition of spin precessions 
mesic nuclei in two hfs states with F # 0. In the 
presence of transitions the curve will be simple, 
corresponding to the spin precessions of mesic nu- 
clei in the lower state only. As is well known, !° 
at small values of the polarization P the preces- 
sion frequencies can be measured with greater ac- 
curacy than the values of P.'! In the method pro- 
posed above, it is best to use substances with equal 
values of J >, but with different signs of uN; 
such as lithium and beryllium. In the presence of 
transitions, such mesic nuclei, being in the lower 
state, will precess with different frequencies in 
spite of having equal values of J. It must be noted 
that the foregoing discussions hold only when wk 
and wp are sufficiently large compared with A and 
with the probability of the u—e decay. We are 
now carrying out experiments with such nuclei for 
the purpose of detecting the transitions. 

The author is grateful to Ho Tso-Hsiu, V. B. 
Belyaev, and B. N. Zakhar’ev for numerous dis- 
cussions and continuous interest in the work. 
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A formula is obtained for the polarization vector of the electrons emitted in the B decay of 
RaE nuclei whose spins are oriented in an external field. A region of possible values of the 
nuclear matrix elements is determined on the basis of the experimental data relating to the 
Shape of the spectrum and the longitudinal polarization of the B particles. These values are 
used to calculate the polarization of the 8 particles from oriented RaE. The dependence of 
the polarization on the assumed radius of the nucleus is considered. It is shown that the 
transverse polarization of the B particles is very sensitive to possible nonconservation of 


time parity. 


1. INTRODUCTION 


Tae 6 -decay transition of RaE is a first-for- 
bidden transition (17> — 0*). As is well known, in 
the overwhelming majority of cases the shape of 
the $-ray spectrum for first-forbidden transitions 


with Aj =1 is the same as for allowed transitions. 


The point here is that the factor that modifies the 
allowed shape of the spectrum consists of several 
terms, and those that depend on the energy are 
usually small in comparison with those that are 
proportional to the nuclear charge and do not de- 
pend on the energy. The spectrum of RaE is an 
exception to the general rule — its shape differs 
markedly from that of an allowed spectrum. To 
explain this anomaly, in earlier papers! a special 
assumption has been made about the values of the 
nuclear matrix elements of RaE. If these values 
are such that the large terms in the correction 
factor cancel each other, then the small terms 
which depend on the energy will play the dominant 
role and the shape of the spectrum will be differ- 
ent from the allowed shape. The matrix elements 
depend on the structure of the nucleus, and such a 
cancellation can occur only in exceptional cases. 
In connection with the unusual shape of the 
spectrum of RaE, Alikhanov, Eliseev, and Lyu- 
bimov? have supposed that the longitudinal polari- 
zation of the #-ray electrons is also anomalous 
and different from the value v/c. A theoretical 
treatment of this question has been given in a 
paper by Geshkenbein, Nemirovskaya, and Rudik,° 
who took into account the nonconservation of spa- 
tial parity in B decay and also the possible non- 
conservation of time parity. Alikhanov, Eliseev, 


and Lyubimov? have determined the longitudinal 
polarization of the B particles of RaE experi- 
mentally and have compared it with the predictions 
of the theory. This comparison has allowed a 
rather accurate determination of an upper limit 
on the possible nonconservation of time parity. 
Further improvement of this value involves not 
only experimental difficulties but also the neces- 
sity in the interpretation of the experiments of 
taking into account a number of corrections which 
are hard to estimate, since they depend on the 
structure of the nucleus. 

We shall show that the difficulties in the inter- 
pretation of the experiments can be avoided if we 
study the transverse polarization of the electrons 
emitted by oriented RaE nuclei. With conserva- 
tion of time parity the degree of polarization in the 
direction nx np does not exceed 2 percent. Here 
n=p/|p|, p being the momentum of the 6 par- 
ticle; np is the direction of dominant orientation 
of the nuclear spins. Within the accuracy of the 
existing experiments [arg(Cy/Ca) ~ 3°, see 
later discussion ], for nonconservation of time 
parity the degree of polarization reaches 45 per- 
cent. In addition we repeat the analysis of the ex- 
perimental data relating to the spectrum and lon- 
gitudinal polarization of the particles, with cor- 
rections included that were not dealt with in the 
previous papers. 


2. THE POLARIZATION OF THE 8-RAY 
ELECTRONS 


A general expression for the polarization of the 
B particles emitted by oriented nuclei in first-for- 
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bidden transitions has been obtained in reference 4. 
In the special case of a 1" — 0” transition the po- 
larization is given by the formula 


FC ={n [—a,v/c + a, (p> cos ® 


+ az <u?> P, (cos 9)] + nag <u>sind 
+ ny [aq <u> sin ® + as <u> sin 20)} Wan}, (1) 


Wan, = 1—by <p> cos ® —b,<u?» Ps (cos 9), (2) 


n,|| [nx no], Ne || [n,x nl, cos * = NN, 


(w>= >) poly), Hh = DS) (By? — 2) w(y). (3) 


u=—1 p=—1 


uw. is the projection of the spin of the nucleus on 
the axis ny; w(y) is the probability of a given 
value of pu; Wnn, is the angular distribution of 
the 6 particles emitted by the oriented RaE. The 
explicit form of the coefficients aj and bj is 
presented in Appendix I.* They depend on the en- 
ergy of the @ particle, on the £-decay interaction 
constants, and on two ratios of nuclear matrix 
elements x and y defined by 


y =e,\a/e,\ [oxr], 
sas Galt Cal. » it) 


a is, r/e,\ {oxrl, 
ey =|[Cy/?+|Cyl 


x and y are real quantities; Ca, CA, Cy, and 
Cy are the 6 -decay interaction constants. In the 
theory of the two-component neutrino Cy = Cy, 
Ca = C’a. We shall deal mainly with the case of 
the VA interaction, which is evidently confirmed 
by experiment, and shall show only at the end how 
to go over to the ST interaction. Yr, a, and 

o0xr are nuclear matrix elements of the B- 
decay transition. 

The spectrum of RaE is of the form 


N (E) dE = (G?/2n?) F (Z, E) pE (Ey — E)?C (E) dE, (5) 


where G is the Fermi interaction constant, 
F(Z, E) is the Fermi function, and C(E) is 
the correction factor for the spectrum. 

In the diagram the dashed curves show the 
region of spread of the experimental points C(E). 
The main inaccuracy is that associated with the 
determination of the limiting energy of the spec- 
trum:® 3.26 mce?< Ey < 3.32 mc?. The solid 
curves are the theoretical values for certain pos- 
sible values of x and y. 

The formulas of Appendices I and II have been 
used to calculate the coefficients aj and bj that 
appear in Eq. (1) for the values of x and y fitted 
in this way to the shape of the spectrum; the val- 


*The coefficients bj have been calculated independently 
of us by Geshkenbein, Nemirovskaya, and Rudik.® 
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ues of the coefficients so obtained are shown in 
Appendix III, Table I. Agreement cannot be ob- 
tained with values of x and y that differ much 
from those given in the tables. 

The finite size of the nucleus was taken into 
account in the calculation of the coefficients aj, bj. 


A uniform volume distribution of charge in the nucleus 


was assumed for two possible values of the nuclear ra- | 


dius, r9=1.2 and ry=1.5, where R= rae 

x 10718 em and A= 210 for RaE.* The limiting 
energy Ey of the spectrum was taken to be 3.26 
me, ap is the coefficient of the departure of the 
longitudinal polarization of the 6 particles of un- 
oriented RaE from the value v/c. Table II of 
Appendix III shows the experimental values of ay 
available at present from the data of various au- 
thors. 


3. DISCUSSION OF THE RESULTS 


An examination of the curves of C(E) and 
the values for a,j shows that the shape of the spec- 


£(é) 


f 2 mo) 

The dashed lines bound the region of the experimental 
values of the form factor C(E). The solid curves are calcu- 
lated for the following possible values of the parameters x 


andy: 1~x=1, y = 30.5, 1, = 1.2; 2-x=1y= PNT Sal. 


*In the approximation (®@Z)* < 1 a surface distribution of 
charge in the nucleus is equivalent to a volume distribution 
with the radius of the nucleus increased by 20 percent. This 
approximation is not valid for RaE (Z = 83), but nevertheless 
by increasing the radius of the nucleus and choosing new 
values of x and y that fit the shape of the spectrum we get 
a result corresponding to a distribution of charge in the nu- 
cleus that is close to a surface distribution with the original 
value of the radius of the nucleus. 


| 
| 
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trum and the size of the longitudinal polarization as 
observed experimentally can be best described with 
values of x in the range 0.67 —1 and correspond- 
ing values of y that depend on the radius of the 
nucleus. These values do not depart too far from 
those that have been obtained by other authors. 

The possible amount of nonconservation of time 
parity obtained by Geshkenbein and others? agrees 
with the results of our work. A change of the as- 
sumed nuclear radius has a marked effect on the 
quantities x and y, but we can always take val- 
ues of x and y that satisfy all the experimental 
data without resorting to the hypothesis of a con- 
siderable nonconservation of time parity. The in- 
accuracy associated with the determination of Ey 
affects the values of aj and bj mainly near the 
limit of the spectrum. For example, when we re- 
place E) = 3.26 by E) = 3.32 the value of ag at 
E = 3.0 decreases by 9 percent for x =0.2 and 
by 14 percent for x=1.2. At E= 2.0, however, 
the maximum change of ay for permissible val- 
ues of x does not exceed 3 percent. 

We see from the tables that the change of the 
longitudinal polarization is of the same order of 
magnitude as the transverse polarization in the 
direction [n xn)] xn. For conservation of time 
parity the transverse polarization in the direction 
nxn) is very small. For example, for E= 1.2 
the coefficient a3; is equal to 2 percent. 

It is a remarkable fact, however, that a3 de- 
pends sharply on a possible nonconservation of 
time parity. If we write Ca = aCyel?, then if 
the angle @ that gives the phase shift between 
the A and V interactions is 3° (which is within 
the limits of error of the existing experiments ), 
the coefficient a; reaches a value of 45 percent. 
Therefore we can recommend the study of the 
transverse polarization of the 6 ‘particles from 
oriented RaE as one of the most sensitive ways 
of testing the law of conservation of time parity. 

The polarization formula (1) is valid for nuclei 
oriented in any way (for example, by the method 
of Gorter and Rose). For nuclei aligned by the 
method of Bleaney or Pound there remain only the 
terms proportional to the quadrupole polarization 
of the nuclei. In this case the amount of longitudi- 
nal polarization will differ from that of unoriented 
RaE by not more than 15 percent. There can be 
a transverse polarization only in the direction 
[n xn)] xn. In the special case x= 0.5 the co- 
efficients a), a5, and by are equal to zero. Thus 
in this case with aligned nuclei there can be only 
a longitudinal polarization of the 6 particles, of 
an amount that agrees exactly with the polariza- 
tion of the 8 particles from unoriented RaE. 
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We can make an estimate of the corrections 
from the third degree of forbiddenness. Using an 
estimate for the matrix elements of the third order 
in forbiddenness that is clearly too high 


ey | ar /¢ text] PER? ey | a/e, \ (oxr] = (5) 9 (6) 


and keeping the largest term in the expression for 
the correction, we get 


_ a, C(E)+2|G(E, R)| Va; C(E) 


ae (7) 
C(E)+2|G(E, R)|VC(E) 


where the aj are the corrected values and the aj 
the original values of the coefficients in Eq. (1), 
and 


G(E, R) = ER ear? | fox). (8) 


The bj and bj are related in a similar way. 

It follows from Eqs. (7) and (8) that the third- 
forbidden terms make their largest contribution 
to the soft part of the B-ray spectrum. Their total 
contribution is small. At E=1.2 the coefficient 
ay is decreased by 2 percent. 

The writers are grateful to K. A. Ter-Martiro- 
syan, who informed them about earlier papers**? 
before their appearance in print and called atten- 
tion to the problem of RaE. 


APPENDIX I 
Analytical form of the functions aj, bj for the 
VA interaction: 
dy C (E) pE-! = x? [Byv (My + 2L; —= qNo 
+ gLo) —= gBvv No) + y?Bvv Lo + Baa(Mo +4 Ly 
+i qNot + gL) ++ Baa No 
+ 24 [Bva (No + 4 Lo) —Bva Nol 
+ 2x [Bv.a (Mo — Li) + $ va Nol 
+ 2xy [Bvv (No— = QLo) + Bw Nol, 


byC (E) = x? (Bvv [My — 2M + Ly 


2g (No — Ny)] 
— yy [My + +4 (No — N2))} + BaalMy + Mi +41, 


4 


+14(2No+ N)+h@ Li] 
+ BaalMs -+ +9 (2N 9 + No)] 

+ y*Bvv Lo + [8v.a(2No+ Ni 4 
+x [Bv.a (2M) — M, —Li — qN, 


2 gLy)— Bva (2No+No)] 


1 @?Lo) 


8 GM dN oN 


+ 2Qxy (Bvv (No — Ni —+ qLo)+ Bvv (Mo — No)], 


1098 AY Ze DOL GIN OW, 
dy C (E) = x18 vv (2M, +L, —4 ga) + Bvv (2M2 — 9) 
+ 8.4 a(2-L, —M, —+ gN,) — Baa (Me + + Gy) 


= Y(3va N, + 8ya Ny) + L iGo aM gN;) 
+ By 4 (3M, + + qN2)] + 2xy (Byy Ny -- Byv N,). 


We get C(E), by, and a, from ajC (E)pE™, 
ay, and bo, respectively, if in the latter expres- 
sions we make the replacements 


A : WY 7 i 
(Mz, Vie N;) Bri? —> iz? Dyg? > Myer, No 0. 


—(M,, L;, Nz), 
We get a, from a, by the replacements 
Me Mie in TN Ny Lye Ole 
M,>—+M,, Ni >—2M, 

M,—> —=+ Mz and :J,>— +N). 


We get as from ‘4a, by the replacements 


M, > M,, Ny = = Ni, N, > >Ny 
M,->= M; and L’ _, 0. 


We get a3 from by by the replacements 


ee 
ee, Lye eh, NaN, 


Ee ea 
—>8iy-and i> — Bie 

ai = Re (C; Cy + C; Cz) /&; 87, 

oes? = Im (C; Cy + C; Cy) / & sy, 

Bir = Re(C; Cr + C; C;) / 8; ey, 

Biz = Im (Cy C;: + C; C;) if Sz &’, 


, , , 
2 2 2 ew a aes 
a oe ts C; » i= IU CG) —— gp = 0. 


For the case of the ST interaction we must 
make the following replacements in the formulas 
presented above: in fjj/ and jj replace indi- 
ces A—T; inthe terms in x’, x, and 1 re- 
place V—S; inthe terms in y’, xy, and y re- 
place V—T; alsoreplace a,—-—a,, by — —by, 
q—-q, and let 

X= 18, \ or / &, \ Sores y= ( oa i \ 3 [oxr]. 


a 


APPENDIX II 


Values of the functions Mj, Lj, etc., as func- 
tions of the energy of the B£ particle and the ra- 
dius of the nucleus, as found for a volume charge 
distribution in the nucleus: 


and iIN;-P2 POPOV 


om 


“Re anal 
Ny = — a2 {[0.92(W —1)— )— | ay, 
sn) 
M,= : OE Vania [0. 95 x2 — er W + (FR) | Gi), 1f,Q,,,_ 4), COS Obs 
— er Gs),1/, A1/,—1/, COS 5g, is = a Qs/,1/,@r/,1/, COS 64, 
Nae — ip — =. (0. 90W — aan) Oy Gli, ip COBDS. 
N= pone As, 1/, Ar),—1/, SiN So, 


~ 3EpF 


ae ND 4 1/, Qs7, 1/ a 
Mae Sep sore 94(W — 1) Fag | Biss rn), C08 : 
3aZ 
10R 


1.837 ot 
FoF (ay, —1/, As/, 1/, COS 05 —- Q1/, 1/5 as), ==}, cos om ae 


be [0.94 (W+1)— [avers 1/, @/, 1), COS af, 


N,=— 2 
We get Mj and Nj from M, and Ny, respec- 
tively, if we pate 3/2,1/2 bY a3/2,-1/2 and con- 
versely, and take 6¢ instead of 6; 4. M>, No, Mo 
and Nj differ from My,, Ny, Mj, and Nip bes 
spectively, by replacement of cos 6j by sin ie 
We get My, Ly, No ‘om My, Lo, No by the 
replacement ajyp 4/2 > —ajy2 1/2, and we get My, 
N; from My, N, by replacing cos 65 by —cos do. 


iN 9 iN 2 gt > 
55 => 01/,1/, =— Ons 1/,5 64 =— 03/7 5 ee Os/,— =1/)) 0g = 01/,1/, — Os/, 1/55 


3 aZ 2 as 


83 = O,> 1], — 63/,51/,, == os 73 ; 


p? = EB =ig Eyes 

ajx and 6j, are tabulated in the work of Sliv and 
Volchok' for rp =1.2 and r,=1.5. F is the 
Fermi function, which is tabulated in the work of 
Dzhelepov and Zyryanova.® If we neglect the change 
of the electron wave function inside the nucleus, Mp, 
Ly, Ly, and Ny coincide with the functions deter- 
mined by Konopinski and Uhlenbeck.? Corrected 

for the finite size of the nucleus, but for different 
values of Z, these functions have been tabulated 

in reference 8. 


APPENDIX III 


The values of aj and bj in Table I are calcu- 
lated for rp = 1.2. A change of rp can be com- 
pensated by a suitable change of y. The values of 
y obtained from the data on the shape of the B -ray 
spectrum for ry)=1.2 and ry=1.5 are given in 
Table III. It was found that the quantities a; and 
bj calculated with these values of y were prac- 
tically identical for the two values of ro, being a 
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TABLE I. Calculated values of the coefficients aj and bj 


\E 1,2 1,5 2,0 3,0 1,2 1,5 2,0 3,0 
AG a, by 
0.2 0.84 0.85 0.86 0.89 0.41 0,44 0,68 0.64 
0.5 0,80 0,82 0.81 0.84 0,38 0.39 0,64 0,70 
0.67 0.78 0,80 0.79 0.84 0.35 0,35 0.63 0.74 
1.0 0.74 0.76 0,74 0.75 0.30 0.28 0.59 0.75 
1.2 0.72 0.74 0.70 0.74 0.28 0.18 0.54 0,74 
ay a 
0.2 0,93 0,82 0,89 0.85 0.37 ().58 0.65 0.93 
0.5 0,89 0.78 0.89 0.98 0.17 0.50 0,65 1.04 
0.67 0.86 0.74 0.93 4,05 0.02 0.60 0.66 1,06 
1.0 0.76 0.69 0.89 4.07 || —0.40 0.63 0.70 4.08 
4,2 0.70 0.55 0.87 L085 7 =-0).58 0.42 0.64 4.44 
hy a 
O22) 0702010 4 0,026 0.057 0,148 0.016 {| 0.035 | 0.069) 0.167 
1.0 0,040. | —0.029 }—0.062 |=0.124 || —0,027 | —0,047 | —0.089 |—0. 175 
A —0.014 }—0.035 |—0.071 |—0.103 |] —0,028 | —0.062 | —0.112 | —0.181 
a5 
0,2 0.016 0.031 0.056 0,122 
1.0 = (O02 0 0020084 =e 0220 
TABLE II. Experimental values of ag 2 Alikhanov, Eliseev, and Lyubimov, JETP 35, 
1061 (1958), Soviet Phys. JETP 8, 740 (1959). 
E a, E a, 3 Geshkenbein, Nemirovskaya, and Rudik, JETP 
36, 517 (1959), Soviet Phys. JETP 9, 360 (1959). 
1.23 0.69+0.04 [2°] 4.57 0.66=0.06 [?°] 4A, Die Dolginov, Nuclear Phys. 5, By (1958). 
41.24 0.733+0.06 [?] 1.76 0.725+0.06 |?] A. Z. Dolginov and N. P. Popov, JETP 36, 529 
4530 0.75+0.04 |] Pa PRs) 0.69+0,10 [77] i 
4.41 0.75+0.04 [2°] (1959), Soviet Phys. JETP 9, 368 (1959). 
5 Geshkenbein, Nemirovskaya, and Rudik, 
TABLE IJ Nuclear Phys. 13, 60 (1959). 
6. A. Plassmann and L. M. Langer, Phys. Rev. 
eg Z 96, 1593 (1954). 
pata Wires 'L. A. Sliv and B. A. Volchok, Ta6amnp1 
= KYJOHOB CKMX (a3 M AMNAMTYA C YYeTOM KOHEUHbIX 
oe ee 0 pasMepos sgpa. (Tables of Coulomb Phase Shifts 
0.67 25.9 21°4 and Amplitudes, Corrected for the Finite Size of 
aes oe os the Nucleus), U.S.S.R. Acad. Sci. Press, Moscow- 
: Leningrad, 1956. 
TABLE IV 8B. S. Dzhelepov and L. N. Zyryanova, Bansaxue 
oar 9Ne€KTpAYeCKOrO Nos aTOMa Ha GeTa-pacnag. ( Effect 
7 4,2 4,5 2, 3,0 of the Electric Field of the Atom on Beta Decay), 
U.S.S.R. Acad. Sci. Press, Moscow-Leningrad, 
0.2 | 0.84] 0.85 | 0.85 | 0.83 1956. 
0.5 0.80 | 0.81 | 0.84 | 0.75 9 ; b 
0.67 | 0.78 | 0.79 | 0.78 | 0.69 E. J. Konopinski and G. E. Uhlenbeck, Phys. 
4.0 OTE VHONTSS | 0572180260 
1.2 10.711 0.71 | 0.68 | 0.55 Rev. 60, 308 (1941). 


bit different only at the limit of the spectrum. 
As an example, values of ay for ry=1.5 are 
shown in Table IV. 


1M. Yamada, Progr. Theoret. Phys. 10, 252 
(1953). Fujita, Yamada, Matumoto, and Nakamura, 
Progr. Theoret. Phys. 20, 287 (1958). 


10 Wegener, Bienlein, and Issendorff, Phys. Rev. 
Letters 1, 460 (1958). 

a Geiger, Ewan, Graham, and MacKenzie, Phys. 
Rev. 112, 1684 (1958). 
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A method for the calculation of the phase shifts of particles in a centrally symmetric potential 
field is proposed. The case where the phase shift can be expressed in the form of a series in 
powers of a constant characterizing the dimensions of the potential well is considered. 


ie is well known, the problem of the scattering 
of particles in a centrally symmetric potential 
field reduces to solving an equation of the type 


du / dx? + [k?+ W(x) + U(x)l u(x) =0 (1) 


with the conditions 
(0) = 0, <g> sin (kx -- 8x) 9). 


Here we assume that W(x) is a function of x 
for which [with U(x) = 0] the two independent 


solutions with the asymptotic behavior! 
Vi as= Sin (kx + 6 (x)), V2 as COS (RX + 8 (x)) 


are known. An example of such a function is 


WA 4) = — 11 + 1) x9? —2akx-t: 
in this case 
8 (x) = —<+ al + argl (1+ 1+ ia) —a In Qkx. 


Problems of such a type with a complex poten- ° 


tial occur, in particular, in the nuclear optical 
model calculations. For small k this involves 
complicated numerical computations.?»? A gen- 
eral method of solving these problems was de- 
veloped by Nemirovski .4 Below we shall pro- 
pose a different method in which the phase 7 
is sought in the form of a power series in Up 
[U (x) =U) f(x)]. The method can be applied 
successfully in the region of intermediate and 
high energies. 

We shall seek the solution of Eq. (1) in the 


form 
i ()=stl—D (x12 (x) cos\ @ (x')dx’ 


x 


+ vy (x) sin dx, (2) 


Assuming D(~) =0 and @(“) =0, we 
obtain = 


Substituting expression (2) in Eq. 1 and set- 
ting the coefficients of the sine and cosine equal 
to zero, we obtain, after some transformation, 
equations for the determination of D and #6: 
D’—B’B1D’ + 8? [(l —D)-* + D— 1] =U (x) (1 —D), 

®-= 8{(1—Dy?— Il, (3) 

where 6 =k(vi +v3)7!. With W(x) =-1(1 
aF Tene we have for 1=0,1 


3 = 3x2 (Par Rex?) 2, 


Equation (3) can be written in the integral form 


x 


D (x) =| K (x, #) {U (x) 1 —D (x'))— B(x IUD (x)= 
Bee \— hae 

K (x, x’) = sin(2 24 9 ox) dn dx,) 3-1 (x'), (4) 
|D(x)| «1, (1-—D)~* can be expanded into 


a series in powers of D: 


+ 1) (n + 2) D" (x). 


In first approximation we obtain 
Di(x)= \ K (x, x’) U (x) dx’. 


If |D,(x)| «1, we can seek D(x) in the form 
of a power series in Up: 


D(x) = >) Dn (x). (5) 
it ; 
Introducing the recurrence relations 
n—m-+-1 
Dy = Dy, Dam = > DDn—q, m1 
(il 


(Dym is proportional to Uf), we obtain equa- 
tions for the determination of the Dy (x) (n>1):_ 
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x 


Da(s}=—\ K(x, x’) {U(®)Dna () 


foe) 


4 B(x) DS (m+) (m+-2) Dam (x1) de 


m=2 


@(x) can also be expressed in the form of a 
power series in Up: 


D785) tn 511) Din (2). (6) 


n=1m=1 
If the series (6) converges in the interval (0, ~) 
we have 


ree \e (x) yr (m +-1) Dam (x) dex. 
’ es 
For a potential well of the form U(x) = Uje* 


we find 


Uy (Pa 1002) a2 


a) 4: (Up 4k)? (4 4K S tS 


Dey = 


Thus we obtain for Up = 2, k? = 1, which corre- 
sponds to the scattering of a neutron with energy 
20.5 Mev by a potential well of depth 41 Mev 
which decreases by the factor e~! at the dist- 
ance 10718 cm, 

I(x) = 0.4 e-* —.0.22e** +-.0.06585e-** — 0.0033 1e—* 


— 0.00244e-** — 0,00053e-** + 0.00046 e-* + ..., 
7 = 0.8000 + 0.0200 — 0.0468 +- 0.0005 ++ 0.0078 — 0.0003 
— 0.0016 + ... = 0.780. 
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For larger k the convergence is faster; in 
the region of small k, on the other hand, D(x) 
can be obtained in the form (5) only in some in- 
terval (xX, ©), if we use the above-mentioned 
form of the potential well. Beyond that the prob- 
lem must be solved numerically. 

If U(x) =const for x <a, we can use the 
method of joining of the wave functions. In this 
case we seek u(x) for x >a in the form 
u(x) = [1—D (x) (¥, cos (to -} ire ade ) 


a 


+ vy sin (ro = \ ® (x’) dx’) ; 


Np) is determined by the boundary conditions at 
xX=a. 
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750 (1958), Soviet Phys. JETP 8, 521 (1959). 

4D. E. Nemirovskii, JETP 30, 551 (1956), 
Soviet Phys. JETP 3, 484 (1956). 
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The dipole moment p of a hydrogen atom in the ground state, induced by a positive charge e, 
is considered as a function of the distance between the charge and the atomic nucleus (Fig. 2). 
The proton and the hydrogen atom in this state do not form a stable system. The stability of 
the proton-electron-positron quasimolecule is investigated with the aid of the solution thus 


obtained. 


1. THE HYDROGEN ATOM IN THE FIELD OF A 
POINT CHARGE e 


The appearance of a dipole moment in the hydro- 
gen atom is considered by us as a problem involv- 
ing the motion of an electron in the field of two 
fixed positive charges e. Let the nucleus of the 
hydrogen atom a be fixed at the origin of the co- 
ordinate system, and let the charge e be ata 
point b adistance R along the z axis. We denote 
by rq and rp the respective distances from the 
electron to these points. It is now necessary to 
find a solution of the Schrodinger equation with 
potential 


U, = — e*/rg — e?/rp, 


which corresponds to the ground state of the hydro- 
gen atom polarized by a charge e located at a dis- 
tance R from it. 

The given problem is solved by the same meth- 
ods used for the well-known problem of two centers 
in the case of the hydrogen molecule. Only the 
boundary conditions change for R— ©; whereas 
the wave function of the ionized molecule of hydro- 
gen changes, as R—»o, into a symmetric com- 
bination of hydrogen atoms at the points a and b, 
in our case the wave function goes over into a hy- 
drogen atom with the nucleus at the point a. If we 
introduce the elliptic coordinates 


Go = (ra + 1) /R, No = (Ta — To) /R, (1) 


then we can separate the variables in the Schréd- 
inger equation with potential U,: 


W (ra, To). = X (Eo),Y (np); (2) 
d 2 eS 262 9DE 
He | — 1)-Ge_-| +1 f+ 2RE+ AJX =0, (2a) 


d dY 
a |b — 1) | + [ag + AlY =0, 


(2b) 


where (1=RV|E|/2, while A denotes the sepa- 
ration constant.! 

Here and below, the energy E is expressed in 
Rydbergs (1 Ry = e*/2a,)), the distance R in Bohr 
radii, a), and the electron charge e is set equal 
to unity. 

Let us fix the boundary conditions as R—o. 
If the electron remains with the charge a, then 
upon removal of the point b to infinity along the 
z axis, the elliptical coordinates of (1) go over 
into parabolic coordinates 


Ey —>p/R == il, 


|%—> WR —1, 


where ft =Yfa-—Zq, V=Ygt Zg. Equations (2a) 

and (2b) transform into the equations for a hydro- 

gen atom at the point a in parabolic coordinates. 

In order that the solution © = X(yw)Y(v), corre- 

sponding to the ground state of the hydrogen atom, 

exist for Ro, it is necessary to require that 
lim E(R) =—1 or lim MR) == R/2- 


Roc 
a A(R) =|E|R7/4—R 
=M—20+6)+04/K+6../ 2+ Age 


Then we get the limiting values for the functions 
X and Y at large R: 


X (&) = Ci (R) e~*, —-¥ (q) = Cx(R)e~?™, (8) 


i.e., W transforms into the function of an isolated 
hydrogen atom: 


lim (55, %) = e-*Gr mn) = @ "2 
R-0o 


For R—0, Eqs. (2) go over into the equation 
of a helium atom in spherical coordinates,! while 
the parameter A takes on one of the values A 
= —I(1+1). For the ground state 1=0, we have © 
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A(0)=0. Such a definition of the limits for R 
equal to © and 0 is based on the well-known 
theorem that, for an adiabatic change of the pa- 
rameters of the system (R changes from ~ to 
zero), the number of its quantum state ( energy 
level) does not change. 

We now turn to Eqs. (2), which we shall solve 
under the boundary conditions (3). Both Eqs. (2a) 
and (2b) have the same characteristic equation 
relative to the singular points +1 and —1, one 
multiple root of which is p = 0. Consequently, for 
example at the point +1, each equation has one 
finite solution and one that is logarithmically di- 
vergent. The boundary conditions at the other 
point in each of the equations are different: X (£)) 
is bounded in the region 1 =<£&)< « and Y (No) 
in the region —1 <7 <+1. The usual method of 
solution of Eqs. (2) is the following: initially, for 
a given A, one finds a value of the parameter 
A(A) for which the mentioned solution Y (No) 
exists [we note that Eq. (2b) does not depend ex- 
plicitly on R]. When the parameter A is found 
as a function of A, it is substituted in Eq. (2a), 
and then such an R is sought for which the solu- 
tion X(é)) exists, bounded in the region 1 < &) 
=~. The energy is then determined from the 
condition A? = — ER2/4. 

Whereas only even or odd solutions of Eq. (2b) 
are obtained in the problem of the hydrogen mole- 
cule, Y(m)) in our case has no symmetry with 
respect to 7). Therefore it is necessary to use 
the method of solution of the spheroidal equation 
(2b), developed by Wilson? for the general case. 
For this purpose, we make the substitution 


¥ (qq) = e-Y (no); p= A—2(242) 


in Eq. (2b). A solution that is finite at the point 
x= 0 (my) =+1) is sought in the form ofa series 


C= ps1, 


y (x) = > Dsge 
m=0 


which leads to the recurrence relation 
Om, = — Um (u, h, m) am + Um (u, K, m) Am—1e (4) 


The eigenvalue p is then determined from the con- 
dition that the solution must be finite at the other 
singular point x =—-2 (m=-1). 

The coefficients ay, are determined from the 
infinite set of linear homogeneous equations (4), 
so that the vanishing of the determinant is neces- 
sary. It has been shown®” that the condition of the 
vanishing of the infinite determinant of the system 
(4) is equivalent to the vanishing of the following 
infinite continued fraction: 
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0=u, 4 2) ; (5) 


uy 
v3 
a lee 
eg nies 


The elements of the continued fraction uy, and vp, 
are the coefficients of the system of equations (4), 
while uy = 4/2. Wilson® proposed to find the values 
of wi(A) for which the solutions Y(n)) exist, 
bounded at the point n) =—-—1, as roots of Eq. (5). 
This is possible only in the case of the convergence 
of the infinite continued fraction (5). The fraction 
converges*’® in the case when just those roots of 
Mj(A) of the equation A(1, Uy, —Vm) = 0 which 
correspond to the indicated solutions Y(n)) are 
substituted in the functions uy,(u,A, m) and 
Vm(u, A, m). 

We shall seek the root (A) which vanishes 
for A =0. It corresponds to a state with the low- 
est energy level.! In the case of small A, we can 
find for it a power series in A’ by making use of 
the method of successive approximations suggested 
by Wilson:? 


p= — 2h : + aa MA... 
Then the following series holds for A(A) in the 
case of small 2d: 

4 43 4a 


AN) ee eee tog eg tae (6) 


For A—0, the function A(A) coincides with the 
same parameter for the hydrogen molecule;? there, 
the series contains only even powers of A, and the 
first term is 2/3. 

The values of the root (A) for large > are 
found from the finite continued fraction made up 
of the first few elements uy and vy. Their 
number is larger the larger the value of ». To 
calculate the continued fraction, it is convenient 
to use the results set forth in the monograph by 
Perron;'‘ the fraction (5) is classified as “limiting 
periodic.” 

After finding the values of A for a number of 
values of A, we find the value of R for each pair 
of numbers A and A as eigenvalues of (2a). Tel- 
ler! suggested a variational principle for this prob- 
lem, in which the test function X (é)) = exp (—Aéq) 
is a sufficiently good approximation. In the prob- 
lem for the conditional extremum 


co 0 
é6/ = 5 \ ((& Pah Cee (265 — A) X*} dé,, | 26 Xf = | 
1 


1 


the quantity R is a Lagrange multiplier, which is 
found from the condition 
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eo | [\ DEX. deo, : 
It is useful to write the wave function Y(7)) in 
the form 
Y (%) Se P™ (Gy + ayy + Gaye es ) Se, 
where y(R) =A(R) -— 6(R), limR—-w 6 = 0. 
Then y(R) is determined from the condition of 
the minimum of the functional 
a 
S (1) = \ (8-1) ¥? + Oy — AY?) dp. 


= 


Since A(A) is already determined, this is a 
problem of an absolute extremum. For large i, 
the derivative dS/dy vanishes if A=A?- 2A +1 
(here, y=A). The condition 6S =0 is satisfied 
for small A also, if A(A) is taken from the 
series (6). Such a simplified expression 


W (fo, Mo) = EXP (— Eo — Y%o) 


is similar to the wave function of the ionized hy- 
drogen molecule obtained by Guillemin and Zener, 
also from a variational principle. For large R, it 
is convenient to write it in the form W = ef@e%N, 
The result is that the spherically symmetric elec- 
tron shell of the hydrogen atom is somewhat elon- 
gated in the direction of large mp, i.e., toward the 
charge +e. 
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The solid line in Fig. 1 gives the curve of the 
electron energy E = —4A?/R? combined with the 
energy of separation of the charge e from the 
nucleus of the atom, i.e., the energy E+2/R. The 
resultant curve does not form a deep potential 
well; its maximum depth of 0.03 is reached for 
R=4; the system goes over into the much deeper 
level of the hydrogen molecule only if the proton 
is entirely removed from the atom. 

In order to find the dipole moment of the hydro- 
gen atom induced by the charge e, we write down 
the normalized function %. Here it is convenient 
to use the coordinates 


=k tare, = NR =fa—To (7) 
and introduce the notation used in reference 5: 
C= 2G; B27 iy le 
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Normalization of the wave function depends on R: 
W (En) =C(R)F(R,§ %), 
F(R, & 1) = exp (— a /2 — 81/2). (8) 
The condition of normalization in the coordinates 
(7) has the form 


4. 2C2(R) J (R) = 1, 


The function J(R) increases monotonically from 
J(0)=4 to J(©)=4. Then Eq. (9) determines 
the normalizing factor C(R). The dipole moment 
of the hydrogen atom in the state (8) is determined 
as 


—p= ae \\ re cos 6 (&? — ) f? dE dy, 
where @ is the angle between rg and R. Inte- 
grating over dé and dy, we get the dipole mo- 
ment p(R) as a function of the distance between 
the charge e and the nucleus of the atom. From 
the graph of p(R) in Fig. 2, it is seen that this 
dipole moment is a short-range effect. In Fig. 1, 
the broken line shows the energy of interaction of 
the dipole p and the charge e, equal to 2p/R?. 
Beginning with R=4, this energy is very close 
to the curve E+ 2/R. 


2. STABILITY OF THE PROTON-ELECTRON- 
POSITRON QUASIMOLECULE 


By using the given solution, we shall try to find 
such a state of the proton, electron and positron 
system (pe e” ), which should dissociate into a 
positron and a hydrogen atom. For this purpose, 
we use the variational method employed earlier 
by the author® for the calculation of such a state 
of the system (pe e*), which dissociates into a 
proton and a positronium atom: p+ (e*e’). Here 
also, the system is treated in the adiabatic approx- 
imation, with a fixed positron, but now its state is 
determined by the wave function (8), and not by the 
function of the hydrogen molecule. We seek a 
wave function of the system (pe ~e*) in the form 


! 


O(n, & n) = OW)F(r, & 1), 


where F(r, &, 1) corresponds to the function 
w(é, 7), which is determined by means of (8), 


(10) 


-p 
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only the parameter R is replaced by the vari- 
able r — the coordinate of the positron. The 
function F(r, é, n) is normalized to unity in the 
coordinates &, n, as is shown in (9). The wave 
function of the positron, ®(r), remains arbi- 
trary; its value must be determined from the con- 
dition of the minimum of the functional 


ferte. k tag Cape may lhs 1S 
\L T5531); or” o£ ’ an F) 22 bi 


where the Lagrangian function of the system 
(pe-e* ) and the element of volume dr in the 
coordinates r, é, n are given in reference 6. 
Substituting the function (10) in this integral, and 
integrating over the coordinates and n, we 
arrive at the isoperimetric variational problem 


iS =o a ar, | Br? dr = | 
é : 0 (11) 


by the same means as previously.® Here, the po- 
tential U(r) isa function of r, expressed both 
directly interms of r andalsoby a(r) and 
B(x); 
Def P62 = 2a8\ da Oy dB. “ON? 
Yin) = (= te 4 4 Ard . Ou ) (rJ) 
Med yo eo ed 1 \ (a2 —82 : 
(ay 7m - TT ap 1G aK 2) pine 


20 
a—Bfda/r , 3r 3 r cy ose 
i= 4 Ee ( | Si 78). 28, B 2 


a a2 as 


x (cosh pr— on) a8 = (r 2 


B 
S, sinh$r r Emi pS 6 lil 
x (cosh 8r— Br ) (= ) sinh Prt. 
The function J(R) is determined by Eq. (9). For 
r—0, the potential U(r) increases according 
to Coulomb’s law. Taking it into account that 
a(«o)=6(©)=1, we find the limit at infinity: 
limU =—l, 


t>0co 


teward which U(r) tends according to the expo- 
r 


nential law re™ 
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The variational problem (11) corresponds to 
the Schrédinger equation with the potential energy 
(12), and its Lagrangian multiplier corresponds 
to the eigenvalue of the energy En. The potential 
(12) is plotted in Fig. 3 (curve 1). The maximum 
depth of U(r) is equal to —1.05 and is reached 
at r=4. However, the “free energy” amounts to 
— 0.05. In the same drawing, we have plotted the 
curve (term) for the state of the system (pe ™p* ) 
which we found earlier (curve 2), which dissoci- 
ates into a proton and a positronium atom.® This 
curve has the limit —-3 for r— ~~, anda depth 
of the potential well equal to —0.26. The depth 
of the potential well, —0.05, of the new term (12) 
is insufficient for the existence of stationary 
states of positronium. All attempts at changing 
a(r) and B(r) arbitrarily (variation) have 
failed to make any appreciable increase in this 
depth. Therefore, although the application of the 
variational principle still does not prove the ab- 
sence of stationary states, it is nevertheless very 
probable that there are none. The positron could 
be kept in the potential well (12) if its mass were 
four times greater. In order to find the energy 
of the system (pe e”), Ore!’ took the wave func- 
tion of the ionized hydrogen molecule Hj, and 
then decreased the mass of one of its protons. 

By a variational method, he found that this system 
would exist had the mass of the proton amounted 
to 4.5m (m=mass of electron). The results ob- 
tained by us furnish a basis for assuming that this 
result of Ore is final. Thus, it is necessary to re- 
gard the lowest state of the system (pe e*) as 
the state found earlier’ with energy E = — 0.563. 
This state is stable, inasmuch as the new term 
(12) does not overlap the first, i.e., there is no 
predissociation. 

In conclusion, the author expresses his deep 
gratitude to his supervisor, Prof. A. A. Sokolov, 
and also to Prof. V. I. Gol’danskil. 
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Quantum and exchange corrections to the energy and the chemical potential of the Thomas- 
Fermi atom are derived and numerical calculations of thermodynamical functions for a cold 
atom are presented. The extrapolation of the model into the region of normal densities is 
considered. The calculations are compared with the experimental data. 


1. INTRODUCTION 


Ong of the models used for the description of 
the behavior of matter at high temperatures and 
pressures is the statistical Thomas-Fermi model 
of the atom (abbreviated TF model ),!»2 which is 
the quasi-classical approximation to the method of 
the self-consistent field. The inclusion of exchange 
effects in the Thomas-Fermi-Dirac (TFD model)!3 
represents a refinement of this approximation. 
However, the TFD model is not consistent, since 
here the exchange effects are computed exactly 
within a quasi-classical framework, i.e., one con- 
siders the exchange effects of all orders, but neg- 
lects the quantum corrections. The more rigorous 
treatment of the quantum effects with the help of 
the Weizsiacker equation*»® involves considerable 
methodological difficulties and leads to arduous 
numerical calculations. 

The TF model with quantum and exchange cor- 
rections (abbreviated TFC model) has been con- 
sidered by a number of authors.*-® In the present 
paper we calculate corrections to the potential, 
the energy, and the chemical potential of the atom 
within the framework of this model and present 
the numerical results of these calculations for 
the compressed atom at zero absolute tempera- 
ture. 


2. THE ATOM AT ARBITRARY TEMPERATURES 


The operator corresponding to the single par- 
ticle density matrix for a nondegenerate Fermi 
gas has the form 


p(t, p) = 2(2nh) [1 +exp((A—p)/kT}, (1) 


where H is the Hamiltonian of the electron in the 
Hartree-Fock field. The magnitude of the chemi- 
cal potential is determined by the total energy 
of the system, which, according to the self-con- 


sistent field approximation, is equal to 


[es \ Hed j= 5) (0s) o(r2) \ty—fa[2drydr2, (2) 


Kirzhnits® has shown that expression (1) satisfies 
the system of TFD equations written in operator 
form 

Ag (r) = — 4nZed(r) + 4ne\ 6 (#1) dp, 


H = p?/2m — eg (r) — 2nhe? \o (A) ip—p'i?dp’. (3) 


The zeroth approximation to this system is, of 
course, the TF equation.* Using the rules for 
the computation of a function of a sum of noncom- 
muting arguments, we can expand Eqs. (1) to 

(3) in powers ot n“ (see references 5 to 7) and 
obtain corrections of arbitrary order to the equa- 
tions of the TF model. 

We shall denote the quantum and exchange cor- 
rections of first order by the symbols 6; and 6., 
respectively. We introduce the dimensionless po- 
tential function of the TF model and the quantum 
and exchange corrections to it:T 


E(r) = lep(r) + pV/eT, 
8:6 (r) = led; + 6,2] / kT 


= (¢/ 3x V 2agkT) [Ty, (2) 817 + u; (r)]. (4) 


The corrections to the potential satisfy the follow- 
ing equation and boundary conditions:® 

Au; (t) —V 82kT | x76%a? I), (6) uz (r) = V 32kT / ea Y; (8), 
(du; / dr)-—,, = 0. (5) 


Here we use the following notation for the Dirac 
functions and their combinations: 


(rls) r—o — 0, 


*Not the TFD equation, since the exchange term in the 
Hamiltonian is itself a correction of order fi2. 

tHere 6,; is the Kronecker symbol, which separates out 
the quantum correction, 
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co 


Te oe xPdx 


) i exp (x—€&)’ 


wO=6 \ [L), (x) 2 dx. 


Since we assume that the potential vanishes at 
the boundary of the atom in any approximation, it 
follows from (4) that the corrections to the chemi- 
cal potential of the atom and to the potential of the 
self-consistent field have the form 


Ojt SS, <y cr 2a, (I, AG (75) One ae Uy (To)}, (6) 


YO =1,6 5,0), 


= VRT/2a, mee ry yo (7) 


The Bt an of the correction to the energy 
leads to a divergent volume integral: as is known, 
one cannot compute the quantum correction of 
Weizsdcker with the help of the quasi-classical 
electron density. However, the divergence is re- 
lated to the region near the nucleus which is not 
affected by the external conditions (temperature 
and pressure). The divergent terms therefore 
cancel out in the calculation of the difference of 
the energies of the atom under different external 
conditions. The remaining finite expression rep- 
resents the correction to the energy of excitation 
of the atom and has the following form: 


Da, Sia (8 (r)) 83; 


' 3x \ea 


es sles) E ly Ope Y, (8) |r 3 2D), (8) 


where C(Z) is chosen such that the energy of 
the unexcited atom is zero. This still leaves the 
correction to the binding energy of the atom unde- 
termined. 

In the region where the electron density is 
nearly uniform we can obtain® explicit expressions 
for the thermodynamical quantities in terms of the 
boundary conditions. Denoting the correction due 
to the non-uniformity by the symbol dy, we find 
for the energy of the uniform distribution and the 
correction to it: 


13h a ZRT Ie, (&) if Is), (20), 
Sore eine , 
8,£ = — (Ze! 3a) VET 12a, | 5 Ys (2) | Fy, (E) 
=; (8) / hy.) (9) 
where £ ) is determined by the equation 


(QRT/ C7a,) *Taj( 65) i) 200". 


3 re Fe 
&,E = —3V 36nZ%e? / 10V", 


AV (9a) 


3. THE COLD ATOM 


For the description of the compressed atom at 
zero absolute temperature we go to the limit T — 0 
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in Eqs. (5) to (8) (for 4 > 0), using the asymptotic 
Dirac functions: 


(QE k+l), Vi B, 


Wi oe LOR ces co, (10) 


Since the asymptotic functions Wj of (10) differ 
only by numerical factors, the quantum and ex- 
change corrections also differ only by the numer- 
ical factor / at absolute zero. For simplicity 
we shall consider in the following only the sum of 
the quantum and exchange corrections of first order. 
For a complete description of the TFC model we 
must use the equations of the TF model!»? and the 
expression for the corrections to the pressure.® 
For convenience of calculation we make the follow- 
ing change of coordinates: 


x=! fo, D(x)/x=E(r)/E(r), 
p(x) / x = uy (1) / U7 (79) (11) 


and go to the limit as above. The equations and 
boundary conditions for the dimensionless poten- 
tial then take the form 


©" (x) = ab” (x)/V x, O(1) =O’ (1) =1 
D(0) = ©, = Ze?/ rm, 

wut tare [xP (x) = Bb (x 

(1) = $C) =1, $0) = 9, 


where 


(12) 


a = rou /e(xa,)"*, 
B= lla Vp/RT / [ur (ro) + ue (ro)], % = (9n?/ 128)”. 


Transforming expression (8) with the help of equa- 
tions analogous to the virial theorem in the TF 
model, we obtain the following expressions for the 
thermodynamical quantities and the corrections 

to them: 


pie An (*ao)8 2 rae 2/ 

Va aD, 4 = (a})- 

P ‘Is, 
Zs ie (%ao) vi (4D ve 

ee Syn ae mS ae 

Zils ~~ Kao oo Gi O° stp Oy a ? 

6 41a 

eons tf ae 

7h a (ao) li +5 


oP 11e 


ih irene O 


2 SZ a 
— a 1 5) 
Zils 64nx5a5 (2Do) L 2 8 


oe (13) 
CH 32x%2a9 
where C, and 6C. are chosen such that the en- 
ergy and its correction become zero for an infi- 
nite atom. The potential and its correction are 
obtained from the formulas 
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ee 
Re stl —ZhsP, ZO VsE, —Z SE, Zz */su, —Z su, 
2. A ee dyne/cm? | erg/atom erg/atom erg/atom erg/atom 
.21078 (—8) |.30412 (20) |.55306 (18)).93547 (—8) 33829 (—9) |.16304 (—7) .40323 (—9) 
. 16483 a) .95892 is} .35577 (17)|.22487 . 16484 .40907 (—8) er 
.62812 99762 (17) |.59598 (16)|.86759 (—9) . 10162 .16545 Poe ‘ 
24391 (—1) |.98523 (16) |.96937 (15)).31962 .60883 (—10)!.65539 (—9) |. 5 (—10) 
.10168 (0) |.83186 (15) |.14178 . 10592 .34219 - 24384 peas 
. 26456 .15396 .38603 (14)|.48388 (—10)|.22544 .12418 .37294 
.41652 .68308 (14) |.20691 .32843 .18279 .89717 (-—10)].31984 
12101 (4) |.97281 (13) |.46674 (13)}.12584 .10759 -41143 .22194 
-23973 .26900 17537 65214 (—11)}.74094 (—11)|.24603 . 17472 
-47555 .71642 (12) |.64075 (12)|.32458 .49412 - 14493 . 13671 
. 96270 oie 21958 allel .31355 .82608 (—11)}.10536 
.13114 (2) |.93461 (41) |.18558 . 10637 .25350 .64171 .93704 (—11) 
. 18739 -44521 .76876 (11)|.70018 (—12)}.19622 -47699 .81629 
.26012 *22241 .45150 -47082 .15345 .36136 .71718 
.35927 .11094 .26452 .31471 .11924 .27360 .62966 
-50824 .51816 (10) |.14712 .20138 89897 (—12)|.20178 .54579 
-71602 . 24067 .81334 (10)|.12772 .67196 14848 .47232 
-10150 (3) |.10857 -43883 -79167 (—13)] .49348 .10798 .40623 
- 14862 .44678 (9) |.22005 -46147 .34716 .75705 (—12)}.34310 
-20701 .20338 .11914 .28453 . 25264 .55259 .29519 
- 28687 .92408 (8) |.63314 (9) |.17445 .18273 -40306 -203/3 
-41240 .87795 .31923 -99690 (—14)}. 12582 . 28188 .21358 
-61577 13804 .14472 .52758 .82059 (—13)}.18841 .17576 
-81519 67390 (7) |.82305 (8) |.33418 .60277 .14142 . 15292 
-11248 (4) |.29238 42611 .19569 .41916 .10127 . 12997 
15950 11650 20604 . 10808 .27959 .70084 (-——13)}.10859 
-22919 44137 (6) 95619 (7) |.05754 .18152 .47534 .89791 (—12) 
-31529 18559 48144 .03266 . 12297 .33613 - 75746 
-42552 81345 (5) 25034 -01901 .84621 (—14)].24167 64401 
- 86918 .10973 51008 (6) |.00505 .33762 .10845 -43378 
-16984 (5) |.16014 (4) 11035 .00140 . 13790 .50220 (—14)|.29640 
- 39330 . 13569 (3) 15450 (5) |.00026 .04310 .18711 .18164 
-23448 (6) |.60040 (0) |.20455 (3) |.00001 .00321 .21402 (—15)|.61776 (—13) 
-90408 .88368 (—2)|.70377 (1) }|.00000 .00041 .39591 (—16)}.26638 
-44188 (7) |.56275 (—4)|.12372 (0) |.00000 .00004 .52385 (—17)|°97086 (—14) 


The numbers in the table represent decimal fractions to be multiplied by the 


power of ten indicated in parentheses) 


dicated. If we further introduce the functions 
Z-*/35p, 7-/36E, and Z-¥36u this universality 
is extended to the equations for the corrections of 
first order. This circumstance greatly facilitates 
the numerical calculations, since any solution of 
the TFC equations can be used for all elements; 
we recall that the TFD equation or the Weizsicker 
equation have to be solved separately for each ele- 
ment. 

The numerical integration of (12) was performed 
on the computer “Strela.” The computations were 
carried up to values of the compression for which 
the relations (15) are applicable with an accuracy 
of 10°? to 1074. The calculations for very rarefied 
matter (up to r)Z/3 ~ 100A) led to the following 
values for the constants C,, and 6C,: 


ep (r) =p [@(x)/x—I], 
ede (r) = Zu [S@ (x) / x — 60 (1)], 


[VO +9 (a). 


Expanding (12) in a power series in the param- 
eter a, we find the asymptotic expressions for 
the case of high compression: 


ee eg) Oe) 
O(a’), b(x) =x+0(2), 


M2 1/5 
sO (14) 


16% 


2 | 
O=3%¢+- 


Set. She 
a=(ro V3Z/ xay)(1 —r V 3Z/20xa,+.. a 
4 
Stas 5°) + O(a’). 
The asymptotic values of the thermodynamic quan- 


tities will not be quoted here; they are easy to ob- 
tain by substituting (15) in (13). 


(15) 


yale 
eA 


Coo = 0.6806018678, 5C,, = —0.615434693. 


The calculated thermodynamical quantities are 
given in the table.* The tables listing the shapes 
of the potentials for the various values of the ra- 
dius of the atom are omitted for lack of space. 


4. SOLUTION OF THE EQUATIONS 


It is known that the TF equation has a universal 
form. If we take ZV and Z~“3T for the unknown 
variables and Z'%/3p, 7-/3E, and Z7-4/8y for 
the functions of these variables, the equations do 
not contain Z in any other fashion than the one in- 


*Our values for the charge of the electron and the Bohr 
radius, e = 4.80286 x 10-*° cgs esu and a, = 0.529172 A, are 
somewhat different from those used by Latter.” 
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5. DISCUSSION OF THE RESULTS 


Let us compare the results of our calculations 
with the experimental data of Al’tshuler et al.® on 
the compressibility of iron. Figures 1 and 2 show 
the theoretical and experimental curves for the 
pressure and the energy* (P is in dyne/cm? and 
E in erg/g). It is seen that the TFC model re- 
produces the experimental curves better than the 
TF and TFD models. The Weizsacker model 
gives much lower pressures; {'this is due to the 
fact that the coefficient of the correction term 
used by Gombas is ten times too large (see ref- 
erence 5). The dotted curves represent the ex- 
trapolation of the. experimental curves into the 


*The energy in the TFC model was reckoned from the mini- 
mum (see below), which is equal to —5.488 ev/atom relative to 
the energy of the cold infinite atom. 

tThe corresponding curves are not shown in Figs. 1 and 2, 
since the points obtained by Gombas* lie beyond the limits of 
the graphs. 
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region where the correction to the pressure cal- 
culated by the TF model amounts to 30% (arrow 
in Fig. 1). These extrapolated curves, which go 
over into the curves of the TFC model, apparently 
describe (with an accuracy of 10 to 15%) the 
compressibility of iron at pressures which have 
not yet been attained by experiment. * 

In the region of normal densities where it is 
impossible to neglect the shell structure of the 
atom and where the approximation of spherical 
cells and the self-consistent field method become 
inaccurate, the TFC model is, in general, not 
applicable. However, in contrast to the TF model, 
the TFC model does describe qualitatively some 
properties of solid matter, so that the discussion 
below has some significance. 

The corrections to the thermodynamical quan- 
tities are negative and go tozero more slowly for 
V—o than the uncorrected quantities. Therefore 
the corrected pressure becomes zero for some fi- 
nite density p)(Z). By virtue of the thermodynam- 
ical relation P = —(dE/dV) 7a) the energy has a 
minimum for this density; the value of this mini- 
Pp g/cm? 


tw 


20 


10 


. Experiment 


25 50 15 100 
FIG. 3 


*It was pointed out by Ya. B. Zel’dovich that the occur- 


rence of a phase transition in the unknown region may compli- 
cate the picture. 

tSince the dependence of the corrections on Z is different 
from that of the uncorrected quantities, the binding energy and 
the density of the uncompressed matter are obtained separately 
for each element from the data of the table. 
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mum gives the binding energy of solid matter in 
our model. 

Figure 3 shows the experimental and theoret- 
ical dependence of the density of the uncompressed 
matter on the charge of the nucleus. The TFC 
model, in which the dependence of the physical 
quantities on Z is monotonic, is not adequate for 
the explanation of the behavior of the experimental 
curves. It does, however, describe the average de- 
pendence of the density on the charge better than 
the TFD model. The reasons for the sharp dis- 
agreement between experiment and the results of 
the Weizsdacker model (point W in the figure) 
were discussed earlier. 

In conclusion we note that the numerical calcu- 
lations of Kompaneets and Pavlovskii,® who ob- 
tained the correction to the potential for the infi- 
nite cold atom, are not sufficiently accurate for 
distances from the nucleus larger than rZ¥/3 = 2A. 
Furthermore, reference 6 contains a printing er- 
ror: the quantity shown in the figure is not y(x), 
as indicated in the paper, but y (x)/8 (67)%/3. 

I express my sincere gratitude to A. A. Samar- 
skii and V. Ya. Gol’din for proposing this problem 
and for constant attention to this work, to D. A. 
Kirzhnits for valuable comments, and to I. A. 


N. ON. SKALIPR IN 


Govorukhina for carrying out many of the numer- 
ical calculations. 
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We consider Coulomb excitation of high single-nucleon levels in the nucleus, due to bom- 
bardment of the latter with heavy ions of energies lower than the Coulomb barrier. The 
value of the cross sections thus obtained indicates that an experimental proof of the ex- 


istence of such levels may be feasible. 


ln reactions due to Coulomb excitation of nuclei, 
one observes most frequently collective excitations 
corresponding to rotational and vibrational degrees 
of freedom. Most experiments pertain to a study of 
the lower levels (lower than 1 Mev). This circum- 
stance is explained by the fact that the accelerated 
ions employed are protons, deuterons, and low-en- 
ergy a particles. As the ion energy is increased, 
one can hope to obtain higher excited states of nu- 
clei. In this case, however, the energy is found to 
be considerably higher than the Coulomb barrier, 
and other reactions due to nuclear interaction be- 


- come possible and make the investigations difficult. 


In view of modern advances in technique, it be- 
comes feasible to accelerate heavy ions (up to iron 
ions!). Naturally, the use of such ions will make it 
possible to raise considerably the region of inves- 


tigated levels of the Coulomb-excited nuclei (approx- 


imately 6 or 7 Mev). From this point of view it is 
interesting to investigate the Coulomb excitation 
of a nucleus by a heavy ion, followed by emission 
of a relatively high-energy photon (6 or 7 Mev). 
This process can be analyzed using the shell 
model, i.e., within the framework of single-nucleon 
excitations. It is well known that earlier calcula- 
tions for this process, in the region of low excita- 
tions, could not yield satisfactory results because 
the experimental probabilities of radiative nuclear 
transitions deviated greatly from the probabilities 
calculated theoretically on the basis of the inde- 
pendent-particle model. This is understandable, 
for the collective aspects of the nucleus play an 
important role at low excitations. However, as 
shown by the author in a paper on resonance scat- 
tering of y quanta by nuclei,” in the energy inter- 
val of interest to us a decisive role is played by 
single-nucleon transitions. The theory developed 
in reference 2 agrees satisfactorily with experi- 


* 


ment. This circumstance gives some grounds for 
using the shell model to estimate the cross sec- 
tions for the process indicated above. 

By way of a specific example, we consider the 
Coulomb excitation of Pb? by the Ne”? ion. The 
Coulomb barrier has in this case an approximate 
order of magnitude of 130 Mev. Let the kinetic 
energy of the ion be approximately 100 to 120 Mev. 
The nucleus can go into the ground state, emitting 
a 6-Mev y quantum, if, for example, a neutron 
electric-dipole transition 2fr/, — 289/, is realized 
in the excitation. The energy lost by the ion to ex- 
citation of the nucleus is nearly 4). Under these 
conditions, the excitation process can be considered 
from the classical point of view. 

Using the theory of the Coulomb excitation of 
nuclei in this approximation,*»* we can calculate the 
total cross section. The reduced probability B(E1) 
(with allowance for the filling of the corresponding 
shell), has the following form 


38? * 
B(E!) = | \ gireurtdr[ (QL: +1) 


(QL; + 2) | (£;100 | L,0), |? W? (Lely, Jel). 


Here ec is the effective charge of the nucleon (in 
our case ¢€ %0.4), (L100 | L¢0) is the Clebsch- 
Gordan coefficient, W is the Racah function, while 
gy; and gf are the radial parts of the nucleon wave 
functions in the initial (ground) and final ( excited) 
states, respectively. We borrow the expressions 
for gy; and g¢ from reference 2. They are exact 
solutions of the approximate Schrodinger equation, 
with allowance for the smearing of the nuclear 
boundaries, and have the form 


9; =r IN; 2a; (r — ryexpi— a, (fF rh)? /2], 


py = rN 2a; (r — ri) exp [— a? (r— rf)?/2], 


ge 


E12 B, N. KA LINEIN 


where N is a normalization factor; q@ and rg are 
parameters determined when solving the equation. 

The matrix element in B(E1) can be deter- 
mined numerically. It is found to be approximately 
5.6x 107!3 em. The total cross section for Coulomb 
excitation of the single-nucleon level 2g9/ in the 
Pb?" nucleus by the Ne2? ion (100 to 120 Mev) is 
approximately 2x 107? mb. 

As the ion energy is decreased, the cross section 
diminishes practically exponentially. 

If Pb? nuclei are bombarded with much heavier 
ions, for example, Fe°* (Coulomb barrier ~ 360 
Mev), then at an approximate energy of 300 Mev 
(direct contact between the nuclei becomes possi- 
ble at higher energy), the cross section is o = 0.01 
mb. 

Assuming that the reverse transition is also 
pure electric-dipole, and using the general theory 
of angular correlation (see reference 5 and also 
3), we can calculate the angular distribution of the 
y quanta for the case Ne?’ + Pp2%. 

Its form is 


W (%) = 1—0.064 P, (cos 9,). 


Analogously we can obtain the cross section for 
the Coulomb excitation for the case of single-nu- 
cleon transitions of the electric-quadrupole type. 
A specific example is the transition 1hi1/, 


— 2f,, in Pb?8( transition energy 3.5 Mev). 

Using the method indicated above to determine 
the wave functions, we can calculate the matrix 
element <r’?>jf to be approximately 20.2 
x 10728 em?. We then obtain for Ne”? ions with 
approximate energy 120 Mev, o =0.24mb. For 
ions with approximate energy 200 Mev, the cross 
section is found to be 0.67 mb. 

The calculated cross sections appear to be suf- 
ficiently large. It is therefore advantageous to set 
up experiments for the purpose of analyzing the 
high excited levels of nuclei. 

The author is indebted to S. M. Polikanov for 
useful discussions. 
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We consider magnetohydrodynamic waves which arise when a piston moves ina perfectly 
conducting medium in the presence of a magnetic field. If the transverse velocity com- 
ponent of the piston exceeds the velocity of sound in the undisturbed medium, then a mag- 
netic field is generated; in this case, the magnetic pressure becomes comparable with the 
hydrostatic pressure. At supersonic velocities, a vacuum is formed between the piston 


and the medium (cavitation). 


Compared with ordinary hydrodynamics, additional cases of 


cavitation appear when the piston moves with supersonic velocity in the direction perpen- 
dicular to the normal, and also when the piston moves in, if the angle between its velocity 
vector and the normal to its surface exceeds 70° (for an ideal gas with y =5/3). Increase 
of the piston velocity component perpendicular to the normal decreases the drag. When 
cavitation occurs, the drag is four times less than in the case of motion of the piston in the 


direction normal to its surface. 
I; INTRODUCTION 


Tue motion of a magnetohydrodynamic medium 
under the action of an ideally conducting piston 
moving in it with constant velocity was considered 
by Bazer! (for a piston moving perpendicularly to 
the normal, and in a longitudinal magnetic field), 
by LyubarskiY and Polovin? (for motion of the 
piston along the normal), and by I. Akhiezer and 
Polovin?® (for subsonic velocities of the piston). 
The special case of the problem of a piston in the 
absence of a longitudinal magnetic field was con- 
sidered by Golitsyn.‘ 

In the present paper we consider the problem 
of a piston in the case of an arbitrary direction of 
the magnetic field and for an arbitrary (constant ) 
piston velocity. It is also assumed that the unper- 
turbed magnetic field is small, so that the Alfvén 
velocity is | 


U=HIV 4x9 <c, (1.1) 
where c =Vyp/p is the velocity of sound (the 
medium satisfies the equation of state of an ideal 
gas with an adiabatic exponent y). The left side 
of the medium is bounded by an ideally conducting 
piston located in the plane x = 0. 

At the moment t =0, the piston begins to move 
with constant velocity u. Since the problem in- 


volves no parameter of the dimensionality of length, 


the motion of the medium will be self-similar. 
This means that all quantities depend only on the 


ratio x/t. Here the motion of the medium is char- 
acterized by a succession of shock and self-simi- 
lar waves traveling one after the other. Itis 
important to note that the problem of finding these 
waves has a unique solution only if the existence 
of evolutionary shock waves is assumed.°’® 

Only in certain special cases, when slow shock 
waves are absent, can the piston problem be solved 
without account of the evolution condition. (This 
is connected with the fact that fast shock waves 
are always evolutionary.) Precisely this case 
has been considered by Bazer.! 

The impossibility of the existence of nonevolu- 
tionary shock waves in magnetohydrodynamics* 
was shown by Akhiezer, Lyubarskii and Polo- 
vin,’ by Kontorovich, !! and by Syrovat-skii.” 

There are three types of evolutionary discon- 
tinuities that move relative to the fluid — fast and 
slow shock waves and Alfvén discontinuities. 
Moreover, there are two types of continuous so- 
lutions — fast and slow self-similar magneto- 
acoustic waves.!3>14 

Shock waves are compression waves, 
self-similar waves are rarefaction waves. 
The velocities of these waves are such that only 
the fast waves (shock or self-similar ) can go 
ahead, followed by the Alfvén discontinuity, and, 
finally, by the slow waves (shock or self-similar). 
If it is also taken into account that several of these 


15-17 while 


14,18 ,19 


*In ordinary hydrodynamics, these ideas were first advanced 
by Landau and Lifshitz’ and by Courant and Friedrichs.* 
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waves can exist at the same time, then a large 
number of qualitatively different motions of the 
medium are realizable for varicus piston velocities. 
The following boundary conditions are satisfied 
on the surface of an ideally conducting piston: 
Vx = Ux, Vy =Uy, Vz = Uz, where v is the ve- 
locity of medium and u is the velocity of piston. 
For sufficiently large amplitude of the rare- 
faction wave, the density of the medium in back of 
the wave vanishes — cavitation sets in. In this case 
the boundary conditions 
o=0, A, (uy — vy) — Hy (ux — 0x) = 9, 


H,(uz— 0z) — Hz (us — 0x) = 0 (1.2) 


are satisfied on the boundary with the vacuum. 

We shall limit ourselves to the most interesting 
case, in which the magnetic field, the velocity of 
the piston, and the normal to its surface lie ina 
single plane (the xy plane). The values of vz 
and H, will be equal to zero in this case not only 
in the undisturbed medium, but also in all the re- 
sultant waves. Therefore, the Alfvén discontinuity 
can rotate the magnetic field only by 180°. We 
shall set the undisturbed velocity of the medium 
Vo equal to zero. For definiteness, we shall as- 
sume that the components of the undisturbed mag- 
netic field Hyx and Hyy are positive. We shall 
neglect dissipative processes. 

The types of waves that are produced as the 
piston moves depend on its velocity (ux, uy ). 

This dependence is shown in the drawing (the 
abscissa and ordinate are the longitudinal and 
transverse components of the velocity of the pis- 
ton, ux and uy, respectively). The letters Y* 
Y, P*, P’, and A denote respectively the 
presence of a fast and a slow shock wave, a fast 
and a slow rarefaction wave (self-similar), and 
an Alfvén discontinuity. For a sufficiently large 
amplitude of the slow rarefaction wave, the density 
of the medium in back of the wave vanishes — cavi- 
tation begins. In comparison with ordinary hydrody- 
namics, in which cavitation sets in when the piston 
is moved out with a velocity exceeding 2c)/(y — 1) 
(c) is the velocity of sound in the undisturbed 
medium), in magnetohydrodynamics cavitation 
sets in at lower piston velocities, provided the ve- 
locity of motion of the piston in the transverse di- 
rection is sufficiently large. 

If the piston moves only in the transverse di- 
rection, then cavitation sets in when the piston 
velocity is 3.67 times the velocity of sound in the 
undisturbed medium (for y = 5/3; this result was 
obtained earlier by Bazer'). Cavitation begins 
also in the case when the piston moves into the 
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Waves due to the motion of a piston. The longitudinal com- 
ponent of the piston velocity u, is plotted along the abscissa, 
and the transverse component uy is plotted along the ordinate. 
The letters Y*, Y~, P*, P™, A, and B denote the presence of 
fast and slow shock waves, fast and slow rarefaction waves, 
an Alfvén discontinuity, and the formation of a vacuum. THP 
is the point of maximum rarefaction realizable in the fast self- 
similar wave. 
medium and simultaneously moves in the trans- 
verse direction. If the piston moves in with 
supersonic velocity, cavitation begins when the 
angle between the vector velocity of the piston and 
its normal to the surface reaches 70° (y =5/3). 
(We note that in this case the difference between 
the velocity of displacement of the medium — 
vacuum boundary and the velocity of the piston 
is very small.) The presence of cavitation is 
marked in the drawing by the letter B. 

In contrast with the slow rarefaction wave, 
cavitation is impossible in the fast rarefaction 
wave. If the Alfvén velocity in the undisturbed 
medium is much less than the velocity of sound, 
then at the maximum amplitude of the fast rare- 
faction wave the Alfvén velocity behind it comes 
close to the velocity of sound. The point of max- 
imum rarefaction achieved in the fast self-simi- 
lar wave is denoted by the letters THP in the 
drawing. It should be noted that upon satisfaction 
of the condition (1.1), the density of the medium 
at the point of maximum rarefaction will be very 
small. 

At supersonic transverse piston velocity uy, 
generation of a magnetic field takes place, i.e., 
the growth of the magnetic field from an infini- 
tesimally small to finite values; in this case the 
magnetic pressure becomes comparable with the 
hydrostatic pressure or exceeds it. At super- 
sonic velocities of insertion (uy) and sliding 
(uy ) of the piston, the magnetic field generated 
is directly proportional to Uy. 


ete ee 


THE MOTION OF A PISTON IN A CONDUCTING MEDIUM 


An increase in uy generally leads to an in- 
crease in the amplitude of the shock wave and to 
a decrease in the amplitude of the self-similar 
wave. An exception to this rule occurs in the re- 
gion Y* Y for supersonic piston velocities. 
Upon increase in the value of uy, a redistribution 
of the amplitudes of the fast and slow shock waves 
takes place; the increase of the amplitude of the 
fast shock wave is accompanied by a certain de- 
crease in the amplitude of the slow shock wave. 


Zz. SELF-SIMILAR WAVES 


The change in the magnetohydrodynamic quan- 
tities in self-similar waves is determined by the 
differential equation first obtained by Friedrichs 
(see reference 1): 
eae Pd ee 


Ble awh wan = Ue 
ds a a ee a Ys 9x £/C, 


Us ={U +P 4£V (PAPA "/V 2, (2.1) 


c is the speed of sound, U is the Alfvén velocity, 
and s =c?/U% = 4ryp/H% is the dimensionless 
pressure; the plus and minus signs in the equations 
for q, and U, correspond to the fast and slow 
self-similar waves, respectively. 

The transverse magnetic field Hy is deter- 
mined by the formula 


Ay = Ay {(1 — gz) (1 — sqz)/ gz} sign Ary, (2.2) 


where Hyy is the transverse magnetic field ahead 
of the wave. 

The longitudinal and transverse components of 
the velocity of the liquid are determined by the 
differential equations 


du,/ds=cV qz/¥s, (2.3) 
du _¢ gp, 
a => ane ia, sign yy. (2.4) 


Equations (2.3) and (2.4) are valid only when 
the wave is propagated in the positive direction of 
the x axis and H, >0. The upper sign in Eqs. 
(2.4) corresponds to the fast wave, the lower to the 
slow wave. 

In the fast waves, the inequalities 


gee ley ee 1 Sg 1, (2.5) 
are satisfied, and in the slow waves, the in- 
equalities 

cs ee ua eas la (2.6) 


It follows from (2.1), (2.5), (2.6) that q, always 
decreases in self-similar waves. 
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If the Alfven velocity is much less than the ve- 
locity of sound, then q_ and q, satisfy the rela- 
tions: 


eon (2.7) 
Q—1= b= UIP<1. (2.8) 


Since q_ decreases, satisfaction of the inequal- 
ity (2.7) ahead of the slow wave brings about 
satisfaction of this inequality over the entire slow 
wave, although in this case the inequality (1.1) can 
be violated (because of the increase of the trans- 
verse magnetic field and the decrease of the dens- 
ity in the slow self-similar wave®>!®). In exactly 
the same way, fulfillment of the inequality (2.8) 
in front of the fast wave brings about satisfaction 
of this inequality over the entire fast wave. 

Let us now consider some limiting cases of 
self-similar waves, which we shall need in what 
follows. 

1) The slow self-similar wave in the case in 
which the inequality (2.7) is satisfied. It follows 


from Eq. (2.1) that 
g. = 8/[(8 + 1)s, — sl, (2.9) 


So 


1/5 =", 
a =) c, V 4mp; sign Ayy, 


1 


A_ve = — Uh, (2y)—' \ o-(rtuetds /VYT—e/(O+)), 


Hoy = {I (2.10) 


S2/S; (2 nila) 
1 a 
A vy = Se \ o—(Y+)/2¥ pias ds sign Hyy. 
So/S1 (2.12) 


Here A_v =v, — Yj. The index 1 refers to the 
region ahead of the wave, the index 2 to the region 
behind the wave. 

2) The slow self-similar wave; 


1— go. = ho <1; 521. (2.12a) 


In this case the inequality €. =1—q_ <«<1 is 
satisfied over the entire wave. [Violation of 
(2.7), and consequently of (1.1) takes place as a 
consequence of the change of magnetohydrody- 
namic quantities in the fast wave moving ahead of 
the slow wave.] Inthis case the values of ¢_, s, 
A_Vx, A_Vy are determined by the expressions 


g=l—q (2.13) 
Stob/(~oDNIe eS +e 4/1), (214) 
IN — —2¢, [1 = (Sp / sy) D2] / (y —— MN). (2.15) 

E1— ae 

t ‘ : {—q_ ds : 
TN) Wess fl \ g(r 1)/2r — —- d&_sign Ayy. 
_Yy Rae i V3 squdae™ (2.16) 
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The index 1 refers to the region ahead of the 
wave, the index 2 to the region behind the wave. 
3) The fast self-similar wave. 


Se eal (2.17) 
p= lige /ey. — aol (ys), (2.18) 
Av, — — 2¢, [1 — (S1/ Sq) D2] / (x == 1), (2.19) 


Cc c , . WG GB xn 
ar | stern 1/ | at. © dé, .(2.20) 
The index 0 refers to the region ahead of the 

wave, the index 1 to the region behind the wave. 
It follows from Eq. (2.18) that cavitation 

(s = 0) is impossible on the fast self-similar 

wave. The maximum rarefaction possible in this 

wave takes place for sq, =1; the corresponding 

value of €;, is 


Av, = 


+ 


Pre Gea) (yl) sel os Sy ale (2-21) 


The value of the integral (2.20) depends weakly 
on the behavior of the function under the integral 
when &, © &,,. Therefore, the expression for 
A Wy can be simplified: 
ta 1 


Co 


\ s—(+D/2¥ (s —1)—C—-D/"dg, (2.22) 


S4 


A.v% = Uy ( - 

However, Eq. (2.22) is not suitable for calcula- 
tion of the derivative dvyy/dv,x in the vicinity of 
the point of maximum rarefaction (2.21). 


38. SHOCK WAVES 


1) 180° Alfvén discontinuity. 
The jumps in the velocity and the magnetic 
field are determined by the expression 


Aavy = Uy, AaHy = —2H yy. (3.1) 


The index 1 refers to the region ahead of the 
discontinuity. The jumps of the other quantities 
are equal to zero. 

2) Fast shock wave. 

Under condition (1.1) discontinuities will be the 
same as without a magnetic field: 


Cy = (co + (y — 1)? /4 + CO H+ (yy — 1)?2ie 4)? 
+ (y —1)(yeie /4 + Chote / 2) —cf}'2}"%, 
91 = 0 {Ici — co) /(y — 1)] 


(3.2) 


+ vie / 2} | (l(c — 8) / (y —1)] — aie / 2}. 
The index 0 refers to the region in front of the 
wave, the index 1 to the region behind the wave. 


For high-intensity shock waves, Vix > Co, 
Eqs. (3.2), (3.3) take the form 


(3.3) 


= V4 (y — 1/2, 1 =e(yt1)/(y— 1). (3.4) 


Rar V «2 BOG Vat 


3) Slow shock wave. 

With the satisfaction of the inequality (1.1), the 
discontinuities of the magnetohydrodynamic quan- 
tities on a slow shock wave of low intensity, 

A_p <p, are determined by the relations:° 


A.v, = UyAlohp,, Ap =A, 


Avy =Uy (i+ Vis Qc Neo /Usy pis 


ACH, = He, Sa ea Co) eee 


The index 1 refers to the region in front of the 
wave. The same formulas are obtained also for a 
slow self-similar wave of low intensity, with the 
positive sign in front of the radical corresponding 
to the self-similar wave. In evolutionary waves, 
the transverse magnetic field Hy does not change 
sign;!? therefore, in Eqs. (3.5) the upper sign cor- 
responds to evolutionary waves, and the lower sign 
corresponds to non-evolutionary waves. This 
means that only in evolutionary shock waves will 
the relations between the discontinuities of the 
magnetohydrodynamical quantities (in first ap- 
proximation in A_p) be the same as in self- 
similar waves. We shall henceforth write the 
upper sign in front of the radical for the formu- 
las (3.5). . 


4, SINGLE RAREFACTION WAVE 


1) Slow wave (see the lines P” and AP” in 
the drawing ). 
The parametric equation of the lines P™ 


AP” has the form (s; is the parameter ) 
1 


= — Use Or) \ ovtrtavnds / VT =e OF, 
as (4.1) 


and 


ad 
uy =F egy? \ oreo [11 —o/ (8+ 1)1/(1—o) I, 
1/Sy (4.2) 
The line P” corresponds to the upper sign in 
Eq. (4.2); the line AP” corresponds to the lower 
sign. For s;=0, cavitation sets in; in this case 
the velocity of the piston is 


Ux = — Upsf (7), 


‘I 


QO (2y)~\ ot D/)2%do IV1 —>s (0 1)>, 


0 


Uy = F C8 (7); (4.3) 


(4.4) 
1 

g(r) = 71 { o-tHnarde [[11—o/(8+ 1)]/(1—s)]%. (4.5) 
0 

To calculate f(y) and g(y), the radicals in 
Eqs. (4.4), (4.5) must be expanded in series: 
=r 4 
hn =Vir [4 ; 


ye Pe OE Sd) 


4 ; 
8 (8 + 1)? (57 — 1) tele (4.6) 


a 
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_ Val ((y—1) / 24) 7 Ae 
g(1) = Ter— ay eA a ye 
1 rete ] 
S(O -pday— 1 ay — a? (4.7) 


where I'(p) is the gamma function. For y = 5/3, 
we get 


f C/s) = 2.78, 2 (°/s) = 3.67. (4.8) 
The value of qo at the point where s, =0 is 


given by 


Ge. =H _/2. (4.9) 


The magnetic field is determined by the formula 
Ay = + V 2/70 V 40 Oo. 


2) Slow wave with cavitation (the line of sepa- 
ration between the regions P*P’B and Y*P"B 
or P*AP’B and Y‘tAP’B in the drawing). 

The equation of the line of separation has the 
form 

be FV 71 QU patty cy + U(X) —V 472 8 (1)] Ucx = 0, 

(4.11) 


(4.10) 


The upper and lower signs correspond to the 
absence and presence of an Alfvén discontinuity. 
The line in the u,, u, plane corresponding to the 
slow rarefaction wave has a kink at the point (4.3), 
where cavitation begins; 


before cavitation: du, / du,=F cy / Ups; 
with cavitation: du, / du,= = V 2/7 C)/ Upx. (4.12) 


3) Fast rarefaction wave (the line P* in the 
drawing ). 

The parametric equation of the line P* is de- 
termined by Eqs. (2.19), (2.22), in which A,v x 
= Uy} A.Vy = Uy; the parameter is the quantity s;. 
At the point ux =uy =0 we have duy/dux 
= —UpxUpy/cp, in accord with reference 3. At the 
point of maximum rarefaction (2.21) 


2Cp ( as2 cae, 


“= = 


ad 
(Uy = Uy (Ugx/ €p)¥*h (7), (4.13) 
am=T (Ce )rG)/(ae)- aay 


For y=5/3 we have h(5/3) =3.52. 

The value of duy/dux in the vicinity of the 
point of maximum rarefaction (2.21) cannot be de- 
termined from (2.22); use must be made of the 
more exact expression (2.20), from which it fol- 
lows that 


du, / du, = —V (1 —9q,)/(1 — s9q,). 
At the point of maximum rarefaction we obtain 
duy/dux = — ». 


(4.14a) 


nig ia lye 


4) Fast rarefaction wave with an Alfvén dis- 
continuity (the line P*A in the drawing). 

The line P*A in the plane UxUy is determined 
by parametric equations expressed in terms of the 
parameter sy, with uy =A,vy determined by 
(2.19), and uy by 


C= fess By ee (7 a: nf a + ale isc 


where A,vy is in turn determined by Eq. (2.22), 
or, more exactly, by Eq. (2.20). The point of max- 
imum rarefaction, as before, is determined by Eqs. 
(2.21) and (4.13). At the point uy =0, Uy = 2Upy, 
we have duy/dux = Upy/cg, which coincides with 
reference 3; at the point of maximum rarefaction, 
duy/dux = +. 


5. A SINGLE SHOCK WAVE 


1) Slow shock wave (the lines Y and AY in 
the drawing ). 

In the uxuy plane the lines Y and AY are 
described by the equation? 


ihe AU ge Ugly = DU 9) Dey. — 0: (5.1) 


2) Fast shock wave (the line Y* in the 
drawing ). 

The equation of the line Y* in the UxUy plane 
has the form 


Uy = — UnxUoyute | {U(ci — 6) | (y — 1)? — ue / 4}, 


where c, is determined by (3.2), in which vyx must 
be replaced by ux. For ux >Co, Eq. (5.2) is 
greatly simplified: 


Uy = —4U 9 Voy /(¥? — 1) Ux. 


(5.2) 


(5.3) 


3) Fast shock wave with Alfvén discontinuity 
(the line Y*A in the drawing). 

In the uxuy plane the line Y"A is determined 
by the equation 


Uy + Up xUoyttx | {[(ci — co) | (¥ med 1)P 
—ut/4} = 2Uoy(p1/ 90), 


where c, and p;, are determined by (3.2) and (3.3) 
(Vix =Uy). In the limiting case uy > Co, Eq. (5.4) 
takes the form 


Uy +AU Voy / (4? — 1) ux 


(5.4) 


= Woy + D/—1)". (5.5) 


6. TWO RAREFACTION WAVES 


1) The cavitation line P*P™ or P*AP™ (the 
line of separation between the regions P*P™ and 
P*P”B or PtAP” and P*AP’B in the figure). 
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The equation of the cavitation line for uy: 
V5) has the form 


Uosd (1) [O7 | 


[ay | 


| Uy | /Co > (1) (Vox / Co) 
1/(y—1) 
" (6.1) 


5 ge Eg 


y—1 ' y-1 eM 


uy = 


For |uy| close to h (y) Upy ( Upx/eo 1/Y, | uy 
— Upy (Upx/co )/Y hy) K Upx (Upx/eo) 1/7, the 
equation of the cavitation lines has the form 


Ux = —2¢o/(y¥ — 1). (6.1a) 


2) Line of separation between the regions P*P™ 
and PtAP. 

From qualitative considerations of the topologi- 
cal structure of the regions in the drawing, given 
in reference 3, it follows that the quantity Uy is 
determined on the line of separation between the 
regions P*P” and P*AP” as the maximum ve- 
locity of the medium, voy, obtained for a given 
value of uy by means of two rarefaction waves 
(P* and P”). In this case the wave P* passes 
through the point of maximum rarefaction (2.21). 

The equation of the line of separation has the 
form 


Uy = Uoy (Uox | €o)"*h (Y). (6.2) 


The transverse magnetic field Hy vanishes on 
the line of separation. At the point of intersection 
of the lines of separation of regions P*P” and 
P*AP” with the cavitation lines, s, vanishes; at 
this point ux == 2c)/(y — 1). 

3) The line of separation between the regions 
P*P’B and P*AP'B. 

The equation of the line of separation follows 
from (1.2): 


Up Ung Voge) (7): (6.3) 


7. TWO SHOCK WAVES 


The value of Uy on the line of separation be- 
tween the regions YY and Y*AY~ is deter- 
mined as the maximum value of Vey obtained in 
the waves Y*Y (for a given value of uy), or as 
the minimum value of vyy obtained in the waves 
Y*AY. The problem of the motion of the mag- 
netohydrodynamic medium has a unique solution 
only when max voy|y+y- = min vyey|y*tay-. In 
satisfying these relations it is necessary to ex- 
clude from consideration non-evolutionary shock 
waves. Since the distance between the lines Y* 
and Y*A is small in comparison with the velocity 
of sound, the slow shock wave will have a small 
amplitude. We can therefore make use of (3.5). 
The equation of the line of separation between the 
regions Y*Y and Y*AY has the form 


Ra 'Vic POLO wen 


Uy + Up Uoy Ux | {1(ci — ©) / ( a 1)}’ 


— (us /4)}=Upy (Px/ Po) 
where the values of c; and p, are determined 
by Eqs. (3.2) and (3.3). For uy > Co, Eq. (7.1) is 
simplified: 


((o3) 


(7.1a) 


The region Y*Y is bounded below in the drawing 
by the line Y*, determined for ux > co by Eq. 
(5.3), on which the amplitude of the slow shock 
wave Y vanishes. Since the value of uy deter- 
mined by Eq. (5.3) is an increasing function of ux, 
an increase in the longitudinal velocity of the pis- 
ton ux for fixed transverse velocity uy brings 
about a decrease in the amplitude of a slow shock 
wave. In this case, of course, the amplitude of the 
fast shock wave increases, for as the piston ve- 
locity increases the magnetic field begins to play 
a smaller role, and in the limiting case uy/cy > ~ 
the shock waves become the same as in the ab- 
sence of a magnetic field. In this case the ampli- 
tude of the slow wave for Ug «cg tends to zero. 


8. COMBINATION OF SHOCK WAVES AND 
RARE FACTION WAVES 


1) Fast shock wave and slow self-similar wave 
without cavitation (regions Y*tP”™ and Y*AP” in 
in the drawing). 

The value of s. on the surface of the piston, 
for given ux and uy, is determined from the 
relation 


1 


Uy —— Fey} \ gH 2y ag —o/(6 zs NV —a)}"" do, 
i (8.1) 


where c;, is determined by Eq. (3.2), in which we 
set Vix =Uy; py and Hj, are determined by Eqs. 
(3.3) and (2.10); sy = Sp (¢,/¢y)2¥/(Y ~ 1), The up- 
per sign in Eq. (8.1) corresponds to the region 
Y*P’, the lower to the region Y*AP™. 

2) Fast shock wave and self-similar wave on 
the cavitation line (the line separating the re- 
gions Y*P”- and Y*P’B, andalso Y*AP” and 
Y*AP’B in the drawing). 

The transverse velocity of the piston is deter- 
mined by the relation Uy =F g(y)c,, where c, is 
determined by Eq. (3.2) (vjx= ux). For uy =0, 
we obtain the formula of Bazer:! Uy = FE (y) Co 
= ¥3.67 cy for y =5/3. The slope of the cavita- 
tion line at ux =0 is determined by duy/dux 
=¥(y -— 1)/g(y)/2 * 1.2 for y =5/3, and for 
Ux >> Co by the expression duy/duxy =1g(y)[y (y 


‘ 


eo 
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a 1)/2}1/2 Ar i2 + 2/tani70° for y= 5/3. The 
transverse magnetic field on the boundary with 
the piston is equal to Hoy = +(2/y)% (4p) )% co. 

The upper sign in the above formulas corre- 
sponds to the absence of an Alfvén discontinuity, 
the lower sign corresponds to the combination 
YOA P=, 

3) Strong shock wave and weak self-similar 
wave with cavitation (the regions Y*P™B and 
Y* APB in the drawing). 

For a given ux and uy, the velocity of the 
medium v2x on the voundary with the piston or 
with the vacuum (in the case of cavitation) is 
determined by the relation 


VW, = Uy + (4/2) (Uyx/e4) [uy |— cag (1)], (8-1) 


where Uj = Hy (42p,) 4/2, py = py (c4/ep)*/'7 - », 
and c; is expressed in terms of vx with the 

aid of Eq. (3.2); in turn, vyx and vox are re- 
lated by Vix = Vox + Ujx f(y). Solving the result- 
ant equation for vox, we find all the remaining 
magnetohydrodynamical quantities. In the par- 
ticular case of shock waves of large amplitude 

(cy > Cy) in the presence of cavitation, we find 


Vox = + (Ux — Vork (1) (yr — 1) /(¢ + 1)" 
— Vorg (Y) I4 (4 — 1)/2 (r+ 119 
+ (ple + 2 Voted (1) Mer — Dlr + DT" 
—Voxttsg (YU (¢ —1)/2 (7 + YI? 


+ Uoe| ty | (y= 1) 4h (8.2) 


Hoy =— Vox[4r (1 + 1))*signu . (8.3) 

For ux =0, Eqs. (8.2) and (8.3) go over into 
the formulas obtained by Bazer.! 

If the longitudinal velocity of the piston is not 
small, Uox| Uy | << us; it follows from Eq. (8.2) 
that the velocities vox and ux are close to one 
another: 


Vag — Uy = Ux (¥ +1) ue (ty | — [4 (1 — 10/277 g (1) ue. 


(8 .3a) 


In this case the generated magnetic field is pro- 
portional to the longitudinal velocity of the piston 


Hoy = — ux [4epo(y + 1)]*sign uy. (8.3b) 


9. RESISTANCE FORCE 


The relations obtained make it possible to de- 
termine the resistance force F produced when 
the piston moves uniformly with velocity (ux, Uy). 
This force consists of two components: a longi- 
tudinal component Fy, the drag, and a transverse 
component Fy, the lifting force. We limit our- 
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selves to the case of a fast shock wave of high am- 

plitude, accompanied by a slow rarefaction wave. 
The force acting on a certain element of area 

is none other than the momentum flux through 

this element. Making use of Eq. (51.8) of Landau 

and Lifshitz”? for the momentum flux density 

tensor, we obtain for the most interesting case, 

u >cy and Vox | uy | > ues an expression for the 

drag, 


1/Y 
po ttt ef 2% 
Fy, = y -polz (27 +1), 


where the quantity o2 is determined from the 
equality 
1 


\ on ertM/er {1 r 4 / nee a} He 


G2 


(9.1) 


_ (21)! 
y—1 th © 


in the absence of cavitation; o2=0 in the pres- 
ence of cavitation. 
The lifting force has the form 


— Fy = (~ + 1) pouxttysy!” / (y — 1) 
+V 7 +1 V1—o2 pUorux sign uy. 


It follows from Eq. (9.1) that for a fixed value 
of ux, the drag decreases with increasing |uy|. 
The value of the drag on the cavitation line is 
(y +1)/(y-—1) times smaller than for | uy | 
< Ux. Upon further increases | uy | , the value 
of the drag does not change. 

The author expresses his gratitude to A. I. 
Akhiezer and G. Ya. Lyubarskii for a number of 
valuable suggestions. 
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A method is proposed for obtaining polarized hydrogen targets. 


Iw recent years several nuclear investigations 
have been carried out with macroscopic samples in 
which the nuclei were oriented. It would be of great 
interest for elementary particle physics to obtain 
polarized hydrogen targets, but the known methods 
of polarizing the nuclei in macroscopic samples are 
unsuitable, except for the obvious but at present un- 
feasible ‘“‘brute force’’ method based on the com- 
bination of an extremely strong magnetic field H 
and a very low temperature T < Mp H/k. 

However a detailed theoretical examination! of 
the paramagnetic resonance of the conduction elec- 
trons in massive metallic samples and of the rela- 
lated nuclear polarization changes the usual notions 
about the possibilities of the Overhauser method? 
and about the choice of an optimal mode. The fol- 
lowing statements are essential for the remainder 
of this paper. 

1. It is claimed by Overhauser’ that the method 
allows one to polarize only very small samples 
(the thickness d must be of the order of the skin 
depth 6 ~ 10-4 cm). Azbel’, Gerasimenko, and 
Lifshitz!, however, have shown that the limiting 
thickness of an effectively polarized sample is con- 
siderably greater. If the constant magnetic field is 
not strictly parallel to the metal surface, then 


d~ Seip ~0V tol ss (1) 


where v is the average speed of the electrons on 
the Fermi surface, ty) is the average relaxation 
time of the electrons without spin flip, and T, is 
the same but with spin flip. For pure lithium, e.g., 
at liquid-helium temperature [v ~ 10° cm/sec, ty 
~107!! sec, Ts ~ 3x 10°" sec (reference 3)] an 
estimate gives d~1mm. For the polarization of 
so thick a sample, an rf field 

Hs Bag Veal Ts Ho. (2) 
is required, and the power absorbed on a unit sur- 
face will be of the order 


4 Hov \? to 
SAS) st (3) 


*Deceased. 


where Z is the surface impedance of the metal, 
and Hy is the intensity of the constant magnetic 
field perpendicular to the surface. 

We note that the effective removal of the heat 
generated in the sample is entirely possible for 
thicknesses d ~ 1 mm. 

2. In reference 1 there is predicted the phenom- 
enon of selective transparency of metal foils in 
paramagnetic resonance: the dependence of the 
transmission coefficient k on the field Hy has a 
resonant character, which is pronounced for 6 «d 
« deff. The resonant value of k is 


Rm ~ (xT sc*| Z |? | Qnd)?, (4) 


(x is the magnetic susceptibility of the metal), and 
the width of the resonance curve k(H)) is given 


by 
AH | Hy ~ 1/0Ts. (5) 


These features of the phenomenon under consid- 
eration suggest the possibility of polarizing hydro- 
gen dissolved in a metal foil. As is known, hydro- 
gen is soluble in metals of the transition group and 
forms intrusion-type hydrides possessing metallic 
properties and a regular structure. If it were pos- 
sible to polarize protons ‘‘embedded’’ in the lattice 
of a metal, such a foil could be used as a polarized 
hydrogen target. The scattering on protons is re- 
liably separated from scattering on metal nuclei, if 
coincidences between the scattered particle and the 
recoil proton are registered, or if the scattered 
particles are discriminated according to energy. 

The question about the feasibility of the method 
proposed here and about the choice of the most 
suitable metal can be decided only after an experi- 
mental study of the relevant physical properties of 
the hydrides. Below we outline a program of meas- 
urements. 

For the foil under investigation (whose thick- 
ness must be small compared with deff), the sur- 
face impedance Z(Hp) and the transmission co- 
efficient k(Hy) will be determined as functions of 
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the constant magnetic field Hy. We obtain Tg and 
the ratio t9/Tg according to formulas (3) and (5). 
Knowing ty and Tg, we determine the thickness 
Oeff of the polarized layer according to (1). It is 
possible to check the data thus obtained by meas- 
uring the transmission coefficient through the po- 
larized sample. The observed selective transpar- 
encies of the sample afford an additional method of 
controlling the polarization P, which can be deter- 
mined from the formula of Sec. 5 of reference 1. 

All the above statements obtain also for polar- 
ized deuterium and tritium targets. 

We note a single difficulty which E. K. Zavoiskii 
brought to our attention. If the constant magnetic 
field is not strictly perpendicular to the metal sur- 
face, then the magnetic induction will depend on the 
depth, inasmuch as the nuclear polarization damps 
out with depth. If the magnetic field of the nuclei is 
so large that 


AnucP (0)/H, F 1/oT;, 


then by increasing the depth it is possible for the 
basic condition of resonance to be violated, and the 
polarization will be considerably smaller than pre- 
dicted in reference 1. In order to avoid this, one 
can use either a constant field that is strictly per- 
pendicular to the metal surface (then div B= 0, 
and B, normal to the surface, does not depend on 
depth; the induction obviously determines the reso- 
nant frequency) or a constant field so strong that 
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the change in resonant frequency at the depth deff 
would be small or of the order of the half-width of 


the resonance curve k( Hp). 
Estimates of the permissible angular deviation 


a from perpendicularity in the first case and of the 
magnitude of the field in the second case can be ob- 


tained from the formulas of reference 1. For the 
angle © we find 


O <1, OTe Taek Oye 


and for the magnitude of Hp under fulfillment of 
condition (2) 


A, pH Ze | Tse. 
P(0)— P (bet) < oR ae > ln sire 


where w is the frequency of the rf field, Hnuc 

is the magnetic field of the nuclei at full polariza- 
tion, I is the nuclear spin, and P(0) is the po- 
larization at the surface (see reference 1). 


1 Azbel’, Gerasimenko, and Lifshitz, JETP 32, 
1212 (1957), Soviet Physics JETP 5, 986 (1957). 

2A. W. Overhauser, Phys. Rev. 89, 689 (1953), 
Phys. Rev. 92, 411 (1953). 

3 Griswold, Kip, and Kittel, Phys. Rev. 88, 951 
(1952). G. Feher and A. F. Kip, Phys. Rev. 95, 
1343 (1954), Phys. Rev. 98, 337 (1955). 


Translated by J. Heberle 
297 


4) 


| 


SOVIET PHYSICS JETP 


VOLUME 11, 


NUMBER 5 NOVEMBER, 1960 


INVESTIGATION OF THE SPECTRA OF NEUTRONS EMITTED IN THE 
DISINTEGRATION OF DEUTERONS BY PROTONS 


V. V. KOMAROV and A. M. POPOVA 


Institute of Nuclear Physics, Moscow State University 


Submitted to JETP editor December 8, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1559-1563 (May, 1960) 


We calculate the energy spectra of neutrons emitted at 0 and 180 deg in the c.m.s. from the 
reaction p+G—~>p+p° +n, at an approximate total reaction energy of 4 Mev, with pair 
interaction of the nucleons in the final state taken into account. Applications of this method 
to the calculation of the energy distributions of reaction products when several particles 
are emitted are considered from the standpoint of clarifying the role of interactions of par- 


ticles in final states. 


- 
‘it WO maxima, one at the upper boundary of the 
spectrum and one at a neutron energy ~ 0.7, have 
been observed!’? in the spectrum of neutrons from 
the reaction p+d—p+p’ +n, emitted at zero 
degrees to the direction of incident 8.9-Mev pro- 
tons. These maxima can be attributed to the inter- 
action between the nucleons produced in the finai 
state.? This spectrum of neutrons from the reac- 
tion p+d—p+p’ +n was investigated theoreti- 
cally by Heckrotte and McGregor,‘ but only with al- 
lowance for the interaction between two protons in 
the final state, and in the approximation of a zero 
proton interaction radius, so that the form of the 
neutron spectrum could not be fully explained. 

In the present paper we calculate the energy dis- 
tributions from the reactions (p +d) emitted at 0 
and 180 deg to the direction of the incident protons 
in the c.m.s., for a total reaction energy of approx- 
imately 4 Mev. It is assumed in the calculation that 
two out of three nucleons produced in the reaction 
interact with each other. Thus, the three-body 
problem is reduced to a two-body problem, that of 
a virtual biproton and a deuteron, which symbolize 
pairs of nucleons interacting in the final state. 

( The use of the terms ‘‘virtual particle’’ does not 
imply their existence.) The interaction between 
nucleons was taken into account accurately, and its 
parameters were taken from the experimental data 
on nucleon-nucleon scattering. The Born approxi- 
mation was used to account for the interaction be- 
tween the third nucleon and the virtual particle. 

It must be noted that, strictly speaking, the use 
of the Born approximation is not justified at such 
low energies. However, this approximation has 
been used successfully in that energy region for the 
investigation of the angle and energy distributions 


in stripping which is quite similar to the process 
investigated here.’ One can therefore expect the 
use of the Born approximation for the interaction 
of a pair of particles with small relative momenta 
and a third particle to yield in this case angle and 
energy distributions that are close to the real ones. 

The orbital momentum of the relative motion of 
the proton and deuteron in the investigated disinte- 
gration of a deuteron by protons was assumed to be 
zero, for a total reaction energy of 4 Mev. The or- 
bital momentum of the relative motion of the nucle- 
ons produced by the reaction, joined in a virtual bi- 
proton and deuteron, is also assumed to be zero. 
Then, by virtue of the conservation of the total mo- 
mentum of the system and of the exclusion principle, 
the total momentum of the system can be either 
J=% or J=%, and the spin of the virtual parti- 
cles can be either S=0 or S=1. Consequently, 
the differential cross section of the disintegration 
of the deuteron by protons should be determined by 
the expression 


MM E,) (2 
ae ea pe” (22 +4 | Hal? + 51 Hel 
(1) 

where My and My are the reduced masses of the 
incident proton and of the neutron produced by the 
reaction, p(Ey) is the density of the neutron en- 
ergy states, H,, Hy, and H3 are the matrix ele- 
ments of the transition, corresponding to J = ol, 
6 = en j= e985 1phand: j= 74, 46-=.0. 

The general form of the matrix element of the 
transition is 


H = (1 — Pi) bexe|Vop + Von | bine, (2) 


where (1 — P43) is the particle rearrangement op- 
erator. Expansion of the expression for H leads 
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to six integrals, of which two correspond to the for- 
mation of a virtual biproton (Ipp) and four to the 
formation of a virtual deuteron (Ipn). Since the 
spin state of the two interacting protons can be only 
singlet in this case, while the spin states of the in- 
teracting proton and neutron can be singlet and tri- 
plet, the matrix elements H, and Hy, include inte- 
grals lon corresponding to a triplet interaction of 
a neutron and a proton in the final state, while Hg; 
can contain integrals I5p and tpn’ corresponding 
to the formation of virtual particles in the singlet 
state. 


The integral Typ is written in the form 


I pp ~\ Pon (P) Xo P (Fn) Xn Vop + Vpn) Parad (fp) xXpdt, (3) 


where jg is the internal wave function of the deu- 
teron, taken in the form of a Hulthen function; 
(fp) and g(¥fn) are the wave functions of the 
incoming proton and the emitted neutron, taken in 
the form of plane waves; xg and Xp are the spin 
functions of the deuteron and the incident protons; 
X2p and Xn are the spin functions of two protons in 
the singlet state and a neutron; Y2p(p) is the wave 
function of the relative motion of two protons, taken 
with allowance for their scattering by each other in 
the singlet states. 

If the nuclear interaction of the two protons is 
chosen in the form of a potential well with pg = 2.65 
x 107!3 em, the radial part of the wave function 
Y2p(p) assumes the following form for p < po: 


sp (0) = Ap ‘sin kp, 


where k is the wave vector of the relative motion 
of two protons within the potential well. For 

P > Po, account was taken of the Coulomb interac- 
tion of the two protons, and 


op, (9) = G (fp) +-cot 6 F(fp), 


where G(fp) and F(fp) are Coulomb functions, 
and cot 6 is a factor that takes nuclear interaction 
into account. The coefficient A and the absolute 
value of the wave value k are determined by mak- 
ing the logarithmic derivatives of the functions 

o$p' (p) and $)(p) continuous at p = po. Vari- 
ation of the parameter py from 2.4 x 107! to 
2.8x 10 '8, values known from experiments on pro- 
ton-proton scattering, does not change substantially 
the magnitude and form of the differential cross 
section of the reaction. In Eq. (3) Vpp and Vpn are 
the potentials of interaction between the incoming 
proton and the nucleons of the deuteron, Vpn was 
taken in the form of a 6 function, while Vpp was 
chosen in the form of a potential well of radius 


Po = 2.65 X 107!3 cm. It was impossible to take Vpp 
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in the form of a 6 function in this case, since 
@2p(p) depends on the same parameter p. Since 
we deal with S waves only in this analysis, the 
choice of the type of interaction, Vpp or Vpn, is 
immaterial, for it is determined only by the one 
parameter — the scattering length. 

For the case of interaction of a neutron and pro- 
ton in the singlet or triplet final state, i.e., in the 
case of production of a virtual deuteron, the inte- 
grals Ipn have the form 


I pn~ \ Ppn (p) XpnY (rp’) pe (Vop + V pn) baxad (rp) Xpdt, (4) 


where Ypn(p) is the wave function of the relative 
motion of a proton and neutron, taking into account 
scattering in the triplet or singlet states. 

If the interaction between the proton and neutron 
is chosen in the form of a potential well with po 
= 2.65 x10-" cm, the radial part of gpn(p) has 
the form 


on (P) = A’p™ sin k’p, 


92) (9) = 2V' (fo)-*sin fo + 4nf 0) pelt, p> py, 
where f(6@) is the amplitude of scattering of a pro- 
ton by a neutron in the singlet or triplet states ;8 
A and k’ are determined by making the logarith- 
mic derivatives of the functions g{}(p) and 
gpaA(p) continuous at p =o. The potential Vpp 
in the integrals Ipn was chosen in the form of a 
6 function, while Vpn was chosen either in the 
form of a 6 function for Ypn(P) independent of 
the coordinates of the incident proton, or in the 
form of a potential well with py = 2.65 x 10° cm 
for @pn(p) dependent on the coordinates of the 
incident proton. 

Calculation has shown that the integrals It, 
which take into account the triplet interaction of 
the neutron with the proton in the final state, are 
much smaller than the integrals I pn correspond- 
ing to the interaction in the singlet state. Conse- 
quently, the differential cross section of the re- 
action should be determined by the square of the 
matrix element H3 and can be written in the form 
do = dopn + dopp + dointert- 

Figure 1 shows the experimental c.m.s. spectrum 
of the neutrons from the reaction p+d—p+p’ +n, 
emitted at zero degrees to the direction of the in- 
cident 8.9-Mev protons.!»? Figure 2 shows the ex- 
perimental c.m.s. spectrum of the neutrons from 
the reaction d+p—p+p’ +n, emitted at zero 
degrees to the direction of the incident 18.6-Mev 
deuterons.” This last spectrum can be considered 
as a spectrum of neutrons emitted at 180 deg to the 
direction of the incident protons from the reaction 
p+d—~p+p’ +n, since the total energy of either 
reaction is of order 4 Mev. The figures show also — 


0 < Pos 


DISINTEGRATION OF DEUTERONS BY PROTONS 


G, mb* sr~? Mev! 


(c.m.s.) produced at a zero 
angle in the (p + d) reaction by 
incoming 8.9-Mev protons. The 
points are the experimental 
data of reference 1, and the 
curve is calculated in the pres- 
ent work. 


E,, Mev (c.m.s.) 
6, mb: sr~* Mev* 


FIG. 2. Spectrum 
of neutrons (c.m.s.) 
produced at a zero 
angle in the (d + p) 
reaction by incoming 
18.6-Mev deuterons. 
The points are the 
experimental data of 
reference 2, and the 
curve is calculated 
in the present work. 
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the neutron energy spectra, calculated.in the pre- 
sent paper, for neutrons from the reaction p +d 
—> p+p’ +n, emitted at 0 and 180 deg to the di- 
rection of the incoming protons, for the corre- 
sponding total reaction energies. 


The calculated spectrum of the neutrons emitted 


at zero degrees has two maxima, like the experi- 
mental one. The position and shape of the maxi- 
mum at 0.7 Mev neutron energy is determined es- 
sentially by the contribution of dopn to-doseike., 


by the interaction between the neutron and the pro- 


ton in the final singlet state. The maximum at the 
upper boundary of the neutron spectrum is deter- 
mined by the contribution of dopp to do, i.e., by 
the interaction of two protons in the final singlet 
state. The maximum at Ey ~0.7 Mev is consid- 
erably broader and higher than the maximum at 
the upper boundary of the neutron spectrum. This 
may be due to the high probability of pickup of a 
neutron (deuteron) by the incoming proton and 
their emission forward. 

The spectrum of the neutrons emitted at 180 
deg has one maximum at the upper boundary. 
The form of this spectrum, as shown by calcula- 
tion, is determined completely by dopp, ie., by 
the production of a virtual biproton in the singlet 
state, emitted forward. 

The ratio of the areas under the experimental 


FIG. 1. Spectrum of neutrons 
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points is 

Fz (180°) & (0°) = 1,840.3, 
while the same ratio under the corresponding the- 
oretical curves is 1.75. This is evidence that the 
angular distributions of the products of reactions 
accompanied by emission of several particles can 
be calculated by the foregoing method. 

Because of isotopic invariance, one can expect 
the c.m.s. spectrum of protons from the reaction 
n+d—~p+n+n’, emitted at zero degrees to 
the direction of the incident protons of energy ~10 
Mev to have two maxima, like the corresponding 
neutron spectrum from the reaction p+d— p 
+p’ +n. The first maximum, at a proton energy 
of approximately 0.7 Mev, should correspond to 
the interaction between the neutron and proton in 
the final singlet state, while the second, that at 
the upper boundary of the spectrum, should corre- 
spond to the interaction between two neutrons in 
the final singlet state. However, great interest 
attaches to an experimental investigation of the 
spectrum of protons from the reaction n+d—n 
+n’ +p, emitted at zero degrees, since its theo- 
retical analysis by the method given above yields 
the neutron-neutron scattering length. 

The method developed in the present paper and 
in references 3 and 7 can be used to analyze the 
spectra of the products of the reactions (d +d), 
(d+T), (d+He*), (T+T), and similar reac- 
tions, in order to explain the role of interaction of 
the products of these reactions in the final state 
and the possibility of the existence of excited states 
of He‘, He®, and Li?. 

In conclusion, the authors thank S. S. Vasil’ev, 
A. S. Davydov, and Yu. M. Shirokov for an evalua- 
tion of this work, and also N. A. Vlasov and B. V. 
Rybakov for great interest in the work and for 
numerous discussions. 
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Magnetic bremsstrahlung of a high-temperature plasma located in a strong magnetic field 


is considered. 


An investigation of the magnetic bremsstrahlung 
of electrons of a high-temperature plasma is of 
interest in connection with the problem of control- 
lable thermonuclear reactions (energy balance in 
a thermonuclear reaction, microwave diagnostics 
of plasma). 

In the present paper we consider magnetic 
bremsstrahlung from a confined plasma under 
conditions where the magnetic pressure py is 
considerably greater than the pressure of the 
electron gas pe. The condition py > De + Pj 
(p; is the pressure of the ion gas) is necessary 
to create equilibrium plasma configurations and 
to ensure their stability (plasma ring stabilized 
by a strong magnetic field,! stellarator,’ etc.). 

A plasma electron in a magnetic field H, 
moving in a helix along a magnetic force line, 
radiates electromagnetic waves of frequency 


© = sw@z/(1 — yn; cos 8/c), s=1, 2,..., (1) 


where wy =eH/mc is the gyrofrequency for the 
electron; e, m and Vv), are the charge, mass, and 
projection of the electron velocity v on the direc- 
tion of the magnetic field; n. are the refractive 
indices of the two normal waves (ordinary and 
extraordinary) that can propagate in the plasma; 
and @ is the angle between the direction of 
propagation of the wave and the magnetic field. 
The nj are defined by the well-known expressions 


Nie =(—BiVB*—4AC)/2A, A= 1—u—v+ wv c0s°0, 
B= (2—v)u—2 (i — v)* — uvcos* 8, 

C= (1 —») ((1 — v)? — y], (2) 
where v = 2?/w*, u =wf/w*, Q = (4me2n/m )!/2 
is the Langmuir frequency for the electrons, and 
no is the number of electrons per unit volume. 

We assume that B = vt/c = (To/mc? yt/2 <a 
where T, is the temperature of the electron gas. 
In addition, we assume that the electromagnetic 
waves corresponding to the first harmonics of 
(1), for which nj >0, can propagate in the plasma. 


This takes place when Q/wX1. In this case 

nj ~ 1, so that w © swy in (1). Thus, the total 
radiation per unit volume of plasma is found to 
consist of individual lines near the frequencies 
wH, 2wy, -..-, which are Doppler-broadened 

with a half-width Aw ~ swy fcos 9. For large 
values of s(s21/8) the neighboring harmonics 
coalesce, and when w > wy/B the radiation spec- 
trum becomes continuous. Our analysis pertains 
only to the case of non-overlapping harmonics. 
The case when the major fraction of the radiation 
intensity of the confined plasma occurs at the fre- 
quencies w corresponding to overlapping har- 
monics was considered by Trubnikov’* (the case 
of large plasma dimensions and high tempera- 
tures). He considered radiation in the direction 

@ =7/2, when there is no ordinary (non-relativis- 
tic) Doppler effect and relativistic effects must be 
taken into account. 

We note that inhomogeneities in the magnetic 
field lead to additional line broadening. We shall 
assume that the inhomogeneities in the magnetic 
field are sufficiently small, AH/H< 8, so that 
the magnetic field can be considered homogeneous. 

Electromagnetic waves with frequencies close 
to sw; are strongly absorbed in a high-tempera- 
ture plasma® (cyclotron absorption, due to the 
presence of thermal motion of the plasma elec- 
trons ). The distance in which the intensity of the 
electric field of a plane electromagnetic wave of 
frequency w ~ swy is reduced by a factor e 
= 2edeie. iS 


l, = Ns; 
where kg is the imaginary part of the complex 
index of refraction (damping factor ). 

When s =:2,'3, ... and s’e"n} sin? 9 « 1, the 
propagation of an electromagnetic wave in a plasma 


K = c/soy, (3) 


is characterized by the dielectric-permittivity tensor 


811 82 0 
(ei) = 


— &j2 &1 0 ’ 
0 0 e53 / 
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e,, = 6) 4 el), (4) 
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where ¢‘) are certain konwn expressions for Gia 


obtained without allowance for the thermal motion 
of the electrons. The small additions ¢‘!), which 
cause the cyclotron absorption of the waves, are 


(1) — jg) — Oj ~(): 

et) = ist) = ic, el) ~ 0; 
sae Vx s*8—2 sin?8—29 Q2 (Bn)*%¢-*8 ste 4— 8044/0 
28+*/25! cos 0 8, ‘ *~ V28n cos ® * 


If the frequency w is determined by expres- 
sion (1), then z, =v,/V2v,. Taking (4) into ac- 
count, we readily find 


x, = 0,n,(1 — u)(2C + Bn*)> 


x {ns sin?§— (1 —v) (1 +cos?6) ne 


+2(1—,% +2V#\ (1 yng sin?®) |. (5) 


u’1i—u 
We must put n =n, in the right half of (5). In 
order of magnitude, 
ae 
Ls = ask (w/Q)B- Me, (6) 


where, for the first harmonics, ag ~ 1. 
When s =1, the tensor €ij is 


&4, = is + 1— 2/4, Be 9 ey, 


E00 = is + 1 —v/4 = Jto, 


7 ; v sin? 8 5 Ayez= 
Core tee San? gs Vics 0 Bnz,(1 +4 Vr Z,W (2), 
A : vsin® = 
SF ST Se ae UE We +iVrzw (2;)), 
1a = VU (23) Lees AON PEO) 
arate 8 Bncos® ’ a = B*on sin”6, 
Zz 
w (2) = e-# (1+ ai edt). (7) 


0 
The damping factor x, can be determined in 
two limiting cases. If v| w (2; )|/8n; cos 6 >1 
and 6°>> B, then* 


2) 6 cos 8 
m= vw (z%) 


%, = Re Q (2n? sin?@ — 2 + 2u — sin? 6)}, 


Q=n' [1 —v (cos? 6 a 4 sin? 8) + 22,3 cos 8 sin 6| 
+ n®[e,9(v— 2) cos § sin ® + (1 + cos? 9) (e2, — (1 — v) 
(1 — 0/4) — ise,,) — sin? 6 (1 — 0/2)] 
+ ioe, (2—v) + (1 —v) (1 — 0/2) + &, (v — 2). (8) 


In order of magnitude, 1, ~ 1, ~ (%/B) exp 
( vi/ 2ven). The refractive index n. is determined 
in this case by Eq. (2), in which we must put u=1. 
If 6°<£, then the electromagnetic wave of fre- 


*The expression for x,, derived in reference 5 for |z,| <1, 
does not include terms proportional to €,,. 


ULF 
quency w wy is strongly damped: n~xk ~ g-3/? 
when |1 — wy;/w| < B2/3, 

If v<«<1 and v|w(z,)|/8 cos @ «1 (low-den- 
sity plasma), we have nj =1 and 


" yak 
ay 2 


v exp (—z 


4 
) 
TB cos + (1 + cos? 6). (9) 


With this 
Li ~ BR (w?/ Q?) exp (22/202). 


Using Kirchhoff’s law and expressions (5), (8), 
and (9) for the absorption coefficients, we can de- 
termine the radiating ability of the plasma, after 
which one can readily estimate the energy of the 
magnetic bremsstrahlung from a confined plasma. 
A clearer estimate is obtained, however, in the 
following manner. The radiation intensity of an 
individual plasma electron, for the harmonics 
Sia. SAN IBS 


43 
sn; (6) 2s—2 
We = / al. 5 
get Aeris cease 


(10) 


where bg(@) ~1, vj is the electron-velocity com- 
ponent perpendicular to H, and w = 2e*whvi/ 3c? 
is the intensity of radiation of the electron in 
vacuum. 

Since the radiation of an electron of velocity v 
is absorbed at a distance 1, =1, (vj), the con- 
tribution of the s-th harmonic to the radiation 
intensity will be produced by electrons in the 
layer 1, < L, where L is the plasma dimension. 
We shall assume that when vj > 2v; we have 
lz >> L. The number of such electrons is ex- 
ponentially small, and their contribution to the 
overall intensity of the s-th harmonic can be 
disregarded. Therefore the overall intensity of 
the s-th harmonic from a unit plasma surface 
will be on the order of Wg ~Wglgn, where Wel, 
is the value of wol, averaged over the Max- 
wellian distribution. The integration over VII 
is carried out here up to the velocity vj;,,, for 
which 1, (Vjjm) ~ Ls i-e-) Viim ~2vjln (L0?B°S~*/ 
nw*ag); Vis 2S of order of several times vj. 

It is precisely the value of vj;,, which deter- 
mines the line width of the radiation emitted from 
the plasma: Aw ~ SwHVime cos 9. When z, = 0 
(w = Swy;) the line intensity reaches a maximum 
corresponding to the radiation from the surface 
of an absolutely black body. Thus 


8B yy? 2 
msi wor 4, oT, 
4r8 0, 81r3c2 


Wi =4, Aw, (11) 


whe Lem qiayc 4. 
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The radiation intensity of the electron at the 
first harmonic is determined by the following ex- 
pressions 


(12) 
(13) 


w, =~ w(1 + cos?6) for v|w(z,)|/Bcos#<1, 
W,~ ws? for v|w(z21)|/bn; cos 9S 1. 


The result (13) was obtained by Ginzburg and 
Zheleznyakov! (see also reference 8). However, 
since the expression used in reference 7 for the 
tensor ¢jj does not take the thermal motion of 
the electrons into account, the results of that 
paper pertain only to electrons with velocities 

vy >»>V2vt. Taking (12), (13) and (8), (9) into ac- 
count, we obtain also expression (11), from which 
it follows that the intensity of radiation from a 
unit plasma surface depends very little (logarith- 
mically ) on the density, and is proportional to 
T3/? and H°, 

Let, for example, ny ~ 10em-3, H ~104 
Gauss, T ~5 kev, and L~ 10? cm. In this case 
Q/wyH ~1, B ~0.1, %~0.1 em, 1, ~l, ~1 cm, 

1; ~10? cm, and W-3 ~10? — 104 erg-sec"! cm™. 
The energy released in a nuclear reaction in a 
DT mixture is in this case Wnuc ~ 10° erg-sec™ 
cm~*. Thus, with the reactor size L ranging 
from 10 to 100 cm, the energy released in the nu- 
clear reaction is greater than the energy carried 
away by the magnetic bremsstrahlung. 

The radiation intensities corresponding to dif- 
ferent harmonics depend on ny to an equal degree 
(if the logarithmic dependence is disregarded ). 
This is due to the fact that the drop in the intensity 
of radiation from a single electron due to increa- 
sing s is offset by the increase in lg due to the 
increase in the number of electrons radiated to 
the outside. Expressions (11) are valid up to 
s =s*, where 1ox~L. For s=s*+1 we have 
l, >> L, and instead of (11) we obtain 


1 


Wo So.Eng (14) 


It is obvious that W, ~ Wax 628-8 <«< Wg* for 
Sst 

The presence of density inhomogeneities, which 
are particularly large on the boundary between 
the plasma and the vacuum, will cause the rays to 
be reflected and curved. In addition, for s such 
that lg ~L, the value of Wg will depend on the 
plasma configuration. An accounting of these cir- 
cumstances is essential for an accurate determina- 
tion of the coefficients dg. 

Expression (11) and the estimate given show 
that even in strong magnetic fields the energy lost 
to magnetic bremsstrahlung is not very large in 
thermonuclear reactors using the DT reaction. 
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This is explained primarily by the fact that when 
v|w(z,)|/Bn cos @ >1 the intensity of radiation 
of the first harmonic in the plasma decreases by 
a factor 1/8* > 1 compared with the intensity of 
radiation in vacuum. Secondly, the radiation of 
the first harmonics is strongly absorbed in the 
plasma. 

In conclusion, we consider the question of the 
intensity of thermal radiation near resonant fre- 
quencies* ww ,2, where 


w? , = + (2?-+ w2) + + [(M? + w2,) — 42702, cos? oy”. 
When w—w;,2 the coefficient A = (1 - w/w") 


(1 — w/w?) tends to zero, and one of the refrac- 
tive indices (2) tends to infinity: 


n= — BIAS 1. 


However, (15) can be used only when 1 > |A/*? >8?. 
In the general case |A| «<1 and the value of n? 
is (see reference 5 and also reference 9) 


(15) 


n? = [—A + V A? — 48°AiBI/287A,B > 1, 


A, = —30 [cost (1 — uw) +S 


earns cos? i) sin? i) -- 


sin* 0 
4{— mA :. 
(16) 


When 1 > |A|? > £2, one of the refractive indices 
(16) turns into (15). The second refractive index 
describes the plasma wave. The damping factor is 


% = —n(P + R) (4B°Ajn* + 2A)™ (1—y), 


where 


(17) 


= a |s| —2 % cin? 
p 8 /s? sin?0 
P= Vac Derg gee a 


R=v(1l + 2uv(1 —u)-* sin? 6), 
24-1 


(19) 


where p =8’n sin? 6 <1, and v is the elec- 
tron-ion collision frequency. The individual terms 
of (18) are in general of different order of magni- 
tude, and the largest of these should be taken in 
the sum (18). In the derivation of (16) and (17) it 
is assumed that xk «<n and Ben? <i 

The direction of beam propagation, i.e., the di- 
rection of the energy flux transferred by the plane 
wave with wave vector k, is not the same as k 
in an anisotropic medium. If the angle between H 
and k is 6, then the angle & between the beam 
and H_ is determined from the following equa- 
tion!® 

4 On (0) 


Aileen ON tan (€ — 8). 


The absorbing ability of the medium (the damping 


*This question was considered by Ginzburg and Zheleznya- 
kov.” 
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coefficient of the energy flux along the beam) is 
a(&, @) = 2wc-4% (8, w) cos (8 — &). 


In the preceding estimate of the energy flux we 
disregarded the difference between a and 2wk/c, 
for this difference is small when w is not close 
to W4,2. However, when w & 4,2, the quantity 

n7'dn/ dé is very large, so that the difference 
la—é| isclose to 1/2 


4 on 
yO 


_ uucos 6 sin 8 


A+ 2pAn? — tan (6—')= =, ce p>! 
Therefore q@ is much less than 2wx/c: 


ps A + 282 Ayn? 
“e uvcos@sin®e * 


a(E, @) = 2x (20) 


If the dimensions of the plasma are sufficiently 
large, then the plasma radiates like a ‘‘black’’ 
body when w =w 2. The width of the radiation 
spectrum can be estimated from the condition 
a(é, 1,2 tAw) L=1 (it is assumed that the 
plasma is transparent when w is not close to 
W142 Or to Swy, i.e., a@(w)L<«<1). The inten- 
sity of radiation will be W(&)=h|Aw|, where 
hh = wT. /8r1°c?. 2 The question of the emergence 
of the energy of the plasma wave from the plasma 
calls for a separate consideration. 

The authors are deeply grateful to A. I. 
Akhiezer, M. A. Leontovich, and Ya. B. Fain- 
berg and their associates for a discussion of 
the work and for useful advice. 
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A peculiar “‘electron transition’’ due to variation of the topology of the Fermi surface during 
its continuous deformation may occur in metals at high pressures. At the point of such a 
transition, the electron-state density near the boundary surface, and the electron dynamics 
also possesses some peculiar features which lead to anomalies of the electron characteristics 
of the metal (thermodynamic and kinetic). The most characteristic anomalies in the vicinity 
of the ‘‘electron transition’’ point at low temperatures are investigated. The possibility of 

an ismorphic first-order transition near the ‘‘electron transition’’ point is discussed. 


INTRODUCTION 


In connection with the peculiar features of the 
energy spectrum of conduction electrons in 
metal, characteristic anomalies of thermody- 
namic and kinetic quantities can take place at 
low temperatures in the region of high pres- 
sures. The nature of this phenomenon consists 
of the following. 

As is well known, the electron state density 
v(e) =dN(e)/de of conduction electrons is 
connected with the form of the constant energy 
surfaces in momentum space, ¢€(p)= ¢€. Those 
values of the energy ¢€ =e, for which the to- 
pology of these surfaces changes [for example, 
an open surface changes to a closed surface by 
disruption of a ‘‘neck’’ (Fig. 1a), or a new split- 
off region of surface appears (Fig. 1b)], corre- 
spond to peculiarities of the surface density 
v(¢). At the same time the ‘‘critical’’ surface 
€(p) = & contains singular points, near which 
the electron dynamics has an unusual character. 

Generally speaking, the value of « is lo- 
cated sufficiently far from the chemical potential 
of the electrons £, and one can ascertain the 
presence of singular points €, only by the x-ray 
spectrum. However, if there exists any continu- 
ously changing parameter whose variation causes 
the difference ¢ — €, to pass through zero (i.e., 
changes the topology of the Fermi boundary sur- 
face), then the peculiarities of the spectrum den- 
sity v(¢é) and the electron dynamics close to the 
“‘critical’’ surface ¢«(p) =« lead to singular 
anomalies of thermodynamic and kinetic char- 
acteristics of the electron gas in the metal. 

Deformation of the lattice, and in particular 


FIG. 1. a—Disrup- 
tion of the ‘‘neck’’ of 
a Fermi surface, b— 
appearance of a new- 
detached region. 


hydrostatic compression at high pressures, can 
serve as such a continuous parameter. Itis 
well known that at high pressures the anisotropy 
of a large number of properties is reduced, and 
therefore one can expect that a Fermi surface 

of the ‘‘corrugated cylinder’’ type, which is 
characteristic for layered structures, should go 
over, by gradual deformation, into a closed sur- 
face [even if the total number of electrons in 
the conduction band is constant (see Fig. 2a, b, 
c)]. It appears that other examples of variation 
of the topology of the Fermi surface are pos- 
sible. It should be emphasized that a change of 
the topology of the Fermi surface is not connected 
with a change in the symmetry of the lattice, and 
therefore does not correspond to a phase transi- 
tion of second order. 


FIG. 2. Gradual tran- 
sition of an open surface 
of the ‘‘corrugated cylin- 
der’’ type into a closed 
band. 
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On the other hand, the primitive lattice can 
cease to be thermodynamically stable up to the 
approach to the ‘‘critical’’ Fermi surface, so that 
the phase transition of first order takes place 
before the anomaly connected with the variation 
of topology.* However, since the time of electron 
‘‘attuning’’ in the deformation of the lattice is 
shorter than the time of realignment of the lattice 
in the phase transition, similar anomalies can be 
observed even in short-lived metastable states. 
Therefore, in what follows, the problem of sta- 
bility or metastability of a state close to the point 
of variation of the topology of the Fermi surface 
can be disregarded. 

Another parameter — the concentration of im- 
purities or components in an alloy — would ap- 
pear to change the chemical potential ¢ in the 
Fermi surface strongly; however, for an irregu- 
lar lattice, the very concept of a Fermi surface 
loses its exact meaning, owing to the absence of 
translational symmetry; therefore the singularity 
of v(é€) is smeared out and is practically absent. 

We shall investigate below the properties of 
the metal near the singular point of an ‘‘electron 
transition’’ (variation of the topology of the Fermi 
surface ). We shall begin with the case of zero 
temperature, at which the thermodynamic charac- 
teristics possess singularities connected with the 
singularities v(e). These singularities fade 
away with increase in temperature; the corre- 
sponding estimates are given at the end of the 
first section. 


1. ANOMALIES OF THERMODYNAMIC 
QUANTITIES 


The state density is determined by the equation 


v(e) = (20) -V dQ, /| Vpe| - (1) 
e(p)=e 
V is the volume of the metal and AQ is the ele- 
ment of surface area of €(p)= € in p-space. 
Close to the singular point py on the ‘‘critical’’ 
surface, ¢(p) has the form 


e(p) =e +p?o(n), P—Po =P =P, (2) 


where n is a unit vector. 

In the simplest case, when there is no de- 
generacy at the singular point p’ =9, we obtain 
by suitable choice of axes 


*Evidently, such is the case in the so-called isomorphic 
transition, where the parameters of the lattice undergo a dis- 
continuous change in one and the same type of structure (see 
below, page 1133). 
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€(p) =e& +p?/2m, +p?/2m,+p2/2ms. (2a) 


If the signs of pi? are identical, then a new sur- 
face recess appears at the point p = Py; if these 
Signs are different, then the neck is disrupted at 
this point (see Fig. 1,a, b). 

It is easy to demonstrate that the state density 
close to the point qg is v(e) =%(¢€)+ dv, where 
vy (€) is a smooth function and 6v differs from 
zero only on one side of the point eo On the side 
where the number of recesses of the surface e€(p) 
=e is large: 


ay 1/ a); 
ale—s,|"*, a~N/C?>0. (3) 


In what follows, to be specific, we shall assume 
that the number of surface recesses increases for 
€ >«,. In this case, for a total number of states 
N(€) =N)(€) + ON, we have 


0, e< & 
ee ‘ 
3 &(e—&e)", Ff > Spe (4) 


Correspondingly, we have for the thermody- 
namic potential Q, 


BN de 


QC) = 2, 6) + 6Q, 3Q=—| 1+ expl(e—0)/T) 


0 


(T is the temperature in ergs) or, setting € —- e&, 
= XC ele =. 
2a ( x? dx 


5) 1 exp le erty 5) 
0 


At low temperatures, T «< |z|, we obtain 


se A ace 2s (6) 


— 4 az” — (n?/6) aT? 2", z>0. 
For T =0, 
0, 74, << 0, 
QO) = ste teg 
Se ee eee (7) 


This means that the second derivatives of Q at 
the point of ‘‘electron transition’? z=9 havea 
vertical break, while the third derivatives go to 
infinity as 27! 

Inasmuch as the number of conduction electrons 
must be considered eonstant (at least in the vi- 
cinity of the point ¢=«,), it is useful to employ 
the free energy F(T,v) per electron. In this 
case the volume v is a parameter connected with 
the applied pressure; ¢, = «@(v) is a direct func- 
tion of the volume v and the chemical potential ¢ 
is also a function of v by by virture of the contancy 
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of the number of particles:* 
N(, v) =1. (8) 


Denoting by v_ the volume at which the varia- 
tion of the topology of the Fermi surface begins 
(ie., Z=€- |, =0), we have 


No (Ex (Ve), Vp) = Ihe (9) 
From (8) and (9), we get 


zZ=71(V—%), T=—(ON,/Ov + vodex | dv) / vo. (10) 


Writing the free energy F in the form 
Feary oF, 


where Fy is the smooth part of the free energy 
plotted against the density v)(¢€), it is easy to be 
convinced that 6F is quantitatively equal to the 
irregular contribution 62, expressed in the va- 
riables v and T. Thus 6F is given by Eqs. (6) 
and (7), where one must set z=y(v —- Vy). Then, 
ase (0 


Cnn Wes 0 Goer 

ee OTN (sy 3) oes”, z> 0; (11) 
‘ r OP, 4 3 O2F ee {0, Z<,0, 

LOT T OT ov \(n2/3)ayz—*, z>0. (12) 
pote he, se 

ae ee GL ae ea BS 0; (13) 


The expression (11) represents the anomaly of the 
electron specific heat C for z>0: 


C/T =(C/T), {1 + 42% / vo}. 


The expression (12) gives the anomaly of the co- 
efficient of electron compressibility. The total 
pressure in the metal is made up of the electron 
pressure and the pressure py, of the lattice 
‘‘“core’”’ of the metal, which frequently com- 
pensates it. However, inasmuch as the lattice 
part of the compressibility ap, /av is continuous 
at the point z =0,t then the peculiarity of the 
total coefficient of compressibility is given by the 
same expression (see Fig. 3a). 

Finally, as seen from (13), the strongest singu- 
larity is possessed by the thermal coefficient of 
pressure dp/dT (Fig. 3b). Considering that at 
low pressures it is the electron part of the ther- 
mal coefficient of pressure that plays the funda- 


*In the case of several intersecting zones, N(Z,v) is the 
total number of particles in all the zones. 

tIt may turn out that the part of the ‘‘lattice’’ binding en- 
ergy, brought about by the conduction electrons, has a singu- 
larity at the point z =0 of the same character as that of Q,; 
this would give an insignificant contribution to dp/dv, which 
does not change any of the results qualitatively. 
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FIG. 3. a—Anomaly of the co- 
efficient of compressibility close 
to the singular point z=0, b— 
anomaly of the thermal coefficient 
of the pressure near the point z=0. 


2~)-Dy 


mental role, we have for the smooth part of op/dT: 
(6p /OT),=AT, A =(x?/3) 0v,/dv. 
Thus, in the region of the anomaly, 


Cee ie {1 A aye" /2 | foe st, 

The same sort of singularity is possessed by 
the coefficient of thermal expansion (9v/8T )p 
= — (dp/dT )/( 8p/8v )p: 


JON ea Yh wy Oh aT Sion 
(Sr), =F tre 25k, Cy a Ge) 
To be able to consider the anomalies in all the 

formulas (6) — (15) on a pressure scale, it suf- 
fices to assume that p — p, =— ky) (v — Vy) and, 
consequently, 


(14) 


(15) 


z= (v— Ue) = (1 / %o) (Pk — P)- (16) 


In this case, it is convenient to estimate the 
coefficients y, y/ky and the critical pressure p 
by expressing them in terms of the original dif- 
ference of the energy Z =(¢ — 4,)o (for zero 
pressure ), and also of the critical deformation 
(Vp — Vy )/vo, for which the transition 


[2|=|2o|] 2 —Pel/ Pe, Pr =| % — Vel, 


Iy1 =| 201/1 %— %| (17) 
exists. . 

Naturally, the expressions (17) are only esti- 
mates, since the linear relations between p, 
vV-—vVpo and z— az are violated in the large in- 
terval of deformations. If we set |vg — v,|/ 
vy ~ 0.05 to 0.1 for critical deformation, then 
P.O 104 to 10° kg/cm?.* 

Equations (11) — (15) are valid for T « |z|. 
Thus, for finite temperatures, the singularities 
of all the thermodynamic quantities are lessened. 
The width of the temperature lessening of the 


*It can be thought that less symmetric deformations (for 
example, uniform compression or tension) greatly change the 
geometry of the Fermi surface and require smaller stresses. 
In particular, violation of the initial symmetry of the crystal 
for such appropriately small deformations can lead to a split- 
ting of the surface at the points of unavoidable self-intersec- 
tion (for terms of identical symmetry) and lines of accidental 
intersection (for terms of different symmetry). 
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anomaly willbe Azw~T; onthe pressure scale 
this gives 


Ap/ pe=T/\ 29| =T/|0 — ee! paca (18) 
As follows from Eq. 12, the negative quantity 
( dp/dv )o =—Ky obtains a positive increment ~ z!/? 


in the region of the anomaly. If as a result, p(v) 
ceases to be a monotonic function and becomes 
positive at some point dp/dv, then an isomorphic 
phase transition of first order takes place with a 
discontinuity in the volume. Writing the expansion 
of dp/dv for small z>0 andT—0: 


Op / Ov = —x, 4 ay?2'2— x42, (18a) 


we establish the fact that the region of instability 
(8p/dv >0) can exist for the condition ay? 

> 2VKoK, and lies to the right of the point z =0 
in the interval 


ay? — V (ary?)? — 4x < PKs << GN" 
+ V (ary?)? — 4x 5m. 
Here the point of ‘‘electron transition,’’ 


= 0, lies itself in the region of metastability or 
stability. 


Since the singularity at the point z=0 is re- 
duced at finite temperatures, one should not call 


(19) 


0, 
a(z-+ uH)”, 

A |a (2—pH)", 
a (2+ pH)" + a (2—pH)”, 
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FIG. 4. Anomaly of the 
paramagnetic susceptibility 
close to the point z = 0. 
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(see Fig. 4). 

However, the actual picture is somewhat further 
complicated by the superposition of quantum dia- 
magnetism, which we have not taken into account 
here. 
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the ‘electron transition’’ at the point z=0 a 
phase transition; in this connection we always 
speak of ‘‘anomalies’’ at the point z =0, although 
in the terminology of Ehrenfest one could tenta- 
tively call such anomalies at T=0 ‘‘transitions 
of the 25 order,’’ since the second derivatives of 
the thermodynamic potentials have a singularity 
~ gil 2 and the third derivatives have a singular- 
ity ~z Ge 

To conclude this section, we determine the 
anomaly of spin paramagnetism at T =0. Inan 
external magnetic field, the spin magnetic mo- 
ment will be 


M=p{N(+pH)—N C—p2A)}, 
Ni -+ N_=const, 


while the magnetic susceptibility y =@M/0H has 
the form 


4={(vC+4A)+vE—pe)} w= x, 
+ {Sv (z+ pH) + bv (z—pA} p?, 
Xo = »? {v, (G + wH) + v(6—pA)}, 


BV =| Lepithigoet 
CeO PSM), 
Then 
ztpyH<0, z—pH <0, 
ztywH>0, z—pH <0, (20) 
zt+pH <0, z—pH>0, 
2--pii0; ez—phi>0 


2. ANOMALIES OF GALVANOMAGNETIC 
CHARACTERISTICS 


The anomalies of the kinetic coefficients (for 
example, the coefficient of heat conduction and 
electrical conductivity, viscosity, sound absorption, 
etc.) are connected both with the singularities of 
the state density v(e¢) and of the thermodynamic 
quantities, and with the singularities of the elec- 
tron dynamics on the critical surface. So far as 
the first part of the phenomenon is concerned, 
this leads, as also in the case of thermodynamic 
quantities, to singularities of the type Par a 
and |z|!/?. For example, inasmuch as the ab- 
sorption coefficient of sound x, is connected 
with the derivative of the sound velocity c with 
respect to the density, while cw ap/ev, we can 
expect that 


by, ~ 8 (B2p/d0%) ~ Jz |. 


In the present paper we shall not consider the 
detailed theory of anomalies of kinetic coefficients 
in the vicinity of the transition point z=0. We 


1134 Ik 


shall only investigate the case in which the entire 
effect is fundamentally determined by a change in 
the electron dynamics. This takes place for the 
electrical resistance in strong magnetic fields if 
an open surface at the point z=0 is converted 
into a closed one (or vice versa). 

For definiteness, we shall assume that the 
initial open surface of the ‘‘corrugated cylinder 
type at the point z = 0 goes over into closed 
regions by means of a disruption of the neck (see 
Fig. 2a, b). As was shown in references 1 and 2, 
the asymptotic character of the electrical resist- 
ance in a strong magnetic field depends materi- 
ally on the topology of the Fermi surface, and is 
determined by the presence or absence of open 
trajectories of the electrons. The latter are ob- 
tained by the intersection of the Fermi surface 
with the plane perpendicular to the magnetic 
field (p, — const., z is the direction of the mag- 
netic field). For closed surfaces there are no 
such open trajectories, and the resistance in 
strong fields generally tends toward saturation* 
(to p,; in order of magnitude, p,,~—). For 
an open surface of the corrugated-cylinder type, 
open trajectories are obtained for the direction 
of the magnetic field perpendicular to the axis of 
the cylinder; this leads to an unlimited growth of 
the resistance: p ~ H?. We shall investigate pre- 
cisely this case. 

We begin the calculation of the resistance in 
the vicinity of the point z =0 with the determi- 
nation of the conductivity tensor oj,. For z >0, 
by assumption, the surface is closed. This 
means that the conductivity has the form! 


rot 


Yaxx Yaxy YAxz 

( 

oe = |x 7A Aye), Y=H/H<1, (21) 
{Gzx azy Qzz 


where Hy is the characteristic magnetic field, in 
which the period of precession of the electron is 
equal to its path length; the a; have the order of 
magnitude of the conductivity in the absence of the 
magnetic field. 

For z< 0, a contribution is added to the value 
of o from the open trajectories. Choosing the 
xX axis along the corrugated cylinder, we can write 
down the dispersion law close to the singular 
point py onthe surface e(p) = €, in the form 


& =e + p2/2m, — p2/2m, — p2/2ms, p'=p—Ppy (22) 
The contribution 60; from the open tra- 


jectories is proportional to its relative share, 


*The case in which the electrons and holes are equal in 
number is an exception. 
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i.e., the thickness of the layer of the open tra- 

jectories Ap, (Ap, is the width of the neck 

in the corrugated cylinder in Fig. 2). 
According to (22), 


Ap, = mf|z\*. 
Thus, taking into account the form of the conduc- 
tivity tensor in the presence of open trajectories 


along the x axis [see reference 1, Eq. (29) and 
reference 2, Eq. (16)], we have 


Yoxy,  YOxe 
Ones Duy Dyz . 
Dex, bey, bzz 


(23) 


Retaining the principal terms in y and z, we 
can write for the total conductivity (for z <0): 


0 N 
Sreg = Sik =e OSzp 


Ge axy axz 
Pe Met ie: | 2 fh 
| (Ce: ayy | € By — YAyz + | e byz (24) 
tle 
\ Ger zy | = | Dzy zz | 
where bj, =bjx(z). Then, for the resistance 
along the x axis, 
ety BH es a, 4,,—4,20,, by, (2) 2 fe; H\2 
P= (ole eka He cee 


To make clear the dependence of b on Z=¢ 

— €, it is necessary to take into account that the 
velocities vy and vy are very small (vl ~ p’) 
on open trajectories close to the singular point 

p’ = 0, and that the time of motion close to this 
point on the curve ¢€=« diverges logarithmically 
[see reference 3, Eq. (3.15)]: 


T~\ dps! % ~ In (€ — &). 


Therefore, the fundamental contribution to the 
mean velocity v, is given by the motion near this 


point; this leads to the following estimate of Vy: 


ppv In({z\7/), 


v = velocity of the electron far from the singular- 
ity. 

Inasmuch as the contribution to the conductivity 
Tyy made by the open trajectories contains the 
factor x (see reference 2), then 


byy~a/In(G/|z)). (26) 
Finally, we obtain 
a piled Ne ¢ 
ree: Eh Coes ag 
ia) che a [in§,, ou (27) 


| a ZU) 
where A and B are constants of the order of 
unity. 
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The anomaly of the pressure derivative of the 
resistance is especially sharp: 


fg OP Bzo (ir) | eee a 


Po dp 2\zfcp, \Ho a a3) 


Attention must be given to one characteristic cir- 
cumstance: while the anomalies of the thermody- 
namic quantities are located in the region z >0 
(i.e., to the right of the point of ‘‘electron transi- 
tion,’’ z =0), the anomaly of the resistance lies 
in the region z <0 (i.e., to the left of the point 
zZ=0).* 

As follows from the estimates (18), all the 
anomalies are more marked at low temperatures; 
however, the effect exists even in the region of 
very high temperatures. As far as the anomalies 
of resistance in a magnetic field are concerned, 


*A much weaker anomaly of the resistance due to thermo- 
dynamic parameters takes place also for z > 0. 


the entire effect is essentially a low temperature 
one, since it takes place only when the radius of 
curvature of the trajectory of the electron in the 
magnetic field is much less than its mean free 
path. 


1 Lifshitz, Asbel, and Kaganov, JETP 31, 63 


(1956), Soviet Phys. JETP 4, 41 (1957). 

21. M. Lifshitz and V. G. Peschanskii, JETP 
35, 1251 (1958), Soviet Phys. JETP 8, 875 (1959). 
31. M. Lifshitz and M. I. Kaganov, Usp. Fiz. 
Nauk 69, 419 (1959), Soviet Phys.—Uspekhi 2, 

831 (1960). 
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We considered the dielectric constant for a relativistic electron-ion plasma, taking spatial 
dispersion into account. We obtained expressions for the screening radius and the skin- 
depth. Both undamped and weakly damped plasma oscillations were considered. 


ie Relativistic plasma has recently drawn more 
and more the attention of physicists, as witness 
the number of papers devoted to the theory of a 
relativistic electron plasma.!~? The present 
communication is devoted to a consideration of 
the electromagnetic properties of an electron- 
ion plasma characterized by a complex dielec- 
tric constant that takes spatial dispersion into 
account. We shall in the following not take into 
account the dissipation caused by the collisions 
between particles. 

2. Ina medium with spatial dispersion — the 
simplest example of which is a plasma — the con- 
nection between the induction and the electrical 
field strength is well known to be (see, for in- 
stance, reference 8) nonlocal both in time and in 
space. We have, namely, for an infinite uniform 
medium 

t 

Dart) = \ ar’ \ Goer tty (FOE). (1) 
We take for the dielectric constant tensor the 
quantity 


&;;(@, k) = ee | die é,,(r, t). (2) 
0 
It is necessary also to define the induction of the 
electric field. We shall not use in the following 
the concept of the magnetic field strength, so that 
we take for D the definition 
t 

D(r, #) =E(r,d) +40 \ de'j(r,¢), 

These relations define a dielectric constant that 


takes spatial dispersion into account. 
In the case of an isotropic system, the dielec- 
tric-constant tensor can be written in the form? 


@:; (, k) = (8:;— Rk; | k”) & (w, k) + (hk; / R) &! (0, 2). 
Such a tensor enables us to write down many 


electromagnetic properties of the medium. In 
particular, the transverse field oscillations are 


defined by the condition 
Ck?) 2 GR) =), (3) 
and the longitudinal oscillations by the condition 
e!(w, k) = 0. (4) 


The conventional dielectric constant corre- 
sponds to the limit of the longitudinal and trans- 
verse dielectric constants for k =0 

e(@) = lim e! (@, k) = lim e” (a, R). 
k=0 k=0 

The concept of a screening radius for the in- 
teraction is of great importance to the description 
of the interaction between particles. Such a con- 
cept has a simple physical meaning only in the 
case of a Static field, and is thus defined through 
the limit of €;, for w=0. The limit of the 
longitudinal dielectric constant is then finite. The 
screening radius for the longitudinal interaction 
is therefore defined by the equation 

5 2 oll pe 

a ee (e’ —1l)= rg. 
It is necessary to let w tend to zero first, and 
afterwards take the limit k — 0. This means 
that one can only speak about a screening radius 
at large distances, where the decrease of the 
field is characterized by an exponential law.* 

We must finally discuss still one more char- 
acteristic of the electromagnetic properties, 
also determined by the dielectric constant. In 
the limit w/k — 0, the skin depth is a char- 
acteristic distance in the variation of the trans- 
verse field. When the mean free path can be 
assumed to be infinite, the anomalous skin-effect 


*In the language of the theory that uses Green functions to 
describe many-particle systems, the different limits of € when 
k/w > 0 and when w/k » 0 correspond to different limits of the 
field Green functions in the time and space regions for small 
k and w. A similar situation occurs also for the vertex part 
and also for the two-particle Green function, as was noted by 
Landau.° 
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occurs. The transverse dielectric constant can 
then be written in the form* 


ef” = (4 / w) 9? (R), otf — C/k, 


where C is a constant which depends on the 
actual properties of the plasma. One easily sees 
from this and from Eq. (3) that the skin depth of 
the transverse field is equal to 


6 = (2c?/nCo)'’. 


We go now over from these general considera- 
tions to a discussion of the dielectric-constant 
tensor and of the quantities that determine this 
tensor for a relativistic plasma. 

3. We shall use Vlasov’s self-consistent field 
approximation to obtain the dielectric-constant 
tensor of a relativistic plasma. We have then for 
a description of the electron and ion distributions 
(see, for instance, references 2, 3, 5, and 7) 


OF, 0 Fi) 
oft af 1 Of. 
Eye ign —Ze(E+— lv, xB}) 5! =0. (5) 


fe] and fj are here the electron and ion distribu- 
tion functions, ve; and vj the velocities of the 
corresponding particles, and Z the ionic charge. 


The electrical charge and current densities are 
equal to 


p=eldp(—Zh), i=e\ dP Wf Zvifi)- 


We can obtain the dielectric constant from the 
linearized transport equations, in which we re- 
tained in the last term only the equilibrium dis- 
tribution function, as we assume that there is 

no constant magnetic field. Moreover, it is nec- 
essary to take retardation into account when we 
determine the dielectric constant. In that case, 
if we have at time t) a given non-equilibrium 
addition 6f(r, p, t)) to the distribution function, 
we have at time t 


df(t, Ps t) pas Sfex(t =a Veill i, ty), p, to) 


ap, ¢ 
—5Ee \ dt’E (t — Veit —0’), ¢’). (6) 
wt 
Here ca is the electron equilibrium distribution 
function. The solution of the transport equation 
for the ions has a similar form. 


*In the case of a quantum-mechanical system, the limit of 
the dielectric constant as w/k > 0 contains terms ~(k/a@)’, 
which lead to diamagnetism. One can easily understand this 
from the definition of the magnetic permeability’ u(w, k): 


14 —p-1(w, k) = (w? / c?k?) (ee 3‘). 


Assuming the interaction to be switched on 
adiabatically infinitely far back in time, we have 
from (6) 
allan a 

Ree \ aE (r—valt—2),¢). (7) 


Using (3) and (7) we get 


Sher, Pp, t) = a. 


0 
vi; OFF 


i= 4re2 eli il 
Si] (@, k) of — =\ se 102; e147 = ky Op, eC 


(8) 


The dielectric constant tensor (8) was obtained 
by us as a function of the real arguments w and 
k. In accordance with the fact that we are dealing 
with a retardation, the contour for integration 
over the momenta must be arranged such that the 
pole «.=(k-v) of the integrand on the right hand 
side of (8) is encircled from below.” 

From (8) we have 


4re2 (ly ae 
& (0) = mibcaas 302 (dp {ioe + Zap 4 Op J 
rece = — Ane? | dp (1 + 247%), 
is Tez 0° kv. alas & kv: 
C= — Fld {imal ge) + 240.8 (E- (9) 
We have taken it into account here that the equi- 
librium distribution functions are functions of the 
energy; the prime indicates a derivative with re- 
spect to the energy. 
4. Let the electrons be ultrarelativistic. Their 


contribution to the dielectric constant will then 
be of the form 


fe: els Pj 1 

dp p® w—ckpip” 
We have then for the longitudinal and transverse 
dielectric constants 


(10) 


SS o (0, k) ted aet\ 


dp 


Seh(o, ) = SE A 1 + in| 2S | 4 eS +1), 
(11) 
seli(o, 8) = 54 {— ae + [1 —(&) Ja] epee | + 
ee om Grsyen 
A=c (ANq/ %_)= — \ dp fey/ Ap.- (12) 


In the case of a Boltzmann electron distribution 
[(f£ ~ exp(—cp/kTg])] we get 
eS CNei/ “Tes; 


where Nj] is the number of electrons per unit 
volume,* x is Boltzmann’s constant, and ines 


(13) 


*In the case where there is an equilibrium number of elec- 
tron-positron pairs, Ng = 0.183 (kTe1/fic)’. 
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the electron temperature. For the case where 
the electron gas is degenerate we have A: 
= 8Ne]/pp, where Po = (322)!/3 HN] !/3 is the 
limiting momentum of the Fermi distribution.* 
Equations (11) and (12) are similar to the ones 
occurring in the theory of a degenerate nonrela- 
tivistic electron gas. The reason for this is that, 
both in the case of the ultrarelativistic gas and 
in the case of the nonrelativistic degenerate 
electron gas, the particles determining the dielec- 
tric constant have all the same velocity, the ve- 
locity of light in our case and the velocity on the 
Fermi surface in the case of a degenerate Fermi 
gas. 

The limiting characteristics of ¢€(w), Lee 
and C following from Eqs. (11) and (12) are 
of the form 


4re?c A, 


F 2 2 
dee(o)= — A, B(rea a= A, Cor A. (14) 


For nonrelativistic particles, and we consider 
the ions to be such particles, the contribution to 
the dielectric constant is well known to be 


P; of 


de; ;; (@, k) = o—kp/M dp,’ 


4ne2Z2 \ 
oM 


where M is the ionic mass. In particular we 
have for a Maxwell distribution of the ions 


2 —- —x? 

L i pea IS a far aes ee 
824 (, k) = 53 xP; \! ae V/ ar, Ve acs Dn 
(15) 
(16) 


x 


dxe_ 


sel (ah) tig 7 at —| = 
Sj (o, ) ko |/ 24T Vx x — (w/k) V M/2xT ,’ 


where w}; = 4me?Z?N;/M, and where the pole of 
the integrand is encircled from below. 

From (15) and (16) we have the following equa- 
tions which are analogous to Eqs. (14) 


2 272 
= On cee. 4ne°Z?N; 
og; Q=—— a» 8 (fser)i = xT; , 
5G Oi M 
et 2nxT 5 : (17) 


Comparing Eqs. (14) and (17) we see that if the 
electrons have a Boltzmann distribution, the extra 
contribution to €(w) is determined by the elec- 
trons in each case where the condition KT 4) 

<« Mc? is satisfied. In order that the same be 
true for the skin depth, it is necessary that the 
condition xT.) «<vVMc?xkT; be satisfied. It is 
evident that this condition is violated when 

Te] 2 10°T;. Finally, for the screening radius 
the situation is the same as in the nonrelativis- 

" *The dielectric constant of a degenerate relativistic elec- 
tron gas was considered in a paper by Lindhard.? 


V) SRL IS GL IN 


tic case, namely 

tsce = (Ane?/uxG) (1 + ZRyT 4}: 
This is due to the fact that in the nonrelativistic 
limit the screening is independent of the mass of 
the particles, but the difference in the relativis- 
tic case lies essentially in the dependence of the 
mass on the velocity. We note that the conditions 
under which the electromagnetic properties of 
the plasma are determined by the electrons or by 
the ions are completely similar for ultrarelati- 
vistic Fermi-Dirac electrons; we must only use 
cp)/3 instead of KTg). 

5. We turn now to a consideration of the 
propagation of electromagnetic waves in a rel- 
ativistic plasma. 

In a nonrelativistic isotropic plasma the mo- 
tion of the particles and accordingly the change, 
reflecting this motion, of the spatial dispersion of 
the dielectric constant influences the propagation 
of transverse waves only weakly. In our case the 
particle velocity is very large and the part played 
by the spatial dispersion therefore increases. 
This is clear from the following relations for the 
transverse waves, obtained from (3) by assuming 
that the electron energy is small compared to the 
rest mass energy of the ions.* 


(18) 
(19) 


Indeed, in the case of Eq. (18), taking the mo- 
tion of the particles into account changes the term 
proportional to k? by 20%. In the case of Eq. (19), 
however, the constant term is changed by a factor of 
one and a half by taking into account the spatial 
dispersion. Because the phase velocity of the 
transverse waves is greater than the velocity of 
light and is equal to it in the limiting case of in- 
finitely short waves, the transverse waves are not 
damped. We can thus drop the imaginary parts 
when substituting (12) and (16) into (3). 

We turn now to longitudinal waves. Two modes 
of natural vibrations, the so-called plasma and 
acoustical branches are possible, as in the case 
of a nonrelativistic plasma.!! We consider first 
the plasma oscillations. In this case one can 
easily see from (4), (14), and (17) that in the long- 
wave case the frequency tends to a limit equal tot 


Gee 4 nec + 4 coke if w> ck, 


w? = 2ne’cA + ck? if w ck, 


O) = (4ne? A/3 + oi)”. (20) 


*In the nonrelativistic case the equation 
@* = @ 1 + c?k?, where @?., = 47e’N,,/m 
corresponds to Eqs. (18) and (19). 
tAssuming that the electron energy is small compared with 
the rest-mass energy of the ions, we have w? = (4/3)re*cA 
+ (3/5)ck’ in the region ck K a. 
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It follows from this that as k ~0 the phase ve- 
locity increases without limit. 

It is well known that in the long-wave region, 
where the phase velocity is greater than the ve- 
locity of light, there is no damping. As‘ long as 
we can speak about ultrarelativistic electrons, 
i.e., as long as we can neglect the difference be- 
tween their velocity and the velocity of light, the 
minimum phase velocity of the longitudinal plasma 
waves is also the same as the velocity of light. 
Indeed, we have in the short-wave limit (ke > w») 
from (4), (11), and (15); 


j Rk? Oi 
@ = chy + 2exp mise a4 rh |}. (21) 


The damping is then, of course, also equal to zero. 


However, to be able to apply Eq. (21) to the case 
of a Boltzmann plasma, the electron temperature 
must satisfy the condition 


xTe, > mc? In (ck/o,). 


It is thus necessary for short wavelengths, where 
this condition is violated, to take into account the 

fact that the particle velocity is different from the 
velocity of light. In other words it is no longer 


possible to use Eq. (10), obtained for ultrarelativis- 


tic electrons. 

Since, however, the average thermal velocity 
of the particles in an ultrarelativistic gas differs 
only very little from the velocity of light, the 
minimum phase velocity will also differ little 
from the light velocity. One can, namely, use 
(8) to verify that this difference is of the order of 
magnitude of c(me?/xT, 1)". It is also important 
that the number of electrons with velocities ap- 
preciably different from the average thermal ve- 
locity be very small, i.e., that there be a small 
spread in electron velocities. This leads to the 
fact that when the phase velocity of the plasma 
wave tends to its minimum value the damping 
turns out to be relatively small, namely y/w 
~ (me’/kTe])’. 

The second branch of longitudinal vibrations — 
acoustical waves —is only possible in a plasma 
because of the spatial dispersion of the dielectric 
constant. This should already be evident from 
the fact that the velocity of such waves can be 
small compared with the electron velocity. This 
last fact leads to the occurrence of damping 
caused by the electrons. The Cerenkov mecha- 
nism of damping of the oscillations in a plasma 
occurs when there is some group of particles for 
which the condition (k-v) =w is satisfied. In 
our case the electron velocity differs little from 


the light velocity; if, however, the sound velocity 
is small compared to the light velocity, only a 
small part of the electrons, moving nearly perpen- 
dicularly to the direction of the propagation of 
sound, will take part in the absorption of the vi- 
brations. Similarly, if the phase velocity of the 
wave is appreciably larger than the average ther- 
mal velocity of the ions, only a small group of 
ions which have velocities much higher than the 
thermal ones will be involved in the absorption of 
sound. Under such circumstances where a small 
part of the particles in the plasma is involved in 
the absorption, one can expect the damping of 
sound to turn out to be relatively small. 

If the electron velocities have a Boltzmann 
distribution the velocity of sound turns out to be 
small compared with the average velocity and 
at the same time large compared with the thermal 
velocity of the ions, when Mc? > ZKTe] > KTj. 
We get then from (4), (11), and (15) for the velocity 
of sound 


Us = w/k = V ZxTe/ M. (22) 


Equation (22) is the same as the corresponding 
formula for the sound velocity obtained in the non- 
relativistic plasma theory (see reference 12). This 
is understandable, as the sound velocity in that 
case is independent of the electron mass. 

If the electron distribution is a Fermi-Dirac one, 
the condition similar to those under which Eq. (22) 
is valid in the Boltzmann case is determined by 
the inequalities Mc? > Zpyc > KT;. We have then 

Us = V Zpyc/3M. (23) 
The contributions from the electrons and the ions 
add up for the absorption of sound waves of a ve- 
locity determined by Eqs. (22) and (23). The elec- 
tron part of the logarithmic decrement is con- 
nected with the sound frequency by the relation 

Tt Us 
Vela me . (24) 

We note that such an absorption of sound in a 
plasma is very similar to the absorption of 
sound by electrons in a metal in the low-tem- 
perature region, which has been extensively 
studied recently both theoretically and experi- 
mentally. 

The ionic part of the logarithmic decrement 
is determined by the expression 

ene ( i 


oe “le Mo? 
Depa heeee 


the structure of which shows that for this part 
we can essentially use the results of the non- 
relativistic theory.!® 


(25) 
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‘We emphasize that to be able to apply Eqs. 
(24) and (25) it is also necessary that the Ceren- 
kov dissipation of the sound wave be the basic 
one, as the entire foregoing analysis does not 
take into account the usual dissipation mecha- 
nism, which is connected with collisions. 
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The problem of the rotation of the spin is solved for a relativistic particle that has a mag- 
netic dipole moment and moves in an external electromagnetic field. The angular velocity of 
the rotation of the spin is determined in the rest system of the particle, which is rigidly fixed 


to its trajectory (analog of the Frenet axis system for a four-dimensional curve ). 


The re- 


sults obtained are significant for experiments made to measure the magnetic and electric 


moments of elementary particles. 


lle us consider the problem of the change of the 
polarization of a particle with arbitrary spin s 
and magnetic dipole moment p = g(eh/2mc)s 
under the action of an external electromagnetic 
field. It is assumed that the field is a macro- 
scopic field, i.e., that the motion of the particle 

in De field obeys the laws of classical mechan- 
ics: 


du,,/dv = (e/mce) Fy,ty. (1) 


The spin operator is uniquely defined only with 
respect to spatial rotations in the rest system, 
and various relativistic generalizations of this 
operator are possible. We shall use the spin 
pseudovector 8, = —i€yyrapMyyPp,” which co- 
incides with the nonrelativistic spin operator in 
the rest system of the particle. For the average 
value of § y, one can obtain the equation (cf. ref- 
erence 3) 


ds,/dx = (e/me) [© gFwsy + (4 g—1) upFepttass], (2) 


where g is the gyromagnetic ratio and u, is the 
four-velocity. The polarization is essentially a 
three-dimensional vector defined in the rest sys- 
tem of the particle. Therefore after solving the 
equation (2) one must translate the four-vector 

S,, into the rest system. The direct solution of 
the equation (2) is cumbersome even in the sim- 
plest case of a uniform magnetic field. Therefore 
we shall find the angular velocity of the rotation 
of the spin directly in the rest system. 

Let us introduce four axes 1%(a = 0, 1, 2, 3) 
rigidly connected with the trajectory (which is re- 
garded as a curve in the four-dimensional Min- 
kowski space). The four unit vectors n@ are the 
four-dimensional analog of the Frenet axes. They 
obey the equations 


ane/dt = XapNns 
8as = 0 (a a 8), 


We shall construct the vectors n@ in the fol- 
lowing way. Suppose the vectors Uy Uy Up Uy 
are linearly independent (the dot denotes dif- 
ferentiation with respect to the proper time T). 
Then we set 


Ceara 


£00 = —|, 211 = S22 = 233 = 1. (3) 


— >) Copd?u,/dr®, 
B=0 


where the coefficients Cqg are found from the 
conditions of orthogonality and normalization. It 
follows from this that Kag * 0 only for 

6B =a +1, i.e., the curvature tensor has the form 


Xo = Xo1 = *10> 2s =r 
SO) a aS BY) SUEY) 
(the other components of the tensor Kg are all 


zero). For the unit vectors ur we get the fol- 
lowing expressions: 


0 1 g eee 5 if one 
Te = Up, TWw= Cy, Mh = C2 (uy — > PP Te, — puy), 


TP, = Cg&nvrpllyUaUlp, (4) 
where 
Cr=p-’, Cy=(p?+q—Fp'p >» Cs = —iC,C; 
Pe tat en qi diatlie (5) 


Substituting Eq. (5) in Eq. (3), we find the connec- 
tion of Cj with the curvatures Kaa: 
Gi == KS Cm = = ine aes arte, (6) 
The spin four-vector s, can be expressed in 
terms of the vectors mu (i =1, 2, 3), since 
Syuup = 9. Let 


Gs — i 
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it follows from Eq. (2) that 
deo/dz = [(Qxe], 
where 
Qu = — ij — g (e/2me) F Tats (7) 


and Q is the vector of the angular velocity of the 
rotation of the polarization o in the rest system 
we have chosen (the system of axes 71). From 
Eqs. (4) and (6) it is clear that k;,; and Mh can 
be expressed in terms of the four-velocity uy 
and its derivatives, which are determined by the 
field F,,,. Therefore to find 2 we need first to 
determine the trajectory of the particle, i.e., to 
solve (1). 

Let us consider the case in which E =0 but 
H is an arbitrary function of the coordinates (and 
the time). Using the equations of motion (1), we 
can obtain the following expression for the com- 
ponents of Q: 


Q, = uy A-? [ecos 8 + (1 -+ esin 9) 6], 


Oh = —+ gQ,_ Aue tg 9, 
Ors Sg 1) OA = On AG 4¢ (e+ sin 6); (8) 
here 

__ me {HXH] v eH 


OF 


’ 


“eH cos?@ ’ 


= (1 + u*cos? 6+ 2esin 6+ ©)”, 


mc 


vy is the direction of the velocity of the particle, 
and @ is the ‘‘pitch angle’’ of the trajectory, de- 
fined by the condition v-H=sin @. It is obvious 
that e€ is a parameter that characterizes the de- 
gree of inhomogeneity of the magnetic field. 

Starting from the formulas (5), we can deter- 
mine the positions of the unit vectors nj, in the 
laboratory coordinate system (1. s.) at each in- 
stant of time: 


mL == ae (2; xu]: 0}, 
ne = 1 (@,xu] + (@rxu) QB, —(1 + uP cos? 9) Qiu 
— input}, 


— ([@,xu] [@,xu)-/| [Q.xu] |?) [Q.xu]; 


Me = {— uy Que, (EH/H + eu/u); — iuQ,xy7" (e+ sin 9)}. 


(9) 
The curvatures ky, xk, that appear here are given 
by 


% =| (2rxul|, x, =Q.A; E=e/Jel, Q, =—(e/mc)H 


In a uniform magnetic field we must set ¢ =0, 
8 =const, so that we have 
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- u2 cos? 6}. 


— 1) QV 1+ wu? cos? € 


The electron then moves in a spiral with a con- 
stant pitch angle 9 (uz =usin 6, ifthe z axis 
is the axis of the spiral). It follows from Eq. (9) 
that the vectors ni are in fixed positions with re- 
spect to the accompanying Frenet vectors Can: 

b of the electron trajectory. In the rest system 
defined by the axes ni the pee ee vector 
precesses around the axis n? , and the anes 
velocity is zero for g =2. For the vector n? 

in the laboratory system we have 


t sin 9 + bcos 9); 


Q=40, 0, (Fe 


Uo 
Salis | 
; usin @ 
V1 + u? cos? 6 f © 
If the polarization was longitudinal initially (at 
t=0), then after a certain time it becomes 
transverse. This time is given by 


= 2Uo 
(g/2 — 1) Q, V1 + u® cos? 0 


x arcesin(V 1 + u2cos?6/V 2 uy cos 9) 


(from the point of view of clocks in the laboratory 
system ). 

The polarization will be longitudinal at the 
times 


ann [(+ g—1)Q. V1 + uv? cos? 6|7 
and transverse at the times 
ann [(2g —1) 2, V1 + wu? cos? 6] “LT. 


Assuming u<1, @<«<1 and neglecting quanti- 
ties of the orders u’6? and 64, we get 


= (n/(g —2) Q,) (1 + 0.646%), 


i.e., in the nonrelativistic region the time of 
transition from longitudinal to transverse po- 
larization does not depend on the speed of the 
particle. Measurement of this time gives a pos- 
sibility for determining the gyromagnetic ratio 
g.4 If high accuracy isto be obtained the angle 
of rotation of the spin must be large. One 
achieves this by bounding the region of uniform 
field by magnetic traps at its two ends, so that 
the particle is reflected and passes back and 
forth between the traps many times, while being 
essentially in a uniform field. Then, however, 
one must examine the additional rotation of the 
spin on reflection from a trap, and the effects 
of unavoidable inhomogeneities of the field. 
This can be done conveniently by starting with 
the equations (8). 

As is well known, the existence of an electric 


ROTATION OF THE SPIN OF A RELATIVISTIC PARTICLE 


dipole moment of an elementary particle is in 
contradiction with CP or T invariance. With 
a slight modification, the experiment considered 
here gives a possibility for an experimental test 
of the vanishing of the electric moment.! Let us 
write down the equation of motion of the spin for 
a particle that has both magnetic and electric di- 
pole moments: 


ae = Fas| ase} . (10) 
Equation (10) is the only possible equation linear in 
Su that together with Eq. (1) satisfies the con- 
ditions 
d(s,u,)/ dt = d(s,)/dr = 0 
In the nonrelativistic case Eq. (10) has the form 
ds/dt = — (e/2mc) {g [Hxs] + f [Exs]}, 


from which it is clear that the magnetic and elec- 
tric moments of the particle are p =g (eh/2mc)s, 
p =f(efi/2mc)s. The tensor Fup that appears 
in Eq. (10) is the dual tensor of the electromag- 
netic field: 


re ees 
Bay = > lBuvreP re. 


Let the unit vectors no be determined as be- 
fore from Eqs. (5) and (6). The angular velocity 
of the rotation of the spin in the axes 7! is 
given by 


Q,; = — [oeay + (€/2me) (gF av + fF uv) nani]. (11) 


We get from this for the case of a uniform mag- 
netic field 


Q = {— 47 2Q,ucos6, 0, (4 g—1) &V1 + u® cos? 6}. 


The electric dipole moment leads to the appear- 
ance of a component ,, i.e., to an additional 
rotation of the spin around the principal normal 
n of the Frenet axis system. If, however, |f! 
<« {g/2-—1|, the component Q3; that comes 
from the magnetic moment is much larger than 
Q, and makes measurement of f difficult. A 
method in which the rotation of the spin because 
of the anomalous magnetic moment is compen- 
sated seems more attractive.’ 

For this purpose one has only to apply in ad- 
dition to the uniform magnetic field (along the z 
axis) a radial electric field Ey =a/r (ina cy- 
lindrical coordinate system). It can be shown 
that as before it is possible for the particle to 
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move along a spiral, but with altered frequency 
and radius. The positions of the axes 7) in the 
cylindrical coordinate system are then given by 
the formulas 


yi = {— 1, 0, 0; 0}, 

n?={0, A, — A-1u? sin O@cos 8; — iA-woucos 9}, 
n> = (0, Om Ex, Act = 72 A“ sin 63, 

A = (1 + u*cos? 6)", € =e/je|. 


Here we have taken the axes in the order r, @ 
z, t, andthe z axis is directed along the mag- 
netic field H. 

In these axes the angular velocity of the spin 
precession is 


Aaea Q,ucos 8 - * usin @cos 0 
Q saat i 2 (1 +x) iE ae oa tae 


x (eee + Hil 


where x = (ea/mc ) (Uy /u’cos’6). If a is meas- 
ured in volts, then x = 1.96 - 10~®au,/u?cos?6. 
By a suitable choice of the electric field we can 
make the component 23 equal to zero; to do 
this we must choose x = xX) =-(g —2)g3(1 

+ wcos@ ). On each reflection from a trap the 
angle 6 changes sign. We note that 9, is an 
even function of 6, and Q, is an odd function 
of 0; therefore after one complete cycle of mo- 
tion between the traps the rotation of the spin 
comes only from the component 


opeiber Qu cos @ & fg Qu cos 9 , 
2 (4 + Xp) 4 1—(g/2— 1) u? cos? @ 
Measurement of the spin precession frequency {, 
offers a method for determining the gyroelectric 
ratio f. 

In conclusion I express my gratitude to V. V. 
Vladimirskii for suggesting this topic and for a 
discussion of the results, and also to A. S. Shapiro 
for his interest in the work. 
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Slowing-down times are derived for electrons and holes which are not in thermal equilibrium 


with the semiconductor lattice. 
slowing-down time appreciably. 


A determination of the slowing-down time of non- 
equilibrium current carriers in semiconductors is 
of prime importance in the design of quantum-me- 
chanical semiconductor generators and amplifiers. 
Negative losses are possible in a semiconductor 
only if the time of production of a negative temper- 
ature in the semiconductor (slowing-down time) is 
shorter than the lifetime of the fast electrons and 
holes produced by the external excitation. We con- 
sider the nonequilibrium (fast) carriers to be 
electrons* (holes) having an initial energy «9 con- 
siderably in excess of the average thermal or de- 
generacy energy (if the gas is degenerate), but 

not exceeding the threshold energy ¢; of impact 
ionization of the valence band. In crystals that are 
sufficiently pure and regular, the slowing down of 
the electron is due to scattering by lattice vibra- 
tions, i.e., the impurities and imperfections can be 
disregarded in the slowing down. 

We start with a derivation of the kinetic equation 
for the distribution function of the electrons in the 
crystal, with allowance for the Fermi degeneracy 
of the electron gas, since it becomes significant in 
the final stages of the slowing down. We leave out 
of the kinetic equation the term that describes col- 
lisions between electrons, since such a process 
does not lead directly to the process of interest to 
us, the reduction in the average electron energy. 

The kinetic equation for f(p) has the form 
(see reference 2) 


STA). ie 
+ pe (q) f(p + q) {1 —F(p)] — ee (q) f (p) [1 — fF (p —q)] 
+ pa (q) /(p —a) {1 —F(p)]} (1) 


*We shall discuss henceforth only conduction electrons, 
although all the results are equally valid for the holes of the 
valence band. 


1 


f(p)(1—f(p+q)! 


It is shown that account of degeneracy does not affect the 


Here pe and pg are the probabilities of emission 
and absorption of a phonon with momentum q and 
energy hwg. We consider the slowing down of 
electrons in the absence of an electric field. Nat- 
urally, in this case f(p) =f(¢€), where € =p’/2m 
is the electron energy and m the electron effec- 
tive mass. 

Following the usual procedure and changing from! 
summation over q to integration over dq, we ex- 
pand the integrals in the right half of (1) in powers 
of the small quantity Awg/eE ( p), and obtain* 


of (¢) UY - 2 
P Ip 


#- =55, {6 @ [FOG -FO) +20 


G(s) = 


mst 
seu \ B(q) Reng, 
0 


Vim 


Taki \ B(q) (Re,)? (2nq + 1) dg, (2) 


where B(q) is the square of the electron-phonon 
interaction matrix element, ng is the number of 
phonons of energy fwg, and V is the volume of 
the crystal. 
The time of collision between the electron and 
the lattice, T, is given by 
2p 


\ Bq) (2nq + 1) g¥dq, 


0 


G(s) q() = 


OG  _ Wrie 


SS eetiee es vA 
ite l Ach p® 


(3) 


where v is the electron velocity and 7 is the mean 
free path. Multiplying (2) by «9 (€), where p(€) 
is the density of electron states with energy ¢€ 


o (©) = 4m (Qh) -8V (2m)'he'ls, 


and integrating over the energy of the electron, we 
obtain 


i A4) 


co 
dE ( e) () 
7a —\ 226 @{fel—feEl+xie gh de 
0 
*In the absence of degeneracy, (2) becomes identical with 
the equation obtained by Davydov, Stratton, and Keldysh. 
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Here E is the average electron energy. The first 
term in the integral of (4) describes the energy 
lost by the electrons through spontaneous emission 
of phonons. The second term describes the diffu- 
sion of the electrons in energy space. As can be 


seen from what follows, in the scattering of an elec- 


tron by the acoustic lattice vibrations, allowance 
for the second term in the integral of (4) leads to 
a logarithmic singularity in the time of establish- 
ment of equilibrium between the electrons and the 
lattice. Confining ourselves to an examination of 
the slowing down of electrons to energies exceeding 
the lattice temperature, we disregard for the time 
being the second term of (4). 

We consider the slowing down of an individual 
electron, without allowance for degeneracy. In this 
case 

f (2) p(e) = 8 (e—E£). (5) 
1. For acoustic phonons we have 


G (2) = 16m°C?e7/Onh*Mno,  1/t = 4C*m®kT v/9nh*Mnygu?, 
(6) 


4 


where C® is the interaction constant, n the density 
M the mass of the lattice atom, 


of the lattice atoms, 
u the velocity of sound, T the lattice temperature, 
and k Boltzmann’s constant. Using (5) and (6), 
we obtain from (4) 


dE/dt = —aE”. (7) 


_ expressed in terms of the free path Jgc in scatter- 


ing by acoustic lattice vibrations, ag is given by 
Ay = 2 (2m)'2u?/l a. (T) RT. (8) 

The time to slow down from an energy Ep) to 

E is 

(9) 
We note that the slowing-down time t depends 

on two constants of the semiconductor — mobility 

and velocity of sound. 


fe eye = 25 i). 


When E,) > E, the time to slow down to energies 


corresponding to T ~ 300°K is t~ 4.5 Xx 10° "sec 
for n-type germanium (w ~ 3600 cm’. ~!sec™! at 


room temperature and u ~ 4.94 x 10° cm/sec), and 


t~5.1x 107! sec for n-type silicon (w ~ 1200 
em? vt sec™!, u ~ 8.5 x 10° cm/sec). 

The ratio of the time to slow down from Ey to 
E, with E) >E, in two differenct semiconductors 
x and y is 


lg rus, 


where w _ is the mobility. 

2. We proceed to examine the slowing down of a 
fast electron by the optical lattice vibrations of a 
valence simiconductor. In this case (2) and (4) 


1145 


hold when the electron energy E >> fiw», where 

hw is the energy of the optical phonon (hwy 

~kTp, where Tp is the Debye temperature). 
Then* 


G(e) =D?K?me/nh?Mno, t*=D?K? mv/2ah*Mnoha,, (10) 
dE/dt = — (K°*D?m'/ V Inn Mh) E, 


where K is the reciprocal-lattice vector, and D? 
is the constant of interaction with the optical pho- 
nons, analogous to C*. The time to slow down 
from Ey to E is 


ie ee (2'*tMnoh?/K°D?m'" (Ev? han E’") c (11) 


Comparison of the time of slowing down by optical 
and acoustical phonons yields, for C? x D%, 


top lacs mue/kTp 10. 


Negative temperatures can be produced in the 
semiconductor only when the electrons of the con- 
duction band and the holes of the valence band be- 
come degenerate as they are slowed down by the 
crystal lattice. As is well known, the degeneracy 
is connected with the temperature (average en- 
ergy) and density of the electron gas. Reduction 
of the average electron-gas energy to low values 
increases greatly the slowing-down time, so that 
the electrons can recombine prior to production of 
the negative temperature. It is therefore sensible 
to confine oneself to not too low average electron 
energies, but to increase their density.* As shown 
by Frohlich and Paranjape,? the exchange energy is 
more intense in inter-electron collisions than in 
collisions with acoustic phonons, even at an elec- 
tron density n = 10'4em™> (when T< Tp and 
ee kTp, the interaction with the optical phonon is 
insignificant ). 

Thus, at the electron densities necessary to ob- 
tain negative temperatures, the form of the distri- 
bution function can be assumed known: 


fle (eae 1) (12) 


where p is the Fermi level and © the tempera- 
ture of the electron gas. The slowing-down process 
becomes a reduction in the temperature © to the 
lattice temperature T. We have determined earlier 
the electron slowing-down time without account of 
degeneracy or of the second term of the right half 
of (4). We now obtain from (4) the time required 
for the electron gas temperature to change from @ 9 
to ®, taking interaction with acoustical phonons 
only into account. 

Using (12), we obtain in the usual manner from 
(4) 
~~ *¥The electron density need, however, not yield a negative 
dielectric constant in the frequency range of interest. 
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E/dt = —2a,(@ —T) E, 


BE‘ =" cleo (e) f (e) de. 


0 


(13) 


Equation (13) is a differential equation for © (t) 
and can be integrated in terms of elementary func- 
tions in the case of sufficiently strong degeneracy, 
when we can put p/k® > 1. Applying in this case 
the usual procedure of expanding the integrals® for 
E, E% and up, we obtain 
900 /dt = — (3ap/kn?u') (@ —T) [v2 + +770], 
Qmpo = (mh)? (3n/n)*. 
Integrating (14) we obtain 
Saoy.g* 65 (8 —T) (4 + 294205/6y16) 

V 6po -1/ mk afi 22k 

aa = — = 5 (til 
1 ak ‘tan ( V by 8. ae | V 60 9) |} ae 

The first term in the bracket of (15), which re- 
sults from allowance for the second term in the 
right half of (4), does logarithmically to infinity 
as © — T. This is equivalent to an infinite time to 
establish equilibrium between the electrons and the 
lattice. When © >T, the logarithm in (15) can 
be neglected, and the slowing-down time becomes 


t = (kr? /3a,ui*) (Bo — 8). (16) 


(14) 


i= 


In comparing the slowing-down time with and with- 
out allowance for degeneracy [see Eq. (9)], .it is con- 
venient to replace the temperature in (16) by the 
average electron energy €, hence (@) >@) 


t= (2n/5a,¢'”) (€9/e — 1)", 
CF Mo, SE po(1 +5 0k OG/u9). 
In this case, in spite of the different forms of (9) 


and (16), the times are of the same order of mag- 
nitude. 


O)*N: (KROK HAIN and YUreMs POrGy 


Let us point out that there is no need for con- 
sidering the slowing down of a degenerate electron 
gas by optical phonons, for in the cases of interest 
to us the average electron energy at which degen- 
eracy becomes important is less than hw». Thus, 
the electron gas slows down in a semiconductor in 
two stages: first by the optical lattice vibrations to 
energies ~fw , ina short time, given by (11), and 
then by the acoustic vibrations in a considerably 
longer times, in accordance with (9) and (16). 
Consequently, the time required to produce nega- 
tive temperatures is determined essentially by the 
slowing-down of the electrons from energies 
fiw, to energies corresponding to the necessary de- 
gree of degeneracy with allowance for interactions 
with acoustic lattice vibrations only. 

In conclusion, the authors are grateful to N. G. 
Basov for discussing the result of this work and for 
valuable remarks. 
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Single-photon annihilation and electron-pair creation e* +e” + y can occur in a dispersive 
medium with a refractive index less than unity. For such processes to occur, the photon 


energy must lie within the interval 2m Sw = ni/ 4 


where m is the electron rest-mass en- 


ergy, and N the electron density in the medium. In this paper we have evaluated the prob- 
, ability for such processes. This effect is similar in its physics to the Vavilov-Cerenkov 
effect. The processes discussed are the dominant ones in the energy range 2m <w < 10m. 


‘hp If no outside particles are involved, the crea- 
tion of an electron-positron pair by a y quantum 
and, conversely, the transformation of a pair into 
one quantum, 


Coe oat (1) 
is impossible in vacuo because of the momentum 
conservation law. It is, however, easy to check 
that the momentum conservation law is observed 


for the processes (1) in a dispersive medium with 
refractive index n(w) <1: 


k=piip; o=£,+E, k=on(o), (2) 


and these phenomena can thus occur. 

The energies of the quanta involved in the proc- 
esses (1) must have not only a lower bound, but 
also an upper one. The upper limit of the energy 
of the quanta is determined by the obvious require- 
ment AZ1, where A} =1/w is the wavelength 
divided by 27, and I the mean distance between 
particles. It is evident that when A < 7 the con- 
cepts of a continuous medium and of a refractive 
index independent of the position cease to be cor- 
rect. Thus, if the average interparticle distance 
is l~ n-1/3, where N is the number of elec- 
trons per unit volume, the applicability of the 
‘‘refractive index’’ concept will impose on the 
photon energy a limit: w< 17} wN1/3, whence it 
follows that the threshold for pair formation must 
correspond to a particle density of the order of 
N 28a = 1.4 x 10” em™*, where Xg = 1/m is 
the electron Compton wavelength divided by 27. 

Such high densities of matter are not even as- 
sumed to exist in the interior regions of the sun 
or other normal stars. However, the possibility 
of the existence, in the central regions of white 
dwarfs, of matter with a density of the order of 


nuclear densities or even higher has often been 
discussed in the literature.!~? The idea of the 
existence of a hyper-dense state of matter (‘‘pre- 
steliar matter’’) has particularly been emphasized 
by Ambartsumyan.! 

For the processes (1) to occur in a dispersive 
medium, the photon energy must therefore satisfy 
the condition 


Im<o<N, (3) 


The temperature of the medium plays here an 
important role.’ At sufficiently low temperatures 
we are dealing with a strongly degenerate electron 
gas in which the process y— e* +e is forbidden 
by the Pauli principle. We shall evaluate in the 
following the probability for a single-photon anni- 
hilation and for the creation of electron pairs, 
assuming that all the necessary conditions for the 
occurrence of these phenomena in a medium 
exist in nature. 

2. We consider first pair production by a y 
quantum. We have for the matrix element for 
such a process®® 


{2 
SP = —e(s35 


2aon2V 


ie \ drivel, dix, (4) 


where n? = eu, V is the normalization volume, 
yy is the component of the matrix ‘ in the direc- 
tion of the polarization of the photon (a tilde indi- 
cates a four-dimensional vector), k =(k, iw) is 
the four-momentum of the photon, 7% and % 


are the electron and positron wave functions, 


ie exp{—ip, x}, (5) 


b= Sr exp UP i) d= 


and, finally 


a = 1+ (w/n) dn/do. (6) 
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Using (5) we get from (4) for the transition 
probability per unit time 


11e2 
ae ’ 


(27)? 2awn? 


6 (g— Pr = Po) d®p, d*p. 
(7) 


| Uy (pi) Yvll2 (— Pz) 


We average next over the polarization of the 
quantum, sum over the spin components of the 
electron and the positron, also integrate over the 
positron momentum, and get from (7) 


E,E, + m® — pyp2 cos 9, cos 82 
Ey;E> 


= ye? 
~ (27)? 2awn? 


dw 


(8) 


where 6, is the angle between p, and k; @ is 
the angle between p, and k, and dp, 
= 2mp,E,dE, sin 6, d6,. 

We must still integrate over the electron mo- 
mentum. Integration over 6, in (8) is equivalent 
to the substitution 


é (w — E}) sin 6, d6,—> E./kp,, 


%§ (o— Ey — E2)d*py, 


where E¢= E; +E, is the energy of the final state 
of the system 


Bp = 6, -- (Ey, k?— 2kp, cos0,)%. 
We get as a result 


dW = 


\e2 
4raw2n3 


(E,E. + m? — pyp.cos8,cos@,)dE;. (9) 


E2, 0;, and 6, are now functions of E, 


cos 8, = E,/np, —k(1 — n?)/2n?2p,, 


cos 6, = E,/np, — k (1 — n?)/2n? po. (10) 
Eliminating 6;, 6), and E», from (9) we get 
aw = 2 | (nt — 1) (oF, — £2) + nim? 1S" way, 


(9’) 
Integrating (9’) over E, between the limits m 
and w—m we get the total probability of annihi- 
lation of a photon accompanied by the formation 
of an electron pair 


ae ae 


4raw?n® (@ ar 2m) 


; 1 4 n2 
x 2 1 ey 2 
(1 n?)| 75 (0 2m)? 4 7 vo? 4 ee | 


(11) 


To obtain the total probability of creation of a pair 
by a quantum per unit path length we must divide 
(11) by the phase velocity of the light, 1/n. 

In order to get the complete picture of the prob- 
ability evaluated here, one must know the dis- 
persion law for very high densities of matter. 

This problem was considered by the present au- 
thor in reference 5. It was shown there that at 
very high temperatures xT >mc?”, when the 
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electron gas is non-degenerate (x is Boltzmann’s 
constant ), 


2.4me2 / me? \* 
1 eee (=) N, 
where N is the electron density in the medium 
(here in the usual units). When, however, the 
electron gas is degenerate (KT < mc’), 


1 —n? = 3c2N"/13702. 


Using these formulae for n and taking it into 
account that for the process under consideration 
we have practically N ~ BAC we verify easily | 
that the last term within the square brackets in | 
(11) is appreciably larger than the first two. The | 
pair-creation probability is thus of the order of | 


magnitude 
(Serer 


where we have omitted the factors up, 
which are of the order of unity. 

The pair-creation probability for y quanta 
(by the usual mechanism, i.e., in the field of a 
nucleus ) is equal to Wo = Z°6N, where N is 
the density of nuclei and Z*® the total pair-crea- 
tion cross section. For the electron densities 
considered here, the nuclei break up into separate 
nucleons (neutron stars) so that we must put 
Z=1. For photon energies w = 3m, 5m, 10m, 
20m, and 100m we have® 6/(5.8 x107%)= 0.49, 
3.5, 11, 21, and 46. Taking it into account that 
N ~ (w/c)® and comparing these data with (11’), 
we find W/W, *® 2700, 146, 7.66, 0.63, and 0.0023, 
respectively. 

In the energy range 2m <w<10m the prob- 
ability W is thus appreciably larger than the 
probability Wp). 

3. We turn now to a consideration of the single- 
photon electron-positron annihilation process. We 
have, by analogy with (4), for the matrix element 
of this process | 


(lee eA ean rss 
Pu te Te (San ) | dene by Ax. 


m 


W > zB 


(11’) 


2 


a, and n’, 


(12) 


Integrating (12) over the four-dimensional volume 
we find 


Sip = — (2r)4eV—"” (u/2an?)? wy 


X\(— pe) Yvtts (P1) 8 (p1 +p. — R), (13) 


where J; and P», are the four-momenta of the | 
electron and the positron. | 
The matrix elements (4) and (12) are Hermitian 
conjugates. The summation of the square of the 
modulus of the matrix elements over the polariza-’ 
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tion of the photon and of the electrons leads thus to 
the same result for the pair creation and annihila- 
tion processes (principle of detailed balancing ). 
The probabilities for these processes are, however, 
not the same since the statistical weights of the 
final states are different. Taking this into account 
we get for the transition probability per unit time 
the formula 

OW = 


~ Vawn 


mye? E,E, + m2? — pyp.cos®,cos8./7 ~ oe 

= EE, OR Pi — pa) BE, 

(14) 
where 6, and 6) have the same meaning as be- 
fore and are determined by Eqs. (10). Integrating 


(14) over the photon momentum we get 


mye? EE, + m2 — pyp2cos 8; cos 0g 


dW’ = EE, 


~ Vawn2 


ME 6). 


(15) 


The formula obtained here leads to one pair of 
particles in the volume V _ under consideration, 
where we have assumed that the electron and the 
positron have strictly well defined momenta. 

We determine now the probability for the an- 
nihilation of a positron of given energy Ey, by all 
electrons in the medium with energies within the 
range (E,, Ey +dE,) and with arbitrary direc- 
tions of motion. To do this we must multiply (15) 
by the electron distribution function 


VN, (Er 8, ¢) dE, sin 6 dé do (16) 


and integrate over the angles. @ is here the angle 
between the directions of motion of the colliding 
particles. When integrating one must take the 
dependence of w onthe angle @ into account. 
We assume that the angular distribution of the 
electrons in the medium is isotropic, which in 
actual fact is always true. Using (10) and (16) we 
get then from (15) 
dW! = FE (nim? + So 


Ny (E1) dEx 


17 
E,Espip2 ” a) 


(1 an) E,E,| 


where N,(E;,)dE;, is the number of electrons with 
energies within the range (E,, Ej + dE;,) per unit 
volume. The total probability that a positron with 
energy E, is annihilated per unit time is equal to 
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, Te ° ay bee Ny (Ey) dE 
= ee \|n m je eke n?) EE, | 
(18) 


The lower limit of the integral is equal to m and 
the upper one to ~ if the electron gas in the me- 
dium is non-degenerate (case of very high tem- 
peratures) or to the Fermi energy if the electron 
gas is strongly degenerate (case of low tempera- 
tures ). 

At sufficiently high temperatures, T > 10! °K, 
there will be a large number of positrons in the 
medium.* It is thus of interest to determine the 
total probability for the annihilation of an electron 
of given energy E,. The corresponding equations 
for electrons can be obtained from (17) and (18) 
by replacing in them the electron distribution 
function by the positron distribution function 
Np (Ez) dE». 
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The kinetic equation is solved for a system of particles interacting according to Coulomb-law 
conditions where the presence of the accelerating mechanism makes the distribution function 
non-stationary in the high-velocity range, i.e., when the accelerating mechanism leads to 
continuous acceleration of particles whose energy is greater than the injection energy. The 


value of the particle flux is determined. 


Ip Great attention is being paid of late, in con- 
nection with investigations of the origin of cos- 
mic rays and corpuscular radiation from the 
sun, to the analysis of various mechanisms of 
acceleration in an ionized gas. Under considera- 
tion, for example, is Fermi’s statistical mech- 
anism of acceleration, by which the ion energy 
increases through collisions with clouds of 
charged particles. In this case, if the free path 
L_ between two collisions of an ion with the 
clouds is constant (independent of the ion en- 
ergy ¢), andif the ion acquires during each 
impact an average energy (2/3) Mv2, (where 
M is the ion mass and ve the average cloud 
velocity ), then the energy transferred to the 
ion by the accelerating mechanism over a time 
Steels 


Ac, == Mo’, EL is 

Within the same time, the particle loses, by in- 
teraction with other ions of the plasma, an energy 
Aé_ =(¢€ — 3kKT/2)v(e) At, where v(e) is the 
collision frequency. As is well known, the col- 
lision frequency of the particles interaction in 
Coulomb-law diminishes rapidly with increasing 
energy, V(¢€) =% (kT/e)3/2, where 


vy = v(kT) = NE nee) (1) 


(kT)? M?/2 n e2 

is the collision frequency of a particle of average 
(thermal) energy (e is the ion charge, N the ion 
density, and D the Debye radius). Thus, the 


change in ion energy, due to the Fermi statistical 
acceleration mechanism, is given by 


de Z > V2e/M 3 BT \ te 
ape a Mo? : Vo (© 5 eT) a 3 (2) 


from which we see directly that only when 
& <i ein = Syl (RP 7/2 V 207 M? 


will the ion energy tend to a stationary value. 
When € > €jn it increases continuously with time, 
and in collisions with other ions the particle loses 
only a small part of the energy it acquires from the 
clouds. €j, is usually called the injection energy. 
It is clear that when the injection energy is close 
to the average thermal ion energy (€jn ~ KT), all 
particles are immediately accelerated. If €jn 

>> kT, on the other hand, only a small part of the 
particles become accelerated, those with suf- 
ficiently large energies € > €jy >kT. 

When ¢;, >kT, the acceleration mechanism 
is logically called ‘‘weak.’’ We shall consider 
here only weak accelerating mechanisms. Since 
a weak acceleration mechanism transfers to the 
ions, over the mean free time 1/v%, an energy 
which is small compared with the thermal energy 
kT, the action of a weak acceleration mechanism 
cannot cause the distribution function to deviate 
considerably from equilibrium (Maxwellian). In 
the range of high energies, however, the mean 
free time is large, and the effect of a weak ac- 
celeration mechanism can be substantial. Further- 
more, when € > €jyn the particle energy increases 
with time, so that the particle energy distribution 
in this region is essentially not in equilibrium. 

Collisions cause the energy of certain particles 
to increase from the main equilibrium value to 
the injection value. The particles then leave (es- 
cape) the main region and are accelerated. The 
order of magnitude of the number of particles es- 
caping per unit time At is, naturally, 


AN ~ VAIN (&;n), (3) 
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where N(éjn) is the number of particles with 
energies ranging from ¢jy —kT to ejp. It appears 
natural at first glance to assume, in estimating the 
value of N(¢€jn), that the distribution function is 
Maxwellian up to ¢€ = €jn. We would obtain then 


AN ~vAtN, exp {— &n/RT}. (3a) 


We shall see below that the acceleration mechanism 
changes the character of the velocity distribution 

in the region € ~ €jn so much that expressions 

of type (3) are utterly inapplicable for estimates 

of the number of escaping particles. 

At the same time, the number of escaping 
particles, and consequently the number of ac- 
celerated particles, is one of the basic charac- 
teristics of the acceleration mechanism. There- 
fore the question of the flux of escaping particles 
and its dependence on the parameters that char- 
acterize the acceleration mechanism, the plasma, 
and the accelerating particles themselves is of 
considerable interest. 

The present paper is devoted to a solution of 
the corresponding problem.* In Sec. 2 we de- 
velop a method for finding a weakly-nonstation- 
ary solution of the kinetic equation. A general 
expression is obtained for the flux of escaping 
particles. This solution is analyzed in Sec. 3 
for ions accelerated in a plasma by the statistical 
Fermi acceleration mechanism. 

2. We consider first, for the sake of simplicity, 
a system of identical particles, interacting in ac- 
cordance with the Coulomb law and subject to a 
weak statistical acceleration mechanism. The 
equation for the velocity distribution function of 
these particles has the form 

oF {(E + ut a(u)) t+ f}=0. (4) 
Allowance is made here for the fact that the sta- 
tistical acceleration mechanism does not have a 
preferred direction in velocity space; the distribu- 
tion function can therefore depend only on the 
modulus of the velocity v and on the time 
t[f =f(v, t)]. In addition, we use in (4) the di- 
mensionless variables 


u=v/VkT/M, t = t%) (5) 
where v is the collision frequency, determined 


*An analysis of the question of the number of accelerating 
ions in a plasma in a case of the Fermi acceleration mecha- 
nism is treated by Parker.’ He did not obtain, however, cor- 
rect expressions for the flux of the escaping particles. We note 
also that Parker disregarded the interaction with electrons, 
which fundamentally affects the flux of escaping ions (see 
Sec. 3 of the present paper). 


by Eq. (1), while T is the system temperature 

(T is considered henceforth constant in time; this 
is meaningful only in the case of a weak accelera- 
tion mechanism).* Finally, the function a(u) 
describes the effect of the acceleration mechanism 
on the particles. Thus, if the mean free path L of 
the particle between two collisions with the clouds 
is independent of its velocity, then 


a (U) = oyu, Oy = ave LV RT/M. (6) 


The parameter ay is very simply connected with 
the injection energy €jn, Q =kKT/\ 2 €in; in the 
case of a weak acceleration mechanism, ad is 
always much less than unity. 


STATIONARY SOLUTION 


Solving Eq. (4) under stationary conditions 
(9f/8T = 0), we have 


(l/u + ua (u)) 0f/ou + f = —S,, (7) 


where S) is the total flux of the particles through 
the surface u =const in velocity space.f Hence 


u d 

i a Co exp \ 1 = _ (u) So, (8) 
\ 0 

where the constant Cy is determined by the nor- 


malization condition 
\ ufdu = No. (8a) 


The flux S) can differ from zero in the entire 
velocity space only if a source is located at the 
origin. 

In the absence of such a source we have for 
a@(u) = aju[see Eq. (6)] 


¢ 1 
f= Coexp |—V aaa (9) 
0 


The distribution function (9) tends to a constant 
value as u— ©: £(%) =Cy exp (—71/4Vap). It 
cannot satisfy, naturally, the normalization con- 
dition (8a). This means that there exists no 
stationary distribution in this case, as should be 


*We note that (4) holds, strictly speaking, only for particles 
much faster than thermal (u? > 1). In the vicinity of u~ 1, the 
terms that describe collisions between particles should be 
written down in somewhat more complicated form (see refer- 
ence 2). It is easy to verify, however, that this is of no im- 
portance to us, for in the case of an acceleration mechanism 
only the region of high velocities is of importance. 

tEquation (4) can be written in the form 0f/0T + divS =0, 
from which it is clear that S = {Sdo (integration over the re- 
gion u=const) is actually the particle flux in velocity space. 
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(see Sec. 1). We note that if a(u) = ayu’, then 
no normalizable stationary distribution exists 
for } <-—1, and the particles do not escape in 
this case. A similar conclusion is reached by 
analysis of Eq. (2), where the acceleration of 
particles for Ace, ~ M2 is possible only if 
A>-1. 

We note in conclusion that in the general case 
when the equation for the function f has the form 

of dex 


« Ghi aN 
a Pon) on + B(u) f) =9, (10) 


the stationary solution (with flux S)) is given by 


L 


F [ *B( ) 
f= Co exp & ray 


; (es (ch) ae weedy , | B (ft) | 
— Soexp | \a@ dul \ Aw °xP \3 @ ag 


QO 


(11) 


0) 0 


STEADY-STATE QUASI-STATIONARY SOLUTION 


We have noted earlier that only the particles 
whose energy exceeds the injection energy €jn 
=kT/V2 a) are accelerated. The number of 
such particles in the case of a weak acceleration 
mechanism, i.e., at sufficiently small a), is 
very small. The state of the main mass of the 
particles, whose energy is less than the injection 
energy €jn, is almost stationary. In fact, were 
it not for the escape (@— 0, thatis, €j, > %), 
this would be in general a stationary state [see 
Eq. (9)]. Since Q@ ~0, the energy of certain 
particles increases to €jy = kT/V2 ap, and they 
leave the main region. At sufficiently small qo, 
this flux of escaping particles is naturally very 
weak [see Eq. (3)]. Therefore, although the main 
state does change with time, its change is very 
slow, quasi-stationary. The flux of particles 
from the main region to the acceleration region 
also changes slowly.* 

It was also indicated in Sec. 1 that the influence 
of a weak acceleration mechanism on particles 
with energies close to thermal is insignificant. 
Therefore, in solving Eq. (4) for the case of a 
weak Fermi acceleration mechanism (6), it is 


*The time variation of the distribution function in the case 
of the weak acceleration mechanism considered here is so to 
speak analogous to the leakage of water from a large reservoir 
through a very small hole. It is clear that all the water will 
leak out after an infinite time, i.e., there is no perfectly 
stationary state, but the level of the water in the reservoir 
changes very slowly. The escape flux itself soon reaches a 
definite value, which can subsequently change only slowly 
(quasi-stationarily) with a change in the overall level of water 
in the reservoir. 
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convenient to single out first the region (I) in ‘ 
which the velocities are u~ 1 (0=u=u,), and 
where the effect of the acceleration mechanism 

can be neglected in first approximation. In re- 

gion I, Eq. (4) becomes 


ft) =0. (12) 


Oj ON Or 
Oz u? Ou ( u Ou 


The boundary u, is subject to the condition that 
the acceleration mechanism be weak when u =u, 
i.e., Qu? « 1/uy. On the other hand, it is nec- 
essary that the number of particles which are 
not in the mean region be negligibly small, i.e., 
u? exp (072) <1. At sufficiently small ap 
(if a 3/4 exp{—1/2-Va)}<«1), both conditions | 
can be satisfied. 

It must also be considered that escape causes 
the total number of particles in the main region I 
to be variable, i.e., although the flux S = uterl/au 
+ f! vanishes on the boundary u=0 (there are no 
sources), the flux of particles through the boundary 
u=u, is different from zero, S =—S). At suf- 
ficiently small ap, as indicated above, this flux 
should be weak (Sp) << Nj), so that the distribu- 
tion function in the main region should be close to 
stationary. As a result, it is natural to seek the 
solution of Eq. (4) by the method of successive ap- 
proximations, fl - fl + fh + ..., neglecting in first 
approximation the time variation of el, i.e€., as- 
suming it to be quasi-stationary. We then obtain 
auetcad of (4) the following system of equations for 
fr yo fos at 


1 0 ( | aft 
u2 Ou \.u Ou 


: 1 I 
1 <0 ( TE ft) er 
OTN lie UP) Ona 
(13) 


ft) =0, 


From the first equation of (13) we find that, in 
first approximation, the distribution function in the 
main region is Maxwellian: 


fi =C' exp {— u?/2}, (14) 


as should be. The constant c! is determined from 
the normalization condition 

N= ( fiw du = ci u? exp {— u?/2} du, 

0 6 

where N is the total number of particles with 
velocity u < uy.* Since we have assumed that u, 
is sufficiently large, so that terms of order 
u? exp ( —u?/2) canbe neglected, we get 


*Since the system under consideration is supposed to be 
homogeneous in coordinate space, N can be taken to mean 
both the number of particles in the medium and their density 
in coordinate space. 
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C=V inal 2(n, \ Sods). 


0, 


(14a) 


Here Ny is the total number of particles in the 

system, and S) is the flux of particles escaping 

from the main region I through the surface u = Uy. 
In the next higher approximation we obtain 


to fa of u2 
t= 8 / Zexp {— st: (15) 


uw Ou i u Ou 
Let us integrate this equation, pecans that on the 
boundary u=0 the flux S =u ~to¢l/ du + fi van- 
ishes. We then have 


Sole \« exp{— do, 


e., the flux S increases (in absolute value) with 
increasing u from 0 when u=0 to Sg when 
u=u,y, as should be. It is interesting that when 
u >1 the flux rapidly approaches S), and remains 
practically unchanged with increasing u. The flux 
is thus independent of the choice of the boundary 
u, (provided uy > 1). 

Integrating further Eq. (15), we readily obtain 
also the function fi 


fe Crea Var Sy He" dt Rae: Sees 3 * eu PR 


(16) 


The constant C, is determined here by the nor- 


u 
malization condition i} flu2du = 0. It is important 
to note that at sufficiently large u >>1 the func- 
tion ft tends to a constant value, independent of 

u: ft — -—S,). In particular, on the boundary of 

the region under consideration we have f3(u,) 
=—§p. 

In region II (u; = u = u,) the influence of the 
acceleration mechanism must already be accounted 
for. It is important, however, that through this re- 
gion passes a constant particle flux —5p, which 
is independent of u (as shown above, the flux is 
produced in the region u ~1 and is practically in- 
dependent of u when u >1). Solving Eq. (4) in 
region II by the same method as in region I, we 
find that the distribution function in region II is of 
the form [cf. Eq. (8)] 


u 
r id 
j= CM exp|—\ pteee | — So (7) 
0 
The constant CU is determined from the condi- 
tion of oy of the distribution function on 


the boundary f! a =< Ue Gin ass 


2 ny ee Su Lf 
Wes Nexp|— 2 So =C exp \ 
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ieee considering that aut <<1, we get 
=Nv2zn. Thus, the steady-state solution in 
oi II is 


udu 


Ue V2 Nexp|— ‘tt 


It is important here that as u increases fil (u) 
tends to a constant value independent of u, 


PL (es) = Va Nexp |— (ite | 
—So=V = Nexp{— Wate —Spo. 


We have thus determined the distribution func- 
tions in regions I and II. In the case of a weak 
flux Sy << N, the resulting expression (14)—(17) 
is almost stationary, and changes with time only 
to the extent that the number of particles changes 


= Son (172) 


(19) 


in the main region, N =Npo - i Sodr. The only un- 
0 


known in (14)—(17) is the flux Sy, which can be de- 
termined from the normalization condition. In 
fact, the total number of particles passing from 
region I to region II during the time 7T is 
a 
i Sodt. The total change in the normalization in- 
9 
tegral of the distribution function over the entire 
region u >u, should obviously be equal to this 
quantity, 

AN = u? [f (us t) —f(u, 0)|du = |S. de, (20) 

uy 0 
where f(u, 0) is the initial (Maxwellian) dis- 
tribution function. From this we can obtain the 
flux 8). We first consider that the quasi-sta- 
tionary distribution (17a) is valid up to the 
boundary u=u,. The boundary itself, naturally, 
moves with increasing +t towards higher values 
of u, at which the quasi-stationary distribution 
function f! becomes a constant quantity, fll (~) 
[see Eq. (19)]. Consequently, at sufficiently 
large T, i.e., at sufficiently large u,, the num- 
ber of particles in the stationary region II alone 
(ANI) is given by 
U2 ug 
AN \ fue du >\ fIE (co) wu? du = fT (0c) u/3. (20a) 
We now determine the time variation of the 

boundary of the steady-state quasi-stationary dis- 
tribution uy. In the region of large u(u > V €jp/kT 
ow 1/Vay) the collisions are insignificant and the 
distribution function changes only because of the 
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effect of the acceleration mechanism on the parti- 
cle. Equation (4) obviously assumes in this region 
the form 
of TNE 
Ot : du \ ©. (ciou® sc) =F 
The boundary u, of the quasi-stationary region 
obviously changes with time like the average ve- 
foe) 
locity 0 =1/AN fut(u, t)du. From (21) we 
Uy 
obtain for @ the equation du/dt = 3a) or u 
=i) + 3a)T. Consequently, u, also increases 
with time in proportion to T: 


(21) 


Ug = Uog + 3% 57, (22) 


where Ug) ~V€jn/KT ~1/V dp. Substituting now 
(22) in (20a), we find that for sufficiently large 
Alar. SS ap? ZS 

AN" = fi (0) u3/3 = 9ag2"f" (00). 
We now assume that the number of particles in 
the quasi-stationary region II (uj; =u =u,) in 
no case exceeds AN, the total number of parti- 
cles in the entire region u = uy, i.e., 


AN" = 9aie®f!! (00) << AN = \ Sodt. 
0 


Since the steady-state flux S) is almost station- 
ary (it can only decrease slowly with increasing 
T), it follows from this inequality that 


f" (00) < So (Safe) ? 


where S is the average value of Sp. It is clear 
therefore that the steady-state value is fll ( = 
= 0 (time to establish steady state At 2 aj°/?): 


=) =Nex| -| Tog} ~ So= 0. 


Consequently 
a t d 
S=) 2 Nexp|—( oe Ve Nexp{— ; 
0 


The ion density N is determined here by the 
equation 


j (ce) = 


(23) 


dN /dt = — Sov = —vN exp {— 2/4 Va}, 


in the solution of which, naturally, it is necessary to 


take into account the fact that vy) and ag depend 
on N. 

Thus, in the system considered of identical 
particles interacting in accordance with a 
Coulomb law and under the influence of a weak 
(a <1) Fermi acceleration mechanism, the 


Val 
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quasi-stationary distribution established after 
a time 


Aq So. ue (24) 
is* 
F(u, 2) = V 2n (x) | exp eS : tale 
exp | ieee, : (25) 


The condition for the existence of a quasi-stationary 
distribution (25) is written here in the form S)AT 
<a OL 


a “exp {— 2/4 Va} <1, (26) 


This condition is always satisfied at sufficiently 
small ay(aj «<10*). It is easy to see that the 
other requirements stipulated above during the so- 
lution process are also satisfied if conditions (24) 
and (26) are satisfied. 

It is interesting to note that the distribution 
function (25) differs from the stationary distribu- 
tion function (9) only by a constant (second term 
in the square brackets ), which determines pre- 
cisely the value of the flux of escaping particles. 
The distribution function (25), unlike the station- 
ary distribution function (9), vanishes as u ~ ~, 


FLUX OF ESCAPING PARTICLES 


The steady-state flux of the escaping particles, 
as is clear from (23), is 


dN /dt = V2/n Nvo exp {— =/4V ap}. 


Comparing this exact expression for the first flux 
with the ‘‘elementary’’ formula (3), obtained under 
the assumption that the distribution function is 
Maxwellian up to the injection energy, 


(23a) 


aN /dt ~ Nvexp {— &n/kT} = Nvexp {— 1/V2a}, (3b) 


we see that the difference between them is very 
great. It is important that this difference is not 
only quantitative but also qualitative (a different 
dependence on the parameter ay which charac- 
terizes the acceleration mechanism). The reason 
is that the region in which the acceleration mech- 


*Strictly speaking, the distribution (14)—(16) is valid in 
region I, but in considering the distribution function itself 
(and not the flux) we can neglect the difference between the 
distribution (14)—(16) and (25). It must also be noted that con- 
dition (24) indicates only the time required to establish quasi- 
Stationary distribution (25), up to injection energies u ~ as, 
The time to establish the distribution (25) is accordingly 
greater at higher energies: AT~ u® > a,7%. 


AMOUNT OF ACCELERATED PARTICLES IN AN IONIZED GAS 


anism begins to influence substantially the form 
of the distribution function is much closer to the 
injection energy, and consequently the distribution 
function at € © €jn is much different from Max- 
wellian. In fact, the region in which the substan- 
tial deviation of the distribution function from 
Maxwellian begins is determined, as is clear from 
(9) and (25), by the condition au! ~1 or 

€~ €in/Vay K €jn. From a comparison of (3a) 
with the exact formula (23a) it is seen that actually 
the elementary formula is never applicable. 

The solution obtained for the special form of 
acceleration mechanism (6) can be readily ex- 
tended to cover more general cases. In particular, 
if the equation for the distribution function has the 
general form (10), then the expression for the 
steady-state flux (at a weak acceleration mech- 
anism )has the form 


ie [ee} d B 
Sy = VIEW | (fis exp {8 | (27) 
0 0 
In particular, if B(u) =1, then 
S,= -y2 Nexp | A x te (27a) 


When A(u) has a value 1/u + apu®, formula 
(27a) naturally coincides with (23). The distribu- 
tion function in this general case is 


u 


pours) = YEN) exo {V5 a} [1 — (8 


Bt 


sed Ming ilk 
xexe Wa tage 


(28) 


It is seen from (27) that one can distinguish two 
essentially different cases in which the flux of es- 
caping particles is different from zero: either 
A(u) increases much faster than B(u) as u~> © 
(as in the example considered above), or the func- 
tion B(u) vanishes at a certain ug and subse- 
quently becomes negative.* In the latter case, for 
a weak acceleration mechanism, ug, is always 
much greater than unity. It is consequently pos- 
sible to carry out the integration in (27) (by the 
saddle-point method). We then find that 


*This case is usually characteristic of guided acceleration 
mechanisms (for example, acceleration by means of an elec- 
tric field, acceleration of particles in a plasma contained be- 
tween two contracting walls, etc.). It should be noted that al- 
though one cannot assume in the analysis of guided accelera- 
tion mechanisms, as was done above, that the distribution 
function depends only on the absolute value of the velocity, 
nevertheless expressions of the type (27b) for the flux of the 
escaping particles hold in this case, too. 
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S.=tNn(B— at aE epome icy a (27b) 


u=Ue 0 


where the velocity ug is determined by the condition 
B (Uc ) =0. 

8. A weak Fermi acceleration mechanism in 
a plasma changes significantly only the velocity 
distribution of the ions. The acceleration mech- 
anism hardly affects the electron distribution 
function, which can therefore be considered Max- 
wellian. The equation for the ion distribution func- 
tion, with allowance for interactions between the 
ions and with the electrons, has the form 


(ha weat | 
ote) + (1440 (755) 


Here u =v/VkT/M and t= t, where T is the 
plasma temperature and v9; is the collision fre- 

quency for the ions (1), assuming single collisions 
for simplicity. The terms containing y describe 

the interaction between the ions and the electrons. 
Here y =M/m (m is the electron mass) and 


Gi y= Ve ee dz — ao ; 


At small x <1 we have G(x) =4x?/3V7; at 
large x >1 we have G(x) =1-2xe"*/V7. 
Values of the function G(x) for x ~1 are given, 
for example, in reference 2. Finally, the term 
with a(u), as above, describes the effect of the 
acceleration mechanism on the ions 


> vel (VRT/M )V RT/M. 


All the quantities here are the same as in Sec. 2, 
except that a somewhat more general expression 
than (6) is used for a@(u), making it possible to 
describe not only the case of a constant ion mean 
free path between two collisions with clouds, but 
also the case of an arbitrary power-law depend- 
ence of L onthe ion velocity v: L(v) = Qyv'-* 

Using (23) and (27) for the steady-state flux of 
the escaping ions, we find that in our case 


ead ae Wwf 


ett 2G (V2y)1 773 
a dine i 1.6 (Vy) + aot | 


(29) 


(29a) 


Ou) = aus (30) 


Ay = */30 


udu 


4+ ¥77G (u/V 27) )+ Oye 


(31) 


Considering that the principal role is played in 
this expression for dN/dt by the exponential 
term, we can, integrating by parts, convert this 
term to 


dN NV af tates exec { udu (1+ 72G (u/V 24)) \ 
: (32) 


where G is a certain average value of the function 
G(u/y/2 ); we shall show below that G is always 
equal to unity in the cases of interest to us. 

Our principal problem is to analyze the form 
of the function 


- lu (1 + 72G (u/V 27) 
N= u du ( i 
F(t Mo) 5 + 2G ( Aes Vick age ane 
Lee ( x dx (1 + 7?G (x)) ; 33 
sian ies ¥2G (x) + 2A48 2g yh P8yrt3 S23) 


We note first that when )} = —1 the function 

J(y, @, A) becomes infinite. This means that 

the flux of escaping ions is zero when A= —-1. 

In other words, in this case the distribution func- 
tion is stationary, as it should be (see Sec. 2). 
shall assume y’ = M/m always to be a very large 
quantity. It is easy to see that we can consequently 
always neglect unity compared with the other terms 
in (33),*i.e., we can rewrite (33) as 


co 


ie Qn? ( nee) dx ; 
, G (x) Lb OF g yh Ly M3 


(33a) 


It is now easy to obtain the essential limiting values 
of the function J, namely, when 
p= gr + 3)/2 ayy tee 
Dy? IRS ee 
Ja ONE dx = Treg (ny, 4g) = 


0 0 


(G (x) 


A+2 


dx, 
(34) 
where A <2. The numerical values of q(A) are 


listed in the table. In the second limiting case, 
when p <1, 


D2 
a eee ee 
plO+s) 


gear 0 


The values of the function r(A) are also listed in 
the table, from which it is seen that the functions 


a q (A) r (A) 
—1.0 | oo oo 
—0.5 2.04 2 AVI 

0) tts 424 

0,5 0.93 0.92 

1.0 1.0 0,78 


*In other words, the basic decisive influence on the flux 
of the escaping ions is exerted by their interaction with the 
electrons and not with each other. This fact agrees with the 
well-known circumstance that the main energy losses of fast 
ions in a plasma are due to their interactions with electrons, 
and not with ions. 


J147GC (u/V27) + aqurt? J’ 


AIIVAT GUREVECE 


q(A) and r(A) differ little from each other. As 
X changes from —0.5 to 1, these functions change 
very little, and remain in fact close to unity. 

It must be emphasized that only the first of the 
foregoing limiting cases is of prime significance. 
In fact, as can be seen from fas the flux is pro- 
portional to e- 7 and when By 1 the function J 
is greater than y’, where y’ = M/m is always a 
very large quantity, on the order of 10° to 10°. 
Consequently, only the first limiting case can be 
of practical interest, when p >1 and the flux Sp 
assumes sensible values at sufficiently large p. 
It is also easy to verify that G, the mean value 
of G(x) in the integral (32), is always close to 
unity.* Therefore, when calculating the flux of 
the escaping ions, we can always use the simple 
expression (34): 


dN 2) = ih 
a= V2 Nyy? exp {—2 OENI2G (n) et 


> M NTO~O*AV/2 
= 2 Nin xP | —Co Tl ’ (35) 
Co = ret (2m)I-*2g (d) / Qok +H? In (kTD/e2). (352) 


It is seen therefore that if the cloud velocity va 
is independent of the plasma parameters, the flux 
diminishes exponentially with increasing plasma 
density and increases with increasing plasma 
temperature. 

It is also interesting that the flux of the es- 
caping ions increases rapidly with increasing ion 
mass. It must be emphasized here, to be sure, 
that only singly-charged ions are considered. 
The flux of Z-fold ions is given by the same 
formulas, (35) and (35a), but the exponential term 
must be multiplied by Z?N A Nj, and the term 
precedty the exponential aise be multiplied by 
Na/ Ze Nj. It is clear therefore that the ion flux 
diminishes rapidly with increasing ion charge: 
the exponential term is proportional to Z? (if 
the number of multiply-charged ions is relative- 
ly small, so that Ne * Nj), or evento Z?® (if 
all the ions are Z-fold ionized so that N, = ZNj). 


*In fact, as is clear from (31), G is determined by that re- 
gion of the values of G(x), in which the quantity 


2G (x) x ( 
0 


ema ean {20 xG (x) 1 (G (x) + p+)zax) 


has a maximum. This quantity always has a maximum at large 
X (max > 1). Therefore G = G(Xmax) = 1 [the function G(x) is 
close to unity for large x; see (29a)]. 

tWe note also that the frequency of collisions between 
ions, ¥;, is proportional to Z* and the parameter T = ty; 
changes accordingly. 


AMOUNT OF ACCELERATED PARTICLES IN AN IONIZED GAS 


The author is indebted to V. L. Ginzburg for 
interest in the work and to S. I. Syrovat-skil for 
many valuable suggestions and comments. 


1k. N. Parker, Phys. Rev. 107, 830 (1957). 


E.N. Parker and D. A. Tidman, Phys. Rev. 111, 
1206 (1958). 


1157 


*S. Chandrasekhar, Revs. Modern Phys. 15, 
1 (1943). A. V. Gurevich, JETP 87, 304 (1959), 
Soviet Phys. JETP 10, 215 (1960). 


Translated by J. G. Adashko 
305 


SOVIET PHYSICS JETP 


VOLUME 11, 


NUMBER 5 NOVEMBER, 1960 


LIMITS OF APPLICABILITY OF THE WEAK-INTERACTION THEORY 


Bal, lOREE 
Submitted to JETP editor December 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1608-1614 (May, 1960) 


Weak interactions are assumed to conserve their form at high energies. 


Then, owing to 


the weak-interaction radiative corrections, the B-decay and yu -decay vector interaction 
constants should become unequal and —e +y and pp —8e processes should appear. 
These radiative corrections are computed and, by comparison with experiment, the upper 
limit is established for the validity of the weak-interaction theory. 


lke the study of weak interactions, it is of impor- 
tance in principle to ascertain whether the weak 
interactions preserve their form of four-fermion 
interactions at high energies and, if this is not so, 
at what energies the interaction begins to assume 
a form appreciably different from that which it has 
at low energies. A direct answer to this question 
can be obtained in principle from experiment, by 
measuring the energy dependence of the cross sec- 
tions of different weak processes (suchas u* +e” 
—vy+vpD). If the form of the weak interaction does 
not change with increase in energy, then the cross 
sections of such processes ought to increase with 
the energy as E?: 0 ~ g*E? [E is the energy in 
the center of mass system (c.m.s.), g is the con- 
stant of weak interaction: g = 107°/M’, M is the 
mass of the nucleon]. : 

Another approach to the explanation of this prob- 
lem is an analysis of the weak-interaction radiative 
corrections to the different effects observed at low 
energies. As is well known, the radiative effects 
in the case of four-fermion interaction diverge 
strongly, and if the weak interactions do not change 
their forms up to very high energies, then their 
contribution can be quite significant. Nor can we 
disregard a priori the possibility that the weak 
four-fermion interaction preserves its form up to 
such energies where it becomes effectively strong, 
so that the radiative corrections can, generally 
speaking, be shown to be of order unity. It is evi- 
dent from dimensional considerations that a weak 
interaction becomes strong for energies E 
~1/Vg ~ 10° Bev. This means that, in the calcu- 
lation of radiative corrections for weak interaction, 
the integration over the momentum of virtual par- 
ticles must be carried out effectively up to momenta 
A~1/Vg. We shall assume that the weak interac- 
tions preserve their form up to momenta ~ A and 
attempt to find an upper estimate for A by analy- 
sis of the experimental data at hand. 


In the calculation of radiative corrections, it is 
necessary to take into account only such interac- 
tions in which weakly-interacting particles partici- 
pate [i.e., 4 -decay interaction and the interac- 
tions (fiv)(Py) and (é€v)(ve), if they exist]. In 
taking account of interactions involving strongly- 
interacting particles, the presence of a form fac- 
tor makes the momenta of these particles in the 
intermediate state of order M, the mass of the 
nucleon. Consequently, the radiative corrections 
in such interactions will be less than or of the 
order of gM? ~ 107°, i.e., very small. For an 
estimate of A it is appropriate to consider the 
following effects: the equality of the vector inter- 
action constants in B decay and uw decay, the 
decay u—e+y, and the decay p —3e.* 

It is known experimentally that the vector -inter- 
action constants in B decay and pw decay are 
equal, to a very high degree of accuracy. Theo- 
retically, however, this equality can be proved 
only by neglecting radiative corrections due to 
weak interaction. The connection between the bare 
and renormalized charges is different in B and yu 
decays because of the presence of the form factor 
in the strongly-interacting particles. That is, in 
B decay 


£6 = B20 Z3/(2 — Z,)*, 


and in pw decay, 


(1) 


un = GoLip Z2/ (2 — Z,)4. (2) 


Here Z4,, and Zig are the renormalizing factors 
for the vertex part in u decay and B decay and 
Z, is the renormalizing factor for the Green’s 
function. The factor 1/(2 - Z,) arises because 


*The probability of the process uy + p+» e + p should be of 
the order of g’M‘* of the probability of ordinary p capture, inas- 
much as integration over the intermediate states of strongly- 
interacting particles certainly enters into the matrix element 
of this process. 
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of parity nonconservation [see reference 1, 

Kq. (2.14’)]. The renormalizing factors Z, are 
assumed to be equal for the 4 meson, the electron, 
and the neutrino, inasmuch as we are interested in 
virtual-particle momenta which are proportional to 
A, when one can neglect all the masses. For 
strongly-interacting particles, Z,=1. For differ- 
ent bare charges, the equality g%, = g* can occur 
only when the ratio of the renormalizing factors in 
(1) and (2) is equal to unity, i.e., 


Lil Zip La (2— Za)? (3) 


The radiative corrections entering into the ex- 
pression for the renormalization of charge or am- 
plitude of the decay 4 — 3e must be calculated by 
taking into account terms ~ (gA?)" and discarding 
terms (gA?)"(gm?)4, where q>0 (m is one of 
the external masses of the electron or muon), inas- 
much as the contribution of the latter terms is very 
small (~107!%). Therefore, in expressions for the 
matrix elements, one can neglect the masses of all 
particles, and also all the external momenta; that 
is, one can assume that p = 0, for all external parti- 
cles, so that a number of matrix elements vanish. 

In fact, for example, let us consider the first 
correction to the vertex part in w decay, corre- 
sponding to the diagram of Fig. 1; we shall show 
that the expression for it does not have the higher 
terms ~g(gA’). Since the muon and the electron 
‘lines enter into the diagram of Fig. 1 at a single 
point, one can formally consider in the calculation 
the »-meson-electron field as an external field, 


# pore EL 
pie 
FIG. 1 


described by the real vector 


Ay = bay, (1 ae Xs) de + bey (1 aie ‘s) bp, 


which does not depend on the coordinates and the 
time by virtue of the conditions fy, =fe=0 (the 
notation is the same as in reference 1). Then, as 
is well known, the diagram of Fig. 1 determines 
the polarization operator of the field A, and will 
be equal to (in the coordinate representation ) 


(4) 


where G(x, y) is the Green’s function of the neu- 
trino in the external field A, (since we neglect the 
masses of the particles, the axial interaction gives 
the same contribution as the vector interaction, 
and for brevity we shall not write it down). Start- 
ing out from the definition of the Green’s function 
and the fact that the Hamiltonian of the interaction 


Vi=Sp 4. G (4, 4), 
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of the neutrino field with the field A, admits of 
the transformation group 


b, = ce vy (5) 


it is easy to show that the Green’s function of the 
neutrino in the field of the constant vector A, is 
equal to 


G(x, y) = exp {i[P (x) — ® (y)]} Golx, y),. (6) 


where Go(x, y) is the Green’s function of the free 
neutrino field. Therefore, it follows that 


ar _inz 
db, Bag by, @'= Ax; 


(7) 
(8) 


G(x, x) = Go (x, x), 
M0; 


As is evident from the proof, it is true not 
only in first order in A, (which corresponds 
to the diagram of Fig. 1), but also in any or- 
der. This means that all the diagrams with 
neutrino loops and an arbitrary number of ex- 
ternal electron and muon lines are equal to 
zero provided all the external electron and muon 
lines leave pairwise from a single point. We note 
that the internal lines can include electron and 
muon lines distributed in arbitrary fashion. The 
proof remains in force in this case; one need only 
formally separate the external vector field (for 
which (6) is equal to Go, the Green’s function in 
the absence of the field A, ) and the quantum 
electron-muon field. It is also clear that the en- 
tire proof proceeds without change if the external 
field is that of the neutrino, while the loops are 
taken over the electron-muon field. 

If the external particles are one charged par- 
ticle and one neutral particle (yu, v or e, v), then 
it is impossible to carry out such a general proof. 
For example, let us consider the diagram of Fig. 2, 
which represents the first correction (in weak in- 


e@ 723 e 
oe 
FIG. 2 


teraction) to B decay. Just as in the preceding 
case, we can introduce the external constant 


vector = : 
an ee b> (1 ae ne) d, 


which, however, will now be complex. Therefore, 
the Lagrangian will be invariant only relative to 

the group of infinitely small transformations (anal- 
ogous to the group of transformations used in ref- 
erence 2); 


g=[(l—i( O20") Vv’, 


Cy). 


b=P [lL +i(® + O’)]. 


y= =V3(5)- (9) 
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By means of (9), it is easy to obtain an expression 
for the Green’s function of the muon-neutrino field 
with accuracy up to terms linear in A): 


G (x, ys An) = 0|T ((4), $y) 10> = <OIT {11 —i( @ (x) 
+ eD* (x))] > (x), b(y) [1 + i (*® (y) +e" (y)) 3 | O 
= Go(x, y)—i (e@ (x) + eD"(x)) Gol, 9) 

+ iGo (x, y) (F@ (y) + 2" (y) 

= Go(x, y) —i {v7 [D (x) — OY) 

+ t(D" (x) — B* (y)]} Go (x, y) 

(the latter equalities follow from the fact that Go 


must be diagonal in the indices of the muon and 
neutrino). Consequently, in this case, too, 


Geena) 


! 


(10) 


and the polarization operator 
Sp tit G(4,.%)}, 


which determines the diagram of Fig. 2, also van- 
ishes. Here again the result obtained remains 
valid if the internal part of the diagram of Fig. 2 
is made more complicated in arbitrary fashion 
without changing the external points. However, 
diagrams with more than two external ends (ev) 
should generally no longer be equal to zero. 

It follows directly from what has been shown 
that no corrections of first order in gA? to the 
vertex part are present in B decay, inasmuch as 
they are described by a diagram similar to Fig. 2. 
In p decay, the corrections of first order in gA? 
arise only in the case when, in addition to the in- 
teraction (we) (ve), one assumes the existence 
of the interactions (ev)(ve) and (uv) (vp). The 
corresponding diagrams for the vertex part will 
have the form of Fig. 3. Their calculation yields for 

€ e@ 4b Go HL 


PGi 


the values of the renormalization of the vertex 
part Zig 


Zu = 14+ V 2gA2/n?. (11) 
Since, in first order of gl’, there is no renor- 
malization of the Green’s functions, Z,=1 and 
Z1g=1, therefore 
g2/e2 = 1—2V 2 gAsn?. (12) 


Experimentally,*»* (with account of radiative cor- 
rections for the electromagnetic interaction®**), 

the difference in the quantities gB and g? amounts 
to no more than 4 or 5 per cent. Hence an upper 
estimate for the cut-off limit 


IOFFE 


A< 120 Bev. (13) ¥ 


is also obtained from (12). If the interactions 
(ev) (ve) and (pv) (pu) are absent, then the re- 
normalization of the charge enters only in the ap- 
proximation g*A‘.* For its calculation, we note 
that in B decay, for all diagrams for the vertex 
part except the chain type of Fig. 2, in the approx- 
imation gA2~1 and, g’M‘<« 1, the following 
relation holds, which is similar to Ward’s theo- 
rem in electrodynamics, 


oan, i} 
rO=n 


eon, vane ee) ly, (1 + ay,)Un, (14) 


where a=ga/gy, G(p) is the Green’s function | 

of the electron. | 
The proof of (14) follows directly from consid- 

eration of diagrams for the mass operator. For 

example, the correction ~ g? in the vertex part 

of Fig. 4 can be obtained by differentiation of 

the diagram of Fig. 5 for the mass operator. 

Chains of the type of Fig. 2 do not make a con- 

tribution to the renormalization of the vertex 

part, since they do not contain the higher term 


2) 
s ca 


--- 


FIG. 4 
~(gA?)2, Therefore, we can assume that (14) holds — 


FIG. 5 
for every vertex part. By using the connection be- | 
tween the unrenormalized and renormalized func- | 
tions (see reference 1), we easily obtain 


Zig = Zo/(2 — Z,), (15) 


from (14), and, consequently, by Eq. (1), the con- 
stant of 6 decay is not renormalized through weak 
interaction. 

In yp decay in second approximation in gh2, a 
relation similar to Ward’s theorem also holds for | 
the diagrams of Fig. 6: | 


*Renormalization of the charge in first approximation in 
gA? will also be absent if the signs of the interaction con- 
stants of (€v)(ve) and (G@v)(p) are opposite. Such a situa- 
tion, however, contradicts the original assumption of Gell- 
Mann and Feynman’ to the effect that all weak interactions 


arise as the products of the currents ind, ji, = (ev) + Giv) +... 
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— 9gr} — aga 
PO ath, yg, 2) 
5 Op, 


| 
Py ps | 


(1 + ¥,) us 
(16) 


'p=0 


(in higher orders in gA?, the relation (16) will ap- 
ply only for diagrams in which two external lines 
emerge from a single point, or diagrams which 
consist of two separate pieces which have the same: 


general point). From (16) it is easy to demonstrate if # jie oy 
the relation PAE LO BYNES Ee US 
es Ne eS 
Zin = Z5/(2 — Z,)?, (15’) if y 
FIG. 9 


whence it follows, in correspondence with (1), that 


the contribution of the diagrams of Fig. 6 to the ity of the decay 4 —e+ y, computed for the dia- 


renormalization is reduced to the contribution of 
the mass operator (all discussions of course are 
valid only with accuracy up to terms ~ g?A‘). In 


grams of Fig. 8, is shown to be equal to (the cal- 
culations are carried out with logarithmic accu- 
racy ) 


addition to the diagrams of Fig. 6, the diagram of 


Fig. 7 enters into the vertex part; this diagram Wety = 9 oa eps (In =) (20) 
e # 
| eed and the ratio of it to the probability of the decay 
ae ey Hae int ea 
FIG. 7 Weryay = gpe/192n° (21) 


: ine j amounts to 
also determines the renormalization of charge in 


- : 24 5 A : : 
the approximation gol {rin the absence of the oy Wepy/Wprvas = re eg (in e (22) 
teractions (~v)(vu) and (ev) (ve)]. Calculation on ae 

of this diagram yields 


\ 


According to the experimental data of references 


Ze = 1 + g2At/2n4, (17) 8 and 9, Wery/Wavsy < 2x 107°. Substituting this 
value in (22), we get 
so that 
A<50 Bev (23) 
g3/g2 = 1— g2AY/nt. (18) ¥ 


The decay Nes —e~+e*+e in the lowest approx- 
imation in gA? is described by the diagrams of 
Fig. 10, and can occur in the absence of the inter- 
(19) actions (uv) (vu) and (ev) (ve). The ratio of 
the probability of the decay yw — 3e to the proba- 
bility of ordinary pu decay will be of the order of 
g*A®. An estimate of the cut-off value of A, ob- 
tained from the experimental value w,—~3e yp Wu 

< 107°, is close to the estimate given by Eq. (19). 


From (18) we obtain for the upper estimate of the 
cut-off limit 


A= 400 Bev 


We do not consider the decay p—e+y. itis 
well known (with great accuracy) from experi- 
ment that this process is absent. Therefore, we 
obtain a strong limitation on the quantity A, if 
we assume the existence of the interactions 
(av) (du) and (ev) (ve). In this case the ampli- A\ ft EN 
tude of the decay uw —e+ y is determined by dia- x aN 


grams of Fig. 8. Diagrams of the type Fig. 9 do Ss % @ “ 
not make a contribution to the real decay —e ee evens : 
+y, and are eliminated by the renormalization of : i ; 7d 
the wave functions of the muon and the electron A e 
[because of the simultaneous presence of three eee 


types of interaction (ev) (ve), (uv) (yu), and 
(uv) (ve), the wave function of the electron in 
the renormalization is expressed both in terms 
of the wave function of the electron and in terms 
of the wave function of the muon]. The probabil- 


All the foregoing estimates of the quantity A 
were carried out on the basis of an analysis of 
the first approximations of perturbation theory. 
The values obtained for A justified such a method 
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of estimate, inasmuch as for A < 100 Bev the 
contribution of succeeding approximations should 
be small. The result of the calculation naturally 
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We have considered the structure of degenerate exciton bands in uniaxial crystals. We have 
obtained expressions for the dispersion of the optical activity which is caused by the inter- 


section of the exciton energy surfaces. 
INTRODUCTION 


Pexart has shown that if account is taken of the 
spatial dispersion of electromagnetic waves ina 
crystal in which there are excitons, one is led to 
new solutions of the Maxwell equations, which are 
essentially different from the previously known 
ones in the range of frequencies of the light which 
are near the exciton absorption frequency. Pekar!’ 
assumed the validity of the following expansion 


8 (k) = 8, + = Di Mptkpks t+... 


ps 
for the exciton energy &(k) in the neighborhood of 


k =0 (é9 depends on the direction of the vector k); 


this is always true for non-degenerate exciton 
bands, but not when degenerate bands intersect in 
the point k = 0. 

When electromagnetic waves are propagated 
along the principal optical axis of a uniaxial crys- 
tal only the exciton states that belong to degenerate 
bands contribute to the specific polarization.' 

We shall show in the following, for crystals with 
symmetry groups Dj, D$, D§,..., that the de- 
generate energy surfaces intersect at the point 
k =0 along the direction of the principal optical 
axis. These imply that there occur in @ (Kk) 
terms linear in k. Account of these terms when 
the &(k) surfaces intersect leads to a connec- 
tion between the specific polarization and the 
electrical field different from the one given by 
Pekar.!’? This connection is significant in a wide 
range of light frequencies and causes a rotation 
of the plane of polarization of light in the crystal. 


1. THE STRUCTURE OF A TWO-FOLD DEGEN- 
ERATE EXCITON BAND OF A UNIAXIAL 
CRYSTAL FOR THE DIRECTION OF THE 
PRINCIPAL OPTICAL AXIS 


We shall follow reference 1 and call an exciton 
any excited state of the crystal, the wave function 


2 


of which is characterized by one continuous quan- 
tum number k and which is transformed upon 
application of a symmetry operator that commutes 
with the Hamiltonian according to the single-valued 
irreducible representation of the space group. 

We shall everywhere consider k = (0, 0, k) to 
be a dimensionless wave vector within the interval 
—-7=k<=nT. 

As an example we shall study the behavior of 
6 (k) for excitons in crystals with groups D3 
and Cj. For k =0 the wave functions 4, (0) 
and j%, (0), transforming as x +iy and x — iy 
respectively, correspond to the same energy é (0). 

The matrices of the irreducible representa- 
tions of the group Di, obtained from the E 
representation of the group C4, and constructed 
by Seitz’ method,? are of the form 


Onl exp (tkts) 0 
Dy,o (Us) = ( } , Dy2(t) = ( 2 
10) 0 exp (— ikfs) 
a _/ exp (ik/4) 0 
Dy oo.) =? | ape 
— exp ((3k/4) 


Ds (4004) = — Dy (400%): (1) 
In the group there is an element uy which ro- 

tates the wave vector. D, and D, can therefore 

be brought to a real form.* Let %4,(k) and 

di. (Kk) transform according to D,, and %, (k) 

and w%,(k) according to D2. One can immedi- 

ately verify that the functions 


Ej = oe [4 (2) +40 (—2)], 4) = a [ui (2) — 427 (—)] 


are transformed through real matrices. It is 
well known? that this leads to 


5, (8) =e d,,(—2)- 


If 8,(k) and &,(k) belong respectively to the 
representations D,(k) and D,(k), it follows 
from (2) that 


(2) 
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6, (k) = 8, (—2). (3) 


For the group Cin (which contains an inversion ) 
the matrices analogous to (1) have the form 


’ a Oved é __ [ exp (tkts) 0) 
Pana) = | 10 sabe Ses | 0 rae ey 
D@=(5;), B4=—r4. @ 


These representations can also be brought into 


real form, but now the functions 
Popae ; eet ; 
V2 [+11 (R) ac Yo» (R)], Va [Pu (R) =a $4 (k)], ONO 
will be transformed according to a real represen- 
tation; hence it follows that 


dle) =e 4.,(2), He) =e 4.) 8) 


To the representation Dj(k) belong the complex 
conjugate (transposed) functions of the represen- 
tation D{(k), so that 


6 (k) = 8 (2). (6) 


If thus the group C4 is supplemented with a plane 
perpendicular to the 4 axis, the degenerate bands 
are not split up when k ~0. 

One can show that Eq. (3) is valid for degen- 
erate exciton bands of crystals which possess 
other spatial symmetry groups with one axis of 
order higher than 2, provided that among the 
symmetry elements that change k to —k there 
is no inversion or a plane of reflexion. These 
groups are dD}, ch (n = 3, 4, 6), and others. 

The expansion of the energy of the two-fold 
degenerate exciton bands in powers of k is for 
uniaxial crystals of the form 


81 (k) = E+ Dida k", AW) eae ae 
n n (7 
if Eq. (3) is satisfied. 

Equation (3) is valid also for the electron bands 
of the same crystals if one neglects the spin-orbit 
interaction (see, for instance, reference 6), since 
we have used in deriving (3) only the definition of 
the exciton state, which can include also a spinless 
electron. 

Pekar! considered the spatial dispersion of 
electromagnetic waves in a uniaxial crystal in the 
approximation a; =0. We shall consider the case 
where a, ~0 and where the bands @,(k) and 
é9(k) intersect along the direction (0, 0, k). 


2. THE PROPAGATION OF A PLANE ELECTRO- 
MAGNETIC WAVE IN A UNIAXIAL DIELEC- 
TRIC CRYSTAL IN THE DIRECTION OF THE 
PRINCIPAL OPTICAL AXIS 


Let H be the energy operator of the crystal 
and W the operator of the interaction energy of 


YU OAGeT SNVEER ICO 


the crystal with the electromagnetic field.* We 
shall take the wave function of a crystal perturbed 
by the small alternating electrical field of the 
light wave in the form 


Wht Dd) Colk)dys(h)+---, [Cp(<i, (8) 
s,k 


where v& = k) is the exciton-state wave function, 
q the number of the irreducible representation of 
the space group, and s the number of the function 
belonging to the q-th irreducible representation. 
All other excited states of the crystal will in the 
following be taken into account phenomenologically. 
We shall neglect the difference between the 

magnetic induction and the magnetic field strength. 
This neglect enables us to write down the energy 
of the interaction of the crystal with the electro- 


magnetic field in the form 


v=—+\ P(r’) A (r't) de’, 


A (rt) = Ay exp {i (xz/d — wt)} + Ayexp {— i (xz/d — at)}, 
Ao = (Aox, Aoy, 9), x= nod/c, (9) 

where d is the lattice constant in the z direction. 
The field A(r,t) is assumed to be sufficiently 
smooth (d «A). The coefficients Cgs (kK) are 
determined from the Schrédinger equation 
[iho/Ot — 8, (k)] Cos (R) 

= — im, (k)c1V <qsk| P (0) | 90> (Ady, e exp (— iwt) 

+ Ajd_x, pexp (iwt)). 
when we expand Eq (kK) in the power series (7) we 
retain the linear terms 

61 (x) = Go + x06,/OR, Ey (x) = 6) — x06, /Ok. 


A cumbersome put elementary calculation leads 
to the following expression for the average spe- 
cific dipole moment 


(10) 


P(r, 1) = \P (r) ww dQ, 


In complex form 
Py == Bees a Bye as 
pal eer 0 — ho a 60 + ho 
Bx ov Byy ant Wo ee =-2 ho)? = (db [Ob t 1B = hw)? =: iacam| ’ 


> eden 22 eG 081 1 
Bux = Bry = i ee ObEe lz — hw)* — (x0G1/0k)? 


4 
(Giaeko— eaeaee| , 
| [Px (0) —éP, (0)] Vou (0) d Qf. 


Ne 
Tee 


®o 


(11) 


We neglected in Bxy corrections of the order 
(d/rX)*. In deriving (11) we used the property (2) 
of the wave functions. 

Let the condition Kdé@,/ak « &)— fw be satis- 
fied for the frequency w. We can then neglect 


*Here and in the following we retain Pekar’s notation. 
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the small extra terms in the denominators of (al Why 
We take the other excited states of the crystal in- 
to account by introducing ¢’ through D =&’E 
+ 4rP, 

The specific rotation of the plane of polariza- 
tion of the light p can be obtained from (11) by 
the well-known equations of crystal optics? 


Pea a Ke Are aby 2 LB 
ai Q2— 2)? 2 ~~ Fe2 wy Ok 9”? Deen hon 
(12) 


Expression (12) differs from the analogous equa- 
tions obtained semi-phenomenologically by 
Agranovich and Rukhadze® and from Chandrase- 
khar’s empirical formula,’ because rg appears 
in the numerator. 

The classical analysis® of the optical activity 
disregards the extra terms of p, obtained by 
expanding the exciton transition frequency Wg (k) 
(which occurs in the quantum mechanical ex- 
pression for the oscillator strength) in powers 
of d/xz [wg (k) is defined here by (10)]. Equa- 
tion (12) is thus a natural way of making the 
equations obtained in reference 8 more exact. 

Agranovich” obtained a dispersion relation of 
the form (12) without taking into account the inter- 
section of the exciton bands. Equation (12) differs 
therefore from the corresponding dependence 
(12.2) of reference 10 not only in the meaning of 
the constants occurring in K but also in the range 
of applicability. In the case of uniaxial crystals, 
Eq. (12.2) of reference 10 is, for instance, applic- 
able only for directions of the propagation of light 
which are different from the direction of the prin- 
cipal optical axis. 

Chandrasekhar’s formula’ describes the dis- 
persion of the optical activity of quartz well, but 
differs strongly from the experimental dependence 
p(A) in the wavelength range A ~ 0.44 for benzyl 
crystals. 

Chandrasekhar’s empirical formula is thus not 
universal, and can be applied only when Ay corre- 
sponds to an isolated absorption band. Equation 
(12) can also be applied when 2) corresponds to 
an isolated exciton absorption band, provided all 


other absorption bands are removed from the wave- 


length region under consideration. 
As (12) is somewhat different from Chandrase- 


khar’s expression, the parameters K and Aj in 
(12) will, of course, be different from the corre- 
sponding quantities in reference 9. One can, for 
instance, obtain for quartz satisfactory agreement 


with experiment if one chooses K = 7.1, Ay = 0.0814 


(p is expressed, as usual, in degrees per mili- 
meter, and A in uw). The parameter Ay must 
also occur in the formula for the dispersion of the 
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refractive index nj(A) of quartz. If we put 
a=3x104 andassume e¢’ =1 in (11), the ex- 
pression for ng(A), obtained from (11) by the 
usual methods [nj — 1 = 1.4A?/(A? — 2)], as well 
as the expression for p(A), will differ by less 
than 1 or 2% from the experimental values, ina 
wide range of wave lengths A <i un. 

The slight difference between the proposed ex- 
pressions for p and np and the experimental 
ones may be caused by the fact that we have not 
taken into account virtual transitions to exciton 
states with Ag lying within the infrared region, 
Aj ~ 8.8 uw and 20 yu. Taking these into account 
is especially important for ng(A) when A >1 um. 
We have also neglected other contributions to ng 
and p, connected with virtual transitions to non- 
exciton states, and also the contributions to the 
rotation, which were considered by Agranovich.” 

Taking into account the approximate character 
of our expressions, we can use the numerical values 
of K and a only for an estimate of the width of 
the exciton band Ag in quartz, replacing 36/8k 
in (12) by A&@/2m. We obtain as a result A& 
~ 0.8 ev. 

In the range of light frequencies near wy, one can 
neglect the terms with @) + fw in the numerators 
of (11). | 

The refractive indices for left-hand and right- 
hand circularly polarized waves, Ey Y=iEY” and 
ie =— iEY), are determined from 

4nac : ic = =o©— 


Cae epee WER ee ee eee 
EOE) a daeyeh . ddExJOk a 


(13) 
where the upper and lower signs correspond to 
nT) and n(Z) (with 08,/ak >0). 

We show in the figure the frequency dependence 
of real and positive n‘") and n(J) for the follow- 
ing values of the parameters (cf. reference 1) 
hoo.= Zev, S a= 2; 06,/0k = (2a) ev, 

a= (eh/2m) Nf,  N=6,76-10%em™, 

Such a behavior of the dependence n(w) is 
qualitatively the same as the phenomenological 
dependence n(w) obtained by Ginzburg'! for a 
gyrotropic medium. 


Be 


-8 {hi as =Z 0 2 4 3 6 8 
10 (c- Wy) Wy 


d= 5.29 A, 
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In the frequency range w’ <w<w” with 


(@p — W’)/@y = 2.51- 107°; 
(w” — Wo)/@ = 5.75- 107% 


only the 1 wave has a real positive index of re- 
fraction, while the r waves have a complex index, 
nj‘) =n{")*, In an infinite medium the amplitudes 
of these two waves must be set equal to zero. In 
a semi-infinite crystalline medium (z >0) the 
Y wave is exponentially damped when moving away 
from the surface. In the enantiomorphous modifi- 
cation of the crystal (8¢,/dk <0), on the other 
hand, only the r wave will be propagated. 

The author expresses his deep gratitude to Pro- 
fessor S. I. Pekar for his interest in this paper and 
for valuable discussions. 
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Various processes of uw capture by light nuclei with spin '/ without emission of neutrons or 
protons are investigated. The calculations show that the form factor gives a significant cor- 
rection to the effects accompanying these processes. 


1. INTRODUCTION 


‘Tuere has been a great deal of interest re- 
cently in studying the effect of the form factor 

on weak interaction processes.! The role of 

the form factor in the pw capture by light nuclei 
without emission of neutrons or protons has been 
investigated by several authors.” Strictly speak- 
ing, however, the formulas given by these authors 
are useful only for the description of a nucleus in 
the ground state with zero spin, since the rate of 
capture and the state of polarization of the nu- 
cleus in the final state depend to a great extent 
on the hyperfine structure of the ~-mesic atoms, 
_ This circumstance was noted by Bernstein et al. 
and also by Shmushkevich.’ It is therefore of in- 
terest to investigate the effect of the form factor 
on the process of uw capture without emission of 
neutrons with account of the hyperfine structure. 


2. FORMULATION OF THE PROBLEM 


The weak-interaction Hamiltonian including 
the form factor can be written in the form 

1 TE ; eG i 
Hw = Wa GER Vena) ta ey, (eye we 


Va = %y + (H'/2ttip)ousKs, Ax = Mit, + Uf itm) 1,Ka- 


(1) 
where 


Ieee 0a Sas = — +i (Ya%p — Teta)? 

A is the ratio of the Gamow-Teller and Fermi 
coupling constants and is equal to 1.2 in the case 
of B decay; the term involving yp’ is the ‘‘weak 
magnetism”’ term [y’ is the sum of the anom- 
alous gyromagnetic ratios, HM’ = Hp — My — 1 =3.7 
(reference 4)], and the term involving f’ repre- 
sents an induced pseudoscalar (in order of mag- 
nitude f’ is equal to 8A in the case of pw capture 
by a proton? ). 


If the » meson is captured by a nucleus, the 
matrix element can be expressed in the form 


A 

ye Ve Olt Fag er<t] BP Va + Ada 010), 
£=1 (2) 

where v, pw, f, and i are the wave functions of 

the neutrino, the meson, and of the final and 

the initial states of the nucleus, respectively; 

Te is an operator which converts a proton into 

a neutron, and dt is the element of the nuclear 

volume. 

Before the capture the meson is almost at 
rest, so that we may use the non-relativistic wave 
function of the meson. We also neglect the 
momentum of the protons in the initial state. As 
was shown by Primakoff and Ioffe,” this leads to 
an error which does not exceed a few percent. 
With these approximations the matrix element 
takes the form 


A 
= G Ke |}1—on| > <f ly a WV — Ponje Oni 
=r 


A 
— <v, | (1 — on) o/ > <f| Si Ase™ 9, | >|, (3) 
f=1 
where q is the momentum of the neutrino, n is 
a unit vector in the direction of the momentum of 
the neutrino, gy = 27 /a,)8/? exp (- Zr/a,) 
is the Coulomb wave function of the # meson, 
an =h?/mye” is the Bohr radius of the w-mesic 
hydrogen atom, v, and Vy are the spin wave 
functions of the neutrino and the meson, and 


Ee tical) 
a ie ctl eet mimeyl ie (4) 


Here we restrict ourselves to the calculation 
of the p capture process by a nucleus with spin 3: 
After the capture the nucleus goes into a state with 
spin % or *% without emitting a neutrino. The 
yt meson is depolarized as it slows down and 
transfers part of its polarization to the nucleus 


V=14++3,, A=i+ >p8, 


3 aa q/ Mp, 
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during the formation of a definite state of the 
hyperfine structure. As it is well known that the 
hyperfine splitting of the ground state level in 
mesic hydrogen is appreciably larger than h/t 
(t is the half-life of the » meson), the states 
of the hyperfine structure are incoherent. 

It was shown by Shmushkevich*® that the corre- 
sponding density matrices for the initial states 
are 


+ +¢,¢,) (triplet state), 
0= + (1 — 8p 3,) (singlet state). (5) 


It is seen from (5) that in the triplet state the po- 
larization vectors of the proton and the “ meson 
are identical and equal to xj. This implies that 
half of the polarization of the # meson is trans- 
ferred to the nucleus. 

The theory proposed by Shmushkevich is, in a 
sense, confirmed by the latest experiments per- 
formed by Ignatenko et al.’ They measured the 
polarization of a # meson captured in the K 
shell of a phosphorus nucleus with spin '/ and ob- 
tained the value 8.5%. This is exactly half the 
value of the polarization (~ 17%) of the ~ meson 
in the capture by a nucleus with spin zero. Clearly, 
half of the polarization is in this case transferred 
to the nucleus. 

Let us assume that the state of the mesic atom 
is a mixture of two possible states of the hyperfine 
structure. Then the density matrix before the 
capture is given by the formula (b is the statis- 
tical weight of the singlet state ) 


p=(1—b)p, + 0p. =1+8, Sp + §, 0, +e¢, Sis 


eet 


3 So = §. = (1 — 4) xj. 

The value of & y can be easily determined by 
measuring the asymmetry coefficient for the decay 
of the meson before capture. The quantity b 
is equal to , if we assume that the ~ meson 
goes into the ground state and emits y rays. 
However, if there exists some mechanism which 
involves transitions between two states of the 
hyperfine structure, the value of b is less than 
1. Its value can be estimated from the meas- 
ured value of the asymmetry parameter of the yp 
meson, if we assume that the # meson has the 
polarization predicted by the theory before this 
mechanism comes into effect, i.e., 8.5%, and then 
compare the theoretical value with the experimen- 
tal one, since the transition from the triplet state 
to the singlet state involves an additional depo- 
larization. 


(6) 


HO TSO-HSTU 


3. RESULTS OF THE CALCULATIONS 


After the capture of the » meson the nucleus 
goes over into a state with spin '/, or %. Treating 
the transitions into either of these states sepa- 
rately and using the usual method of calculation, 
we can derive formulas for the transition prob- 
ability, the angular distribution, the polarization 
of the nucleus in the direction of flight of the py 
meson and of the recoil nucleus, and also for the 
angular correlation between vy — 8 and w—f. 
We shall give here the relatively simple formulas 
for the special case Ep =& =§, a= Y,, € =0; 
the formulas for the general case are given in 
the Appendix. The total transition probability is 


W = (@Z4/2n’a;) Nog? (1 — q/Am,), 
No = (1+8)| Mer? + (A? + 4 6(2u— f)) | Mer |, 


4 —) ¢ar; en 
| Mr |? = 55 i 71<f] Sich Mo, | i>, 


woe 


A 
if EEN. eis a 
| Mor? = sr qiFl Diese lp 
r—1 
Ioffe has shown that the matrix elements Mp 
and Magy can be expressed in terms of the matrix 


element for the 8 decay in the following way: 
Mp = MB (1 — 4-4? <r*).), 


Mer = Mér (1 — + 4? <r?>a), (8) 


where <a and CLA are the square radii of 
the charge corresponding to the vector and pseu- 
dovector transitions. The numerical values of 
My and me can be obtained from the experi- 
mental data on the 6 decay, and <r*>, can be 
calculated with the help of the experimental data 
on the inelastic scattering of electrons by nuclei. 
Since the matrix element wv*ov, has the same 
form as the matrix element for the magnetic di- 
pole transition, <r can be regarded as the 
square radius in the magnetic radiative trans- 
ition of the nucleus corresponding to the same 
isotopic multiplet. 

In the above-mentioned formulas we have 
neglected the contribution of the quadrupole 
moment, which, according to the calculations of 
Ioffe, does not exceed a few percent.” 

The angular distribution of the neutrinos with 
respect to the direction of flight of the » meson 
is given by the formula 
W (8) = 1 —aén; 

_ 14+8— (2/V3) [A — (8/2) (fF —A)] Rep + (A2 — ABP) 92/3 


a aie Ji /9 
T+ EFI + OBS) Oe— NIP 
__ 2MEBGE+A 
oS ae BA Cee: 2 sail 


(9) 
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Here p=Mog7/My, and J’ is the total angular 
momentum of the final state of the nucleus. It is 
seen from formula (9) that the coefficient of the 
angular distribution for the pure Gamow-Teller 
transition is independent of the matrix element, 
and the form factor gives rise to a large correc- 
tion to the asymmetry coefficient. This means 
that we can determine the form factor by such an 
experiment. In a transition without change of spin 
of a nucleus with spin the coefficient of the 
angular distribution depends on the ratio of the 
matrix elements, which can be determined from 
the experimental data on B decay. 

The polarization of the nucleus in the direction 
of incidence of the meson is given by 


W (m’) = 1+ B(m'/j’) nj; 


Ba LEB C/V SA + (8 / 6)(3A+2u—A)IRe p+IA2+ (AB /3)(2e—f)p 2/3 


1+ B + [A® + (AB/3) (2p — f)] p? 


eat. B= 0) J"), (10) 


n. is the direction of polarization of the nucleus. 
In a pure Gamow-Teller transition the coefficient 
B is independent of the matrix element and of the 
coupling constants A, w, and f. This has the 
consequence that we cannot obtain any information 
on the form factor by measuring the polarization 
in the direction of emission of the 4 meson. 
Strictly speaking, this result is true only for the 
terms of lowest order in #8. If terms involving 
B 2 are included, the correction amounts to 5 to 
10%. This correction is given in the Appendix 
{formula (21)]. 
The polarization of the nucleus in the direction 
of emission of the neutrino is given by 


W(m') = 1 + C(m'/J') nn; + D(m'*—*/1) C/s— (nn))*); 
(A2 + AwB) p? + V3 [A + (8/2) (A — f)] Rep 


Gea TB TIM + OBA Op —Alp? Peet 
Toa ee 
C =F 08/3) Oe fy fo The 
iD = 0} lta ae 

IB Yr } (BA/2) (» + f) a. (11) 


7 2+ (AB/3) (22 — A)’ 


In our case the angular correlation between yu 


and y is not of any great-interest, since itis always 


isotropic and independent of whether we do or do 
not include a form factor. The angular correla- 
tion between v and y, on the other hand, de- 
pends on the form factor very strongly. Moreover, 
the latter case has the advantage that the strength 
of the correlation does not depend on the matrix 
element. Here we shall give the results for a 
number of special cases and leave the general for- 
mulas for the Appendix. Let J;, J’, and J¢ be 
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the spins of the initial, intermediate, and final 
states, respectively. Then the formulas for the 
angular correlation in the transition Ci MA 
are 


1 — 3D cos?6/(3-+ D), 0-1-0; 
1+ 3Dcos?@/(6—D), O-1—-1; 
1 — 3D cos?0/(30 + D), O—-1—2; 


1 — 3D cos?6@/(6 + 2D), 
1 + 6D cos?6/(15 —D), 
1 + 3D cos? 6/(30 — 5D), 


ES Fee 
ae a= aes 


ly—> 3/5 = */o: 


(12) 


Here @ is the angle between the directions of 
emission of the neutrino and the y quantum 
emitted by the excited nucleus. It is easily seen 
that the form factor gives a large contribution 
to the angular correlation. For example, in the 
transition 0-1-0 the correlation is iso- 
tropic without the form factor, while the pres- 
ence of the form factor leads to anisotropy in 
the angular correlations which may be as large 
as 50%. 

The angular correlation between the meson 
and the electron is given by 


W (6) = 1 + EGv.; 
FE =1—®8?(f+p)?/t2.7, 0-1-0, 
Bel Bw eh le ala ia (13) 
where Vv, is the velocity of the electron. Gener- 
ally speaking, this correlation is difficult to ob- 
serve, except in the case when the life time of the 
nucleus after capture is very small (for example, 
in the transitions C= BY, cl? = BY). It may 
therefore be possible to preserve the polarization 
of the nucleus after capture in an appropriate 
magnetic field. It is difficult to determine the 
form factor in this way, but the transition 
y, > 7 — Te as well as the transition 0 ~ 1— 0 
can be used for the purpose of finding out whether 
the nucleus is polarized by the meson and of de- 
termining the helicity of the 4 mesons, since a 
different helicity of the 1 meson leads to differ- 
ent signs in the angular correlations. 

The author regards it as his obligation to thank 
Prof. Ya. A. Smorodinskii for his interest in this 
work and a discussion of the results, and also Prof. 
Chou Huang-Yuan, Prof. I. S. Shapiro, and Chou 
Kuang-Chao for useful comments. 


APPENDIX 


We give here the general formulas which are 
valid with an accuracy up to terms of order B a 
Even these formulas are, of course, not sufficiently 
accurate, since we neglected the momentum of the 
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proton in the initial state. However, under certain tion of the formulas describing the angular distri- 


circumstances, the terms ~f” can become com- bution of the neutrino and of the y quanta for 
parable with the terms of order f in view of the oriented nuclei we used the results of he work of 
large coefficient of the anomalous magnetic mo- Beretskii et al.® and of Falkoff and Ling. 


ment and of the pseudoscalar term. In the deriva- 
A. Transition /, — ¥, 
1. Total transition probability 

W = (G?Z3/2n?2a:,) q? (1 —q/Amp) No, No =(U+ — B)?| Me |? + (X? + + AB (Qu — f) + = B? (Qu?+- f?))| Mer |? 
—2e[r? + £23 (24 —f) —2- 8% (2f —p)] | Mor? —2V elk +48 (3h + Mn — f) + 82(QU—f)] ReMr Mer. (14) 
2. Angular distribution of the recoil nucleus 

W (9) =1—EpnN,/N,—§8unN,/Ny, = Ny == [(2 + ApB + +-y?8*)| Mor ?—V 3 (4+ + B(f—A) —7 BP) ReMe Mer], 


No = (1+48)?| Me? —} (A? + AB (2p +: f) + 8? (Qu? — /?)) | Mor |’. (15) 
3. Polarization of the nucleus in the direction of polarization of the 4 meson 

W(m') = 1+ Enj2m'Ng/No + Eunj2m'Ne/No; Ne=(1+48)*| Mel —z + 38 Op—A) + gy Bn? + P)| Mor |’, 

Ne = —(2/V'3) (A+ 8 (34 + 2u —f) +3 B? Qu—f)] ReMeMor + = [A+ LAB (Qu — f) —35 BH (2f—w)1| Mor ? (16) 


(m’ is the magnetic quantum number of the nucleus in the final state). 
4, Polarization of the nucleus in the direction of flight of the neutrino 


W(m') = 1-+nnj2m'N4/No, Ng =~ [(A2 + ApB ++ p?6%)|Mer ?+V3 (A+ > B(A— f) —28f)ReMeMer] 
—e[(1-+48)?| Me |? + + (70? — BA (4u — 3f) + + 87(2u? —4uf+/))| Mor |? 
+ (4/V3)(A+48 (A +p) +4 Bn) Re MeMer. (17) 


B. Transition ve 4 VE 
1. Total transition probability 


W = (G°Z9/2n*a) Nog? (1 — g/Amp), No = [(1 + e) (+ £8 (Qu —f) —2 Bu (2 —w) +2 8? (H + fll Mor ®. (18) 
2. Angular distribution of the recoil nucleus 


W(0) = 1 +2 SpnNy/No + 4 SunNo/No, Ny = (2 + AuB + 28%) | Mar [?, No = (M2 +48 Qu + f) ++ B? (Qu? — f?)) | Mer |. 


3. Polarization of the nucleus in the direction of polarization of the 4 meson (19) 
W (m') = 1 +5 m!EpnjNo/No + = m'EuniNa/No, Ng = [M+ 3-48 (Qn —f)+ 3 8* Qu? + P)]| Mor P, 
Na = (2+ LAB (Qu— f) —4 8 (2 —p)]| Mer |?. (20) 
If 2) = fu then 
V= 1+ =[2—B2 (f+ w)?/12 (1 + €) M7] m’En;. (21) 


4. Polarization of the nucleus in the direction of emission of the neutrino 


W (m') = 1+ 2 m'nnj Ng/No + (m'®—2)[+ —(nnj)?1 No/No, Ns = (1 + 2) (A+ 8)? Mor 2, 


Ne = —[(1 +e) 84a + f) +28? + fl—+ 8? U+ AA | Mor [*. (22) 
C. Angular Correlation between the Neutrino and the y Quanta [W(m’) is given by (20)} 
\ y j 
W (8) ee Wm’) Paz, m (8), Paz, m' (8) =|<Jp,L, Mj, M| J’, m’>|?| Ex |? Fr (8) + | <Jp,L— 1, My, M| J’, m’) 
frm 


x | Mral? Fra (8) + Jy, L, My, M| J’, m’)<y,L — 1, Mp, Mj J’ m’> (Ex M+ ¢.0.) Ft 1 (6); 
Fl! (0) = poy (2M*VE P+ (L+ M)(L— M+ 1) (YEFR +(L4+ M+ )(L— mv py, 


FE, 1-1 (8) = — 4 (2L + 1) (L? — MY) ((2L — 1) L2(L? — 1)]"* x (2M[Y#_,? +L —M—) YY" p_C 4 mM—pljy'¢], | 


(23) 


FORM FACTOR AND THE » CAPTURE BY LIGHT NUCLEI WITH SPIN ts Lie 


D. Angular Distribution of the Electrons in the 
Direction of Polarization of the Meson 


W (8) = S)W (m’) (1 + Bme v cos 6), 


Bm = (Ap, me + 2m Ej’ (i + I, UAL oP Sy, 
m! }.j’, jp=i'—1 
Aj ai aye fei" 
—m'|(j'+1), ip=i' +t (24) 


(jgis the spin of the nucleus in the final state after 


r= ye /vP 
the B decay, p’= My/MGor)- 
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The processes most favorable for the production of D mesons are discussed. Experiments 
for the determination of the spin and the parity of the D meson are proposed. 


Ee Many of the existing classifications of elemen- 
tary particles contain a free place. The scheme 
of Gell-Mann and Nischijima!»? leaves room for a 
meson with strangeness 2 and isotopic spin 0. The 
scheme of Salam and Polkinghorne? has a free spot 
for a T particle, if we regard the Tt andthe 6 

as identical. In Sakata’s model of elementary par- 
ticles‘ one can construct the particles 


pre 7 (pnp) KA. DS = (pn —np) AA. (1) 
In the Markov scheme’ the analogous particle is 
represented by (N=). 

On the other hand, evidence was recently found 
in the propane bubble chamber at Dubna for the 
existence of a heavy meson with mass ~ 750 Mev,® 


which decays according to the scheme 
[DY oO ge (2) 


It is of interest in this connection to investigate 
which reactions are the most appropriate for the 
further detection of the D meson and also which 
processes are most convenient for the study of 
the properties of this meson. 

2. The D meson can be produced in the reac- 
tion 


r+N—->D4+2K+1-N (3) 

or in the reactions 
Ki-N—=DtK+N, (4) 
K+N->D-4 hyperon, (5) 


and also through annihilation of a nucleon with an 
antinucleon: 


NN = De Ds, (6) 


We give the ratios of the probabilities of these 
reactions, calculated with the help of the statistical 
theory of the multiple production of particles (for 
the method of calculation see references 8 and 9): 


o(m+N>D+2K+N) 99, qo-2 

o(n7 -- N>E+2K) re ; 
o(Kt+N>D+K+N) 99. 0-4 
SiR EN = eK) coe 


pi t= Bev, 


Peo 2 Bewre, 


o (K++ N > Dt-+A) 3 
6(K++N—>K-+N) ~ 0.18. Dea = 2 Bev/e; 
o(N-+N > D+ + D-) 08! Paes 


o(N-+N—> K++ K-) 


All momenta are given in the laboratory system 
of coordinates. 


In the calculation we set Mp/My = 0.8 and as- 


sumed that the 7 mesons and baryons are pro- 
duced ina volume V, with radius rq =f/mye 
=1.4x107!3 em, while the K mesons and the D 
meson are produced in a smaller volume VK with 
radius rx = h/mxe = 0.4 x 1078 
mental values of the last two ratios turn out to be 
smaller than the calculated ones, this may indicate 
that the D mesons are produced in a volume which 
is smaller than the corresponding volume for the 

K mesons. 

The above-mentioned calculations show that the 
use of a K* meson beam is most convenient for 
the detection of the D meson. 

It should be noted that the scheme of Salam and 
Polkinghorne also admits of the existence of the D® 
meson. One may expect that the D? meson decays 
according to the schemes 


D°—> n° + K°, D9—+nrt+4+ K-, D®°->n 4+ Kt, 
Ge | Ti | A | B 
4 0 —1 | 0 
0 —1 (0) 4 
: =, */s —"s5 
0 4 
! {1 >0(H4/s)| As 


EViZ 


cm. If the experi- 
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and its mass will be close to the masses of the D* 
and D™ mesons. In the scheme of Gell-Mann and 
Nischijima this D® meson can be identified with 
the py meson, whose existence has been the sub- 
ject of wide discussion in recent times. 

3. Information on the spin of the D meson can 
be obtained by measuring the angular correlation 
in the cascade process 


K+N-—-D-4 hyperon, D->K+<, (7) 


However, this correlation gives two possible integer 

values i and i+1 [for example, (0,1) or (1,2)] 

for the spin of the D meson, leaving the choice open. 
If the reaction 


D- + He! —> ,Het + K- 


(8) 


occurs and the angular distribution of Het and K~ 
is isotropic, one may conclude that the D™ meson 
is a pseudoscalar (since the relative parity of A 
and K is odd).!! In the case of a nonisotropic dis- 
tribution the spin and the parity of the D™ meson 
cannot be determined uniquely from the data of 
this experiment. 

More definite information on the spin and the 
parity of the D meson may be obtained from the 
study of the capture of the D™ meson by the deu- 
teron: 


D~ + deuteron —> A° + A°—+2p + Qn. (9) 


One should expect that the D™ will be captured by 
the deuteron predominatly in the S state.!? Then 
the angular correlation of the decay products of 
the two A hyperons is equal to!? 


1 + a?(A nn, + B(n,n) (n2n)), 
where a is the asymmetry coefficient of the A 
decay; n,; and n, are unit vectors in the direction 
of the momenta of the decay products, referred to 
the rest systems of the first and second A hyper- 
ons, respectively; n is a unit vector in the direc- 
tion of the line connecting the two A hyperons. 
The values of A and B, which depend on the spin 
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Sp and the parity IIp of the D” meson, are given 
in the table.* 

The author thanks Prof. M. A. Markov, Prof. 
Wang Kang-Ch’ang, V. S. Barashenkov, L. G. Za- 
stavenko, and M. I. Shirokov for valuable com- 
ments. 
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~~ *After this paper had been written, it became known-to the 
author that after the Kiev Conference seven more cases have 
been found which can be interpreted as decays and reactions 
of D* mesons.”* 
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The collectively excited states of non-axial even-even nuclei are investigated with account 1 
of the interaction between rotational and vibrational states. i 


Davypov and Filippov! have calculated the col- 
lective energy levels of axially symmetric even- 
even nuclei with account of the interaction between 
rotational and vibrational states. The same au- 
thors? also investigated the rotational energy lev- 
els and the probabilities of transitions between 
them for the case of non-axial nuclei. The coup- 
ling between the vibrations and the rotation was 
not taken into account. In the present paper we 
study the collective excitations of the vibration- 
rotation type in non-axial even-even nuclei. 


1. ENERGY LEVELS 


We shall assume that the energy of the vibra- 
tions in the parameter of axial asymmetry, y, is 
much larger than the energies of the collective ro- 
tation and of the vibrations in 8. y can then be re- 
garded as constant. According to the collective 
model of Bohr, the energy of the nucleus is made 
up of the following terms: 


E, =1+.B8? + +Cp*+ AB + 2 M;/21,. (1) 


The first two terms represent the kinetic and po- 
tential energy of the B oscillations of the nucleus, 
respectively; Af is the interaction of the external 
nucleons with the nuclear core, and is in first ap- 
proximation proportional to 8; the last term rep- 
resents the energy of rotation of the nucleus, where 
M, is the projection of the classical angular mo- 
mentum onthe y axis, and Iy is the moment of 
inertia, which is given by the expression 


I, = 4B8? sin? (y — 2/8). 


In going from Eq. (1) to the corresponding 
quantum-mechanical equation, we have 


AY =E,Y, (2) 


where 


jpn vee tate tl, 


2B B3 : 
b= S5-(hk— DRO, (3) 
x n / | 


Ay y is the projection of the total angular momen- 
tum of the nucleus onthe yx axis, and j,(n) is 
the projection of the angular momentum of the 
n-th external nucleon. 

The volume element in the space (f, 6;) is 
written as 


dx = GB? sin 6 dB d*6 (4) 


(G is a constant). 

In the adiabatic approximation with respect to 
the one-nucleon states we can average the Hamil- 
tonian operator (3) over the states of the external 
nucleons. If I is the sum of the spins of the ex- 
ternal nucleons and 2 is its projection on the | 
axis fixed in the nucleus, we can use the conditions 
of symmetry to obtain the wave function of the ex- 
ternal nucleons in the form 


Ya =>) a9(®,9+(—1)'®, _,), (5) 
EXO) 


where & takes on only even values. The average 
value of the operator of the rotational energy is 
equal to 


(¥,|£| P= Made ewe pa 
h?D/6BB? = DOP Hel(Di (n))° We Une 
so that, using Eq. (5), 


(Wy ix(n)| Yq>=0. 


We shall regard sy, 6B8* as being included in 
the effective potential energy. Then the operator 
of the energy of rotation is )) ns /2ly. We seek 


the solution of Eq. (2) in the form of a product of 
the wave functions for the 8 oscillations (Wp) and - 
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for the collective rotation (Wyot). 
have 


For fixed B we 


Rd 2 #2 ~ 
Be rot = TBpe &* Prot} (6) 
J is the total aoa momentum, and A is the 
number of the solution for a given J. The quanti- 
ties Er were obtained by Davydov and Filippov? 
using the symmetry conditions for Wyo. With the 


help of their data we write Eq. (2) in the form 


2 1f'a , / 
{—op ps Pag + YO) + yan en| Ys = Es, 
V’ (8) = CB2/2 + AB + &2D/6B8?. (7) 


Substituting the value ¥g =U (8 )/p/2 in Eq. (7), 
we obtain the equation 


i? 
BB+ V0) + ae} Un = EU 


where the quantity 
V (B) = V" (8) + 3h?/8BB" 
reaches a minimum in the point 
By = —A/C + h2D/3BCR3 -+- 3%2/4BC83. 


Expanding V (8) ina series in terms of By, we 
find 


C 
\—5 5B B ase ats > (8 Bo)? aromas cane ae | Un, = 0, 
0 —V(B,), (Cf (Ono h?D/BB8$ +- 9n?/4 B65. (8) 


Equation (8) agrees with that obtained by Davy- 
dov and Filippov,! except that J(J+1) is re- 
placed by 3, €y,. [For y— 0. we have for the 
lowest level for a given J: %@y, ~J(J+1)). 

The energy of rotation-vibration of the nucleus 
is determined by the equation 


s=EF 


e (IVfhioy = (v + 4) V 1+ Be, foe 
+ 467 (£1)? +8,,/4872, (9) 
where 


DEB MBO) ihe — lise 8/204 = V CyB. 
The quantity v is found from the equation 

H,(—8,&) =Ofor 6,=6(1+e,, /84é4)", (10) 
where 


(= 1) ay k—Y\ for 
H, (0) = ran SS ni) 20)" 
is a Hermite function of the first kind. 
The unnormalized wave function Vg has the 
form 
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We shall be interested only in the excitation en- 
ergy Ej, = €j, — €j=o- For large values of 6 
(usually already for 6 > 3) the correction to the 
energy due to the coupling of the rotation with the 
B oscillations can be obtained with the help of an 
expansion in terms of the small parameter 1/6%. 
Then* 


= (W/ 4B3i)®,, — F @,,)° + Men, 


i= Const, Vi Constr 


The quantity v in Eq. (10) runs through an in- 
finite sequence of discrete values. Each branch 
with J=0 has its set of levels with spins 2, 3, 

4, 6, etc. If 6 > 2.5, the lowest levels of the two 
lowest branches split up and we obtain a vibra- 
tional-rotational band (cf. reference 1). 

We studied the quantities R)(J) = Ey) /E,(2*) 
as functions of R,(2) = E,(2*)/E,(2*). We con- 
sidered the two lowest levels 4*, the first level 6*, 
and the level 3* corresponding to the first band, 
and also the level 0* of the second band. The re- 
sults of the calculations for R,(6) and R,(4) 
are shown in Figs. 1 and 2. The points with 6 = 0, 
1, 2, 3, 4, and ~ and with y = 10, 15, 22.5, and 30° 
are joined by curves. The curve with 6=© cor- 
responds to the absence of the coupling between the 
rotation and the £6 oscillations [the excitation of 
the B oscillations is infinitely high as compared 
with E,(2*)]. It should be noted that R(3) varies 
little for a given R,(2), i.e., the equality E,(2*) 
+ E,(2*) = E(3*) is approximately conserved. 


Al) 


20 


ee 4 8 12 
EIGeol 


R, (2) 


~ *An empirical formula of this form (with M = 0) was pro- 
posed by Malman and Kerman (preprint) for the comparison of 
the theory of Davydov and Filippov’ and of Davydov and Ros- 
tovskii® with the experimental data. 
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10 R, (2) 


The curves with small 6 lie below the curves 
with larger 6 for all levels; therefore, R)(J) 


decreases if the coupling between the oscillations 


and the rotation is included. 


2. PROBABILITIES OF QUADRUPOLE TRANSI- 


TIONS 


The expression for the reduced probability for 
a quadrupole transition between the states JA and 


J’X’ has the form 


B(E2; Ih J'0’) 


5 
~ 46x (2J-+ 1) Digi 
M,m,u 


A 8 4 

Qou = &Q, Bo (Dio cos ¥ + Ve Diet 
3° 

Qo =e ed 


JM yp’? 5 A IAMatpJAy ig 
rot ¥p oe | Qeou | WD cot Ws Mais 


Di.) sin y), 


(12) 


We rewrite Eq. (12) in the form 


B(E2; Ih—> J'd’) = B (E2; Jh—> JR’) By? | CIA 1B | TRY, 


matrix element of 8/8) with respect to the func- 


(13) 
where B isa quantity which was computed in ref- 
erence 2. The correction factor represents the 


tions vg. Using (11) and (4), we have 
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Here 
U; (8) = exp (— G/2) Hy, (G), 
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For 6—* wehave vi—0. In practice vj = 0 
for 6=2. (v has the largest value in the case 
J=0.cll J= 0, 622) theneves C202) sror 

6 =2 the quantity Hy; can be replaced by Hy = 1. 
Then expression (14) has a very simple form, 
which leads to the ratio (6 = 2) 


B(E2;22- 24) _ B(E2: 22> a4) 


B (E2; 22-0) — * B(E2;22-+0) ’ 
2 3 
v= Grptae = Pex (2(ge da) 
2 
—2(gie —dae)\(sn) (ea) (15) 


aj =4[(:)i + (8) bes = (81) & + (817 §, 
d;; = +[(8,)? 2 + (8)? 8]. (16) 


The subscripts 0, 1, and 2 refer to the ground state, 
the lowest excited state with J = 2, and the sec- 
ond excited state with J =2, respectively. 

The most abundant group of nuclei experimen- 
tally has 6~ 4 and 10° <y = 30°. In this case 
ux 1.015 (it varies within the limits 1.013 and 
1.017 for 6 =4). For the second group 6 ~ 2 
and 15° <y = 30°. Here np #1.2 (it varies 
within the limits 1.20 and 1.23 for 6=2). If 
y— 0 for fixed 6, u—0; but this refers al- 
ready to very small y. If 6%, then p—1, 
as should be expected (6 — © corresponds to 
the absence of coupling between the £6 oscilla- 
tions and the rotation). The correction due to the 
factor yu is thus important only for nuclei with 
6 ~ 2. But here (as in the case of nuclei with 
6 ~ 4) the change of y on account of the coupling 
between the @ oscillations and the rotation plays 
an incomparably greater role. 


3. DISCUSSION OF THE RESULTS 


The comparison of the theoretical results with 
experiment will be carried out in the following 
way. Wedetermine 6 and y from the three 
levels E,(2*), E,(2*), and E,(4*) with the help 
of Fig. 1, which shows the dependence of R,(4) 
on R,(2). It is here convenient to use curves with 
fixed values of 6 and curves with fixed values of 
y- With the help of the analogous curves computed 
for the dependence of R,(6) (see Fig. 2), R,(4), 
and R,(0) on R,(2) we can find Ri(6), Rp(4), 
and R,(0) from the known values of 6 and vi. 
The results of the comparison with experiment 
are given in Table I (see also Figs. 1 and 2). The 
character of the interaction between the £ oscilla- 
tions and the rotation is apparently well accounted 
for by the calculations. 


COLLECTIVE EXCITATIONS OF NON-AXIAL EVEN-EVEN NUCLEI 


i 
E TABLE I. Energies of the excited states of the vibrational- 
| rotational type* 
| _ 
| E, (2+), 
| Nucleus i Ro (2) R (3) R,(4) Re (4) Rx (6) R2(0) | Reference 
A | 2.47 4.85 
Fe 845 3.49 45%. | weed 4,7 4.7 2.9 [2] 
3.09 6.2 5.94 - 
2re5 3.80 
| Cd'0 ~~ | 656 2.10 3.34 2:35 3.8 3.8 2.8 [5:8] 
| 2.78 5a 5128 
2.30 285 
Cdil4 556 2.18 2.30 3.8 Sy ay [7] 
2516 3.5 5.14 
3.01 11.68 5.64 
Sms? 121.8 8.92 10.14 | 3.01 10.3 5.7 6,0 [28] 
Brot 443 6.80 
3.02 5.84 5.52 
Gd | 123,02 8.10 G47 | 3.02 9.6 | 6.2 [78] 
3.30 10.5 6.75 
3,24 15.34 6.56 ~8.09 
Gdise 89 13.04 14.00 | 28524 14.9 6.5 13.6 [7-89] 
3.32 15.4 6.88 
3.27 13.35 6.70 
Dy160 86.6 11.16 G2044 3) S727 13.2 6.6 >14 [?] 
ROP 13.6 6,86 
3,29 14.87 6.76 18.12 
Erle6 80.7 9.76 10.67 3.29 12.0 6.7 pie foo] 
3.31 1202 6.82 
S204 12.47 6.86 
Erlss 79.9 10.29 UEP eg (Ay) 6.8 >14 [9510} 
3.32 12.8 6.84 
2126 14.68 
Wise 100.9 12.44 §3220 % =3.26 14,0 6.6 >14 [78] 
3.22 14.5 6.87 
3.16 Tots 6.33 
Os186 437.2 5.60 6.63 | 3.16 ion 6.2 11.4 [810] 
S28 8.1 6,49 
| 3.08 6,17 7.04 
| Os!88 155.0 4.09 5.40 | (3:08 6.3 5.8 1m [78)10) 
| 3145 6.7 6,14 
| 2.95 5.14 5,63 
| Os!9%0 186 2.99 4,05 | 2.05 5.6 ae 1192 S] 
, 3.04 5.8 5.75 
2,82 Bel 
Ost92 206 Pel pene We water 5.4 Bee >14 [2] 
2.84 5x 5334 
2,43 3.97 2.63 
Hgiss 411.8 2.65 2.43 ed 4.0 2.9 [7°] 
2.92 5.6 aye) 
3.30 6.86 21.15 
P28 44,2 23,80 1 2434 | 3.30 6.84 | >14 [7] 
31.33 7.00 


*For each element we list in the first row the experimental values, in the 
second row the theoretical values, and in the last row the values obtained when 


only the rotational excitations are taken into account. 


In Table II we give the ratios of the reduced 
probabilities for the transitions 22 — 21 and 
22-—-0. The effect of » is not accounted for 
because of its smallness. Indeed, the change of 
the value of y on account of the coupling between 
the vibrations and the rotation plays a much larger 
role. But for nuclei with 6 ~ 4 even this effect 
does not change greatly the value found by Davydov 


1177 


and Filippov in reference 2 (y becomes somewhat 
For nuclei with 6 ~ 2 the value of y 


smaller ). 


becomes appreciably smaller. The experimental 
data at our disposal are too inaccurate and very 
sparse in the region 6 ~ 2. They do not permit 
us to check the results of the theory with regard 
to the transition probabilities. 
In conclusion I regard it my obligation to thank 
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A. A. CHABAN 


TABLE II. Ratio of the reduced probabilities for quadrupole 
transitions from the second level 2 to the first level 2* 
and from the second level 2* to the ground state 


B (E2; 22 — 24) /(B (E2; 22 — 0) 
Nucleus y, degrees | y*, degrees Theory Rotation Experiment 
| only 

Os86 | 15.9 16.5 3.05 3.30 2.535 [7] 
Os188 | 18.5 19.2 4.36 4.84 ee ee 
ose | 28.9 22.2 7.8 8.3 me 
Osi#2 24.5 25 17.5 20.6 9.4 sake] 
wrs2 11.0 11.45 1.84 1.88 1.59 [2] 
Gas 11.85 13.9 1.94 2.38 ye eit 
Gis 10.5 11.0 1.75 1.81 4:7 Pang) 
Smis2 11.42 13.25 1.87 2.42 gia Lh 
Dy260 11.45 41.9 1.88 1.94 2.38 [2 
C4 23.3 26.7 11.3 52 77.9 
Hgi* 24.0 23.6 6.5 12.7 Oy 


*Rotation only. 


Prof. A. 8. Davydov for his constant attention to 
this work and for valuable remarks. 
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SUPER-HEAVY ISOTOPES OF HYDROGEN 
AND HELIUM 


V. I. GOL’DANSKIT 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor January 16, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1637-1639 
(May, 1960) 


To estimate the stability of many isotopes (in 
particular H®, H’, and He®) relative to the emis- 
sion of neutrons, it is advantageous to use data on 
neutron pairing energy. Figure 1 shows the pair- 
ing energy Ep [the difference between the binding 
energies of the (2m + 2)-nd and (2m + 1)-st neu- 
trons ] in the first six neutron layers (from 1814/2 
to 2s1/.) for the elements from hydrogen to potas- 
sium. It is obvious that the pairing energy is al- 
ways less for nuclei with an odd number of protons 
(because the deuteron-like triplet pn bond is dis- 
turbed by pairing in an odd-odd nucleus). In the 
P3/2 Shell, which is filled in the nuclei H*-H' and 
He®—He®, the pairing of the third and fourth neu- 
trons gives a somewhat smaller energy gain (64 — 
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90%) than for the first neutron pair. Using these 
facts, we can present the following estimates. 

He®. The pairing energy does not exceed 2.86 
Mev (the value for He®, in which the first two 
places in the p3/. shell are filled). On the other 
hand, this energy is not less than 1.54 Mev (the 
value for Li’). The necessary condition for the 
stability of He® is that the energy of the decay 
He’ — He® +n be less than approximately 1.4 Mev, 
while the sufficient condition is that this energy 
not exceed approximately 0.8 Mev. 

Comparing the masses of Li’, He®, and n and 
introducing a correction for the Coulomb interac- 
tion in He’ (1.2 ZyeA/3), we readily find that 
the isotope He® can be stable if the first level 
T= ), for A=7 is not higher than 12.7 Mev, 
and is absolutely stable if this level is lower than 
12 Mev. We know of a 12.4-Mev level! noted in 
the reaction Li’ (yn) Li® (reference 2), but not 
observed for the transition Li’ (yt) He‘. It is 
therefore natural to assign T = ¥%, to this level. 
If such a level with T = ¥% exists, then the energy 
of the decay He! — He® +n is approximately 1.1 
Mev, and the condition for the stability of He® re- 
duces to having the pairing energy of the last two 

neutrons not less than approximately 2.2 Mev. 
Satisfaction of this condition, however, is far 
from obvious. It should be noted that Zel’dovich’s 
conclusion’ regarding the stability of He® was 
based on the assumption that the decay energies 
of He® and He! and the pairing energies of the 
first and second pair of neutrons in the p3,) shell 

are equal. Actually He’ is not as strong as He®, 
and pairing is less feasible in He® than in He’®. 
The problem of the stability of He® still remains 
open and should be resolved by experiment. 

A possible method for finding He® is to observe 
the (n, 2p) reactions or the capture (7, p) of 
slow negative pions in emulsions doped with Be?® 


nuclei (the characteristic decay is He ne Li 
8B” Bed* — 20). 

We note, however, that inthe B decay of 
He® (0*) the more probable is not the production 
of the ground state (2°) of Li®, but of the excited 
state (1*; 3.22 Mev), with subsequent emission 
of delayed neutrons (Li®* — Li’ +n). 

H®, In this case the pairing energy also does 
not exceed 2.86 Mev (the value for He®, an even 
nucleus with the same number of neutrons). It is 
therefore obvious that for stability of H® the en- 
ergy of the decay H‘ — H? +n must not exceed 
approximately 1.4 Mev. Comparing the masses 
of He’, H?, and n and introducing a correction 
for the Coulomb interaction in He! (~ 0.7 Mev), 
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we conclude that H°® can be stable only if for the 
@ particle the level with T=1 lies below ap- 
proximately 22 Mev. As is known, no such levels 
of He’ have been observed in the energy range 
below 22 Mev, and this refutes the assumed! sta- 
bility of H®. We note that if the decay H® — H4 
+n requires (because of the pairing effects) the 
consumption of energy, the decay energy of H4 
cannot exceed 2.86 Mev. In this case the level 
with T=1 should not be higher than approxi- 
mately 23.4 Mev for He’. However, extrapolation 
to hydrogen of the difference in the binding energy 
of the first and third neutrons leads to the conclu- 
sion that the energy of the decay H’— H?+n is 
so large, that the decay H’ — H‘ +n becomes 
energetically feasible (to approximately 1.8 Mev). 
Then the upper limit of the T=1 level for He 
rises to approximately 25.2 Mev. These estimates 
(23.4 — 25.2 Mev) confirm the value of approxi- 
mately 24 Mev given for the energy of this level 
in reference 5. 

Stability of H’ relative to the decay into H? 
and 2n agrees also with the energy of the first 
T=% level at A=5: AEy» 472 < 19.4 Mev 
(arrow on Fig. 2). Blanchard and Winter‘ esti- 
mated this energy at 19.1 Mev. As is seen from 
Fig. 2, however, the data regarding AE3/9 4,2 can- 
not serve as a proof of the stability of H°, for the 
case H—He-Li (transition from A=5 to A=7), 
which is magic in the number of protons, has an 
analogue in the case N-O-F (transition from 
A=19 to A=17) in which a sharper increase is 
observed in the energy of the first T = *% level 
than in the other cases. 

The collective data on the binding energies of 
neutrons and protons are also evidence in favor of 
the instability of H’. 

i! If, however, H° is nevertheless stable, one 
would expect also the presence of a stable “super- 
heavy” isotope of hydrogen H' (just as the pres- 
ence of He® is proof of the existence of He®). 

In addition to searching for delayed neutrons in 
the reactions Li' (vy, 2p)* or H?(H%p), a possible 
method of verifying the existence of H° is to ob- 
serve the reactions (n, 2p) or (am, p) in emul- 
sions doped with Lit} Hf oH! is stable, these nuclei 
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could be observed in the reactions Be? (17, 2p) 
in the emulsions. 

The author is grateful to Ya. B. Zel’dovich and 
A. A. Ogloblin for a discussion of this problem. 
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CONNECTION BETWEEN OSCILLATION 
AND RATE OF LOSS OF CHARGED PAR- 
TICLES IN A CYLINDRICAL PLASMA OF 
LOW PRESSURE IN A LONGITUDINAL 
MAGNETIC FIELD 


A. A. ZAITSEV and M. Ya. VASIL’EVA 
Moscow State University 
Submitted to JETP editor January 21, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1639-1640 
(May, 1960) 


‘Tue principal purpose of this investigation was 
to study the plasma oscillations in a longitudinal 
column in a constant longitudinal magnetic field. 
In addition, we investigated the diffusion current 


on the wall of the discharge tube and the effect of the 


magnetic field on the longitudinal potential gradient 
in the column. Such investigations have been at- 
tracting attention in recent years in connection 
with the question of the mechanism by which 
charged particles are displaced transversely to 
the magnetic flux lines in a magneto-ionic medium 
and with other problems in plasma dynamics.!~4 
The discharge was produced in a cylindrical 
tube with an inside diameter of 2 cm and an inter- 
electrode gap of 90 cm, filled with helium at 
0.2 —0.05 mm Hg. The anode current ranged from 
50 to 350 ma. The positive column was homoge- _ 
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neous under these conditions. The degree of ioni- 
zation of the gas did not exceed 0.1%. The dis- 
charge tube was placed in a solenoid with its cath- 
ode and anode ends projecting 25 and 15 cm re- 
spectively beyond the solenoid. The magnetic field 
was varied from 0 to 2.5 koe. 

When there is no magnetic field, noise is gener- 
ated in the discharge in a frequency range from 
10° to 10° cps. A magnetic field amplifies this 
noise considerably and changes its spectrum. As 
the magnetic field is increased to a certain crit- 
ical field value, oscillations are suddenly launched 
in the discharge, 10 or 15 times more intense than 
the maximum noise level at the pre-critical field. 
The corresponding amplitude of the electrode- 
voltage oscillations reaches 7 to 10 volts. The 
critical value of the field, above which oscilla- 
tions are produced, is independent of the current 
and increases with increasing pressure, as can be 
seen from the following data: 


p, mm Hg 
Her, oe 


0.05 
750 


0.07 
990 


0,1 
1400 


0.2 
1630 


Simultaneous with the appearance of the intense 
oscillations is an abrupt decrease of the anode cur- 
rent by 5 to 8%. Probe measurements show (Fig. 1) 
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that the oscillations are accompanied by an in- 
crease in the average value of the longitudinal po- 
tential gradient in the positive column located in 
a magnetic field (the numbers next to the curves 
give the pressure in mm Hg). If the magnetic field 
is less than critical, the increase in field reduces 
the potential gradient in accordance with the theory 
of paired collisions.”*? At fields exceeding the 
critical value, the curves exhibit an anomalous be- 
havior. Figure 2 shows the current on the walls 
of the tube. The curves show clearly that the ef- 
fective rate of diffusion loss of charged particles 
increases in a strong magnetic field. 

The sudden occurrence and the irregular char- 
acter of the oscillations is of interest. Orderly os- 
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cillations at frequencies of 80 — 140 kcs were noted 
only in a narrow range of variation of the magnetic 
field, near the critical value. 

Preliminary observations have shown that the 
potentials of probes located along the tube are de- 
layed in time toward the anode. This delay indi- 
cates propagation of the oscillations toward the 
anode. The rate of propagation of the oscillations 
approaches, in order of magnitude, the drift veloc- 
ity of the electrons. At the same time, a phase 
shift is observed in the fluctuations of the voltage 
between probes located on the axis and on the wall 
in the same cross section of the tube. 

Under different conditions, moving layers may 
appear in the discharge. Under the conditions of 
Lehnert’s experiments,’ the moving layers pro- 
duced oscillations of large amplitude in the ab- 
sence of a magnetic field. These oscillations, 
however, changed neither the current on the wall 
nor the potential gradient in the column. 

It is possible that the type of oscillations ob- 
served and the associated increase in the effec- 
tive rate of diffusion loss of charged particles 
are the result of a macroscopic displacement of 
the plasma pinch in the magnetic field. 


WwW. Bostick and M. Levine, Phys. Rev. 97, 13 
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INSTABILITY OF AN INDUCTION PINCH 


I. F. KVARTSKHAVA, K. N. KERVALIDZE, and 
Yu. S. GVALADZE 


Submitted to JETP editor January 23, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1641-1643 
(May, 1960) 


Iw a paper presented to the Fourth International 
Conference on Ionization Phenomena in Gases 
(Upsala, 1959), we considered a new type of in- 
stability, observed in pulsed compression of plas- 
ma in linear induction (theta) pinches.* The ex- 
istence of such an instability was inferred from 
streak photographs of the discharge, taken through 
a narrow slit from the end of the chamber along 
the direction of its axis with the slit oriented along 
a chamber diameter. These photographs have 
shown that in some cases, following compression, 
plasma formations are ejected from the pinch 
surface, sometimes reaching the chamber walls.! 
Further experiments in which the discharge 
was photographed with a SFR-2M high-speed cam- 
era operating in the “time-magnification” mode, 
mostly pertaining to the theta pinch, have disclosed 
a close connection between this effect and the azi- 
muthal inhomogeneity of the radial velocities of the 
plasma during the compression process. It was 
found that in view of the presence of such an in- 
homogeneity, the contracting plasma layer is not 
cylindrical in form, as was assumed in our paper, 


as wellas in papers by others, but is greatly deformed, 


assuming sometimes weird shapes. The photo- 
graphs in these experiments were also taken from 
the ends of the chamber, sometimes in two modes 
simultaneously — in the “time-magnification” 
mode from one end by streak photography (through 
a narrow slit) from the other. The theta pinch 
was excited, as usual in an axially symmetrical 
magnetic field rapidly alternating in time, pro- 
duced by discharging a capacitor into a single 
cylindrical turn. To avoid distortion of the photo- 
graphs by reflection of the axial jets of the plasma 
at the ends of the chamber, the turn was located in 
the middle of the chamber, sufficiently far away 
from its ends. 

The figure shows individual examples of the 
photographs obtained. Photographs a, b, ec, d, 
and e (cylindrical chamber) and f and g (cham- 
ber with square cross section) pertain to the 
“time-magnification” mode. These photographs 
show the characteristic time variation of the shape 
of the pinch cross section. It is seen on analogous 
pictures, taken at a small angle to the camera axis, 
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that the pinch (in any case, during the compression 
stage) retains the same shape of azimuthal section 
throughout its length. Picture e was obtained si- 
multaneously with picture f, by streak photography 
through a narrow slit, and shows an eruption of a 
plasma formation from the surface of the pinch. 
Each of these photographs corresponds to a defi- 
nite half cycle of current in the capacitor circuit. 
The exposures of the individual frames were 0.5 
usec. The time between neighboring frames was 
2yu sec (a four-rowed system of lenses was used; 
we show here one of four rows of corresponding 
photographs ). According to these pictures, an 
electrodeless vortical discharge is ignited at the 
start of the half cycle in the thin layer of gas ad- 
jacent to the chamber walls. Even before the 
plasma layer breaks away from the walls, its 
glow acquires a certain azimuthal inhomogeneity. 
During the breakaway and subsequent motion of 
the plasma, the brighter sections acquire smaller 
radial accelerations (velocities). As a result, 
the contracting plasma layer deviates consider- 
ably from a cylinder. In the initial stage of con- 
traction, the pinch frequently assumes the shape 
of a polygon. In cylindrical chambers, the num- 
ber of sides, their dimensions, and their relative 
orientations vary from experiment to experiment, 
or even from half cycle to half cycle of current in 
the same experiment. The expansion of the pinch 
after the maximum compression also proceeds 
with unequal radial velocity. The expansion fig- 
ures produced are frequently similar to the con- 
traction figures, and are turned by a certain angle 
in the azimuthal direction (photograph a). This 
is seen particularly clearly on figure h, where 
the angle is 45 deg. More complicated figures of 
motion are also observed. For example, on Figs. 


—> 
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Experimental conditions 
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a kv pt a} ces =e alf- pressure, chamber, cm | chamber 
ny S83 2 cycles mm Hg atl 

c 30 90 50 12 ‘i Air 0.1 jdia27, L = 100 | Porcelain 
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e 30 180 55 18 4 Helium (0.1 |dia27. L = 100 | Porcelain 
f 30 180 55 18 4 Helium (0.1 |dia27. L = 100 | Porcelain 
g 30 90 15 40 4 Air 0.1 222250 | Glass 

Be 30 90 15 40 2 Air Ord 222250 |Glass 


b and d we see that meridional fin-like plasma 
jets emerge from the surface of the expanding 
pinch. Sometimes the fins are wavy, or else, 

as they approach the chamber walls, they are 
smoothly deflected in a common direction. In 

this case the jets acquire a certain rotary momen- 
tum relative to the central pinch. The plasma jets 
are frequently reminiscent of certain types of 
solar protuberances. In some cases the pinch is 
compressed in the form of a double layer of 
plasma (photograph c). Here, following the maxi- 
mum compression of the central pinch, the plasma 
jets form “jumpers” with the still contracting 
outer sheath. We could discuss many other forms 
of plasma motion, but lack of space forces us to 
confine ourselves to these examples. 

It should be noted that the observed effects 
vanish when the gas pressure increases. They 
do not appear, or at any rate are greatly attenu- 
ated, when the chamber has a small diameter 
(about 1 or 2 cm and less). In chambers with a 
rectangular cross section the shape of the pinch 
and its relative orientation are always fixed. This 
makes it possible to investigate the properties of 
the plasma not only by photography, but also by 
means of magnetic or electric probes and by other 
methods. 

The main cause of the observed phenomena lies 
obviously in the magnetohydrodynamic nature of 
the motion of the plasma in magnetic fields. The 
azimuthal rotation of the figures of the expanding 
pinch relative to the contracting figures, indicates 
that a certain role is played in this process by re- 
flection of shock waves from the magnetic fields 
enclosed by the plasma. ‘From the character of 
the spatial variation of the pinch figures it follows 
that the plasma formations behave in magnetic 
fields like elastic bodies that are characterized 


by a “coefficient of elasticity” which is greatly 
dependent on the direction of the field. Experiment 
has shown that deformation of the plasma layer 

is greatly hindered along the field lines but devel- 
ops readily perpendicular to the field, apparently 
with minimum energy loss. 

Even a qualitative analysis of the presented 
data shows that the plasma is not in equilibrium 
when in the stage of maximum compression. In- 
tense damped macroscopic motions, which lead 
to eruptive instabilities of the pinch, are excited 
rather weakly in the plasma. These instabilities 
apparently give rise to the main difficulty when 
attempts are made to produce a high-temperature 
plasma with the aid of pulse processes. The 
eruptive instabilities should be observed not only 
in linear but also in toroidal chambers, although 
they are more difficult to photograph in the latter. 

In the present communication we give only a 
brief description of the main outlines of plasma 
motion in a theta pinch. A more detailed exposi- 
tion of the results, including those for a linear 
pinch, and a discussion of the mechanism of the 
observed phenomena will be presented in a later 
paper. 


*As is well known, the term linear pinch is used for a 
plasma column compressed by the magnetic field of its own 
current. A theta pinch is produced in a vortical discharge in 
a gas, in an axially-symmetrical magnetic field that builds up 
rapidly with time. 


1 kKvartskhava, Kervalidze, and Gvaladze, J. Tech. 
Phys. (U.S.S.R.) 30, 297 (1960), Soviet Phys.-Tech. 
Phys. 5, 274 (1960). 
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FARADAY EFFECT IN YTTRIUM GARNET 
AT INFRARED FREQUENCIES 


G. S. KRINCHIK and M. V. CHETKIN 
Moscow State University 
Submitted to JETP editor February 13, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1643-1644 
(May, 1960) 


‘Tue rotation of the plane of polarization when 
light passes through magnetized ferrite (Faraday 
effect) was measured in the visible region,’ and 
also? in the near infrared region at a fixed wave- 
length A=1yp. It was shown that in this region 
of the spectrum both the Faraday effect and the 
absorption of light by the ferrite are connected 
with the electron transitions. In this note we give 
the results of measurement of the Faraday effect 
in garnet ferrite of yttrium Y3;Fe,O;4, with the 
wavelength varying from 0.94 to 9p, that is, in 
the region where light absorption connected with 
electronic transitions ends and absorption due to 
lattice vibrations begins. 

The experimental apparatus was a modification 
of that previously described for the investigation 
of the magneto-optical Kerr effect in the infrared 
region.’ Polarized light passed through the sample 
and analyzer, which was oriented at 45 deg to the 
polarizer. The sample was a plate made of a 
Single crystal of yttrium garnet 75 microns thick. 
The change in intensity of the transmitted light 
was measured with the specimen magnetized in a 
field of 3500 oe, from which one could readily cal- 
culate the specific rotation of the plane of polari- 
zation in degrees per centimeter. The figure 
shows the dependence of the Faraday effect on the 
wavelength of infrared light. Near the edge of the 
electronic-absorption band, at A ~ ly, the rota- 
tion of the plane of polarization drops off sharply. 
In the region of maximum transparency of the fer- 
rite, and also in the region where the phonon ab- 
sorption of light begins, the rotation remains ap- 
proximately constant. 

For non-ferromagnetic semiconductors, two 
causes of the rotation of the plane of polarization 
of infrared light have been discussed in detail:* 

1) electronic transitions, at which the angle of ro- 
tation is proportional to ae 2) motion of free 
electrons, which leads to a rotation of the plane 

of polarization proportional to 2, The first reason 
can explain the sharp drop in the effect in the re- 
gion of lu, where the angle of rotation is actually 
proportional to A~*. The second reason can ex- 
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Ap, deg/cm 
600 
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Faraday effect (left-hand scale) in yttrium garnet for infra- 
red light. 1—glass prism, 2—prism of rock salt, 3—trans- 
parency of plate of yttrium garnet 75 micron thick without cor- 
rection for reflection (right-hand scale). 


plain neither the sign, nor the dependence on the 
wavelength, nor the value of the effect in the in- 
terval from 4 to 9, since the resistivity of the 
garnet is seven or eight orders of magnitude 
higher than the resistivity of the semiconductors 
in which the Faraday effect connected with free 
electrons is measured. It is possible that the 
considerable rotation of the plane of polarization 
of infrared light for 7 > 4p, which is independent 
of the frequency, is observed only in ferromag- 
netic semiconductors and requires a special 
theoretical analysis. 

We note that in our experiments the intensity 
of the transmitted light at A ~ lu was changed by 
the Faraday effect by approximately 30% when 
the specimen magnetization was reversed. This 
may be of practical interest for the construction 
of devices of the controllable-gyrator type or 
light-modulator type. At other wavelengths in 
the investigated range, by virtue of the great 
transparency of the garnet, one can also obtain 
comparable changes in the intensity, if the thick- 
ness of the specimen is increased. 

We express deep gratitude to Professor A. G. 
Smolenskii for providing us with the single crystal 
of yttrium garnet. 


15. F. Dillon, J. de Phys. 20, 374 (1959). 

Sherwood, Williams, and Remeika, J. Appl. 
Phys. 30, 217 (1959). 

2G. S. Krinchik and R. D. Nuralieva, JETP 36, 
1022 (1959), Soviet Phys. JETP 9, 724 (1959). 

‘Vv. Kimmel, Z. Naturforsch. 12a, 1016 (1957). 
Smith, Moss, and Taylor, J. Phys. Chem. Solids 
11, 131 (1959). 
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POLARIZATION OF RECOIL PROTONS 
FROM THE SCATTERING OF 300-Mev 
t MESONS ON HYDROGEN 


I. M. VASILEVSKII and V. V. VISHNYAKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1644-1645 
(May, 1960) 


Punge ctenage analysis of the differential cross 
sections of elastic scattering and scattering of 1 
mesons with charge exchange does not give a 
single-valued solution. As shown by Fermi,! the 
study of the polarization of recoil protons can be 
of aid in the choice between the different sets of 
phase shifts, since they give different angular dis- 
tributions of polarization. 

The polarization of recoil protons in 1m -p 
scattering has been measured thus far only in one 
work, on 223-Mev 7m mesons.” The polarization 
was measured at two scattering angles of the 1 
mesons. Agreement was found with one set of 
phase shifts of the Fermi type, but the statistical 
accuracy did not allow the complete exclusion of 
one of the sets of the Yang type. 

In this letter we present the preliminary re- 
sults of the measurements of the polarization of 
- recoil protons in the scattering of 300-Mev 7 
mesons on hydrogen. The measurements were 
carried out by means of a hodoscopic system of 
counters, the construction of which has been de- 
scribed earlier.*»4 

When the scattered m meson and recoil proton 
fall into the counters of the control system, a 
pulse is produced which triggers the hodoscope. 

In analyzing the photographs obtained, only those 
pictures were examined on which the process of 
elastic scattering of the meson was recorded, 
and cases of scattering of the proton in the carbon 
target and in the walls of the gas-discharge count- 
ers were chosen. We observed 305 cases of scat- 
tering, which were separated into three groups ac- 
cording to the direction of flight of the recoil pro- 
ton from the hydrogen target. The results obtained 
are shown in the table, where the data have been 
summed over the volume of the chamber and are 
shown in such a way that all cases of scattering 
are taken as occurring in the chamber on the 
right. The polarization of the recoil protons was 
defined as 


P=(N, — Nr)/Pi(Ni+ Np), 
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Proton 
recoil angle| Nr | Nz | P 
(deg in lab) | 


15—23 43 | 48 


0.12-40.20 

24-39, | 85 | 58. | —0,45:40.19 

SO 45 26 +0.21 
—(0. Wes) 


where Ny, and NR are the numbers of protons 
scattered to the left and to the right, P, is the 
analyzing power of the arrangement and was de- 
termined from the dataof references 5 and 6. The 
direction of polarization was taken parallel to 

ki x kg, where k; is the momentum of the inci- 
dent m meson and k, is the momentum of the 
scattered m meson. 


Aa) 
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Curve I—set of phase shifts @, = 17.1°, @,, = 11.4°, 
a,,; =—5.0°. Curve II—set of phase shifts a, = 3.6° 
Os, S223 Oya = 114.60. 


The figure depicts the results of the present 
work and the polarization vs pion scattering angle 
curve for two sets of phase shifts obtained in ref- 
erence 7. In the latter experiment it was found 
that the first set is the most probable. The ex- 
perimental values of the polarization, as can be 
seen, are in satisfactory agreement with the first 
set of phase shifts and increase the probability 
that the sign of the phase shifts a, and ay, is 
positive. 

In conclusion, we express our gratitude to A. A. 
Tyapkin for help in this work and R. M. Sulyaev and 
L. I. Lapidus for constant interest in the work. 


1%, Fermi, Phys. Rev. 91, 947 (1953). 

2 Ashkin, Blaser, Burger, Kunze, and Romanow- 
ski, 1958 Annual International Conference on High 
Energy Physics at CERN, Geneva, 1958, p. 42. 

31, M. Vasilevskii and V. V. Vishnyakov, 
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[IpuOoppl u TexHuka 9kcnepuMenta (Instrum. and 
Meas. Engg.) No. 2, 58 (1960). 

4B. Pontecorvo, Report at International Confer- 
ence on High Energy Physics at Kiev, 1959. 

5 J. M. Dickson and D. C. Salter, Nuovo cimento 
G572a0 (1957). 

6 Alphonce, Johansson, and Tibell, Nuclear Phys. 
Se ESoN1 957). 

T Zinov, Korenchenko, Polumordvinova, and 
Tentyukova, Preprint R-431, Joint Institute for 
Nuclear Research. 
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NON-RADIATIVE TRANSFORMATION OF 
THE » MESON INTO AN ELECTRON 


I. S. SHAPIRO 
Submitted to JETP editor March 12, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1646-1647 
(May, 1960) 


l. The process of non-radiative transformation 
of the » meson into an electron in the Coulomb 
field of the nucleus, 


to tAg A oe: (1) 


may occur with greater probability than the decay 
ety, if the monopole form factor for the 
transition »—e is larger than the dipole form 
factor. Weinberg and Feinberg! quoted the ex- 
ample of the four-fermion interaction of the type 
(Gu) (f£) (where f is a charged particle) for 
which this situation may occur in principle. Stein- 
berger and Wolfe? have made attempts to discover 
the process (1). According to their data the ratio 
of the probability of process (1) and the probabil- 
ity of the ordinary capture of 4 mesons by the 
protons of the Cu™ nucleus is <5 x 1074. These 
experimenters searched for the reaction (1) by 
registering the electrons with energies of about 
100 Mev. 

In this note we discuss a different method for 
detecting the reaction (1). Let us consider a pu - 
mesic atom with a light even-even nucleus (for 
example, C!*, O'8, or Ne2’). In the 6 to 10 Mev 
region of the excitation energies these nuclei have 
excited states 0* from which decay with emission 
of a particles takes place.’ Our proposed method 
for the detection of the process (1) consists of reg- 
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istering the a particles of known energy emitted 
by nuclei which have been excited to the 0* level 
as a consequence of reaction (1). The probability 
of this process can be calculated. It is equal to 
(in units where fi = c = 1) 


Wie = 48 nZ%a8u'(1 — 20) | p?Qo|*| feo. (2) 


Here w is the excitation energy of the nucleus in 
units of the rest energy of the » meson, p (we 
assume that w «<1), Q, is the nuclear matrix 
element for the transition 0*— 0*: 


Qo = ¢Az0* |r? — 5 (ur)? | Az0*), (3) 


and fp, is the electric monopole form factor for 
the transition » —e, which depends on the mo- 
mentum transfer q = Pe—Py (Pe and Pu are the 
momenta of the electron and the 4 meson) in the 
following fashion: 


fe0(q°) = 9°G (q’), 


It is convenient to compare Who with the proba- 
bility for the ordinary capture of 4” mesons, 


Oe it Voge ee Uae (5) 
(this type of reaction has now been relatively well 
studied in the case of C!*). The probability Wir 
for the process (5) has been calculated by a number 


of authors.*® Using their result and formulas (2) 
and (4), we obtain 


WES/WHF = 2 nta2 [1 4.2 (0 —0)] q]u2Qoi/My. (6) 


Here w’ is the difference in energy of the nuclei 
f(Az_,) and i(Az) (in the units p, w’ « 1), 


= G?(u2)/g?, My = de| ME |? + Nr| Merl, (7) 


limG(q?)< oo for q?—0. (4) 


where g is the universal constant of the weak 
four-fermion interaction as determined from the 
decay time of the 4 meson; mit and Mit. are 
the Fermi and Gamow-Teller matrix elements for 
the allowed transition i—f including meson cor- 
rections and corrections for the finite wave length 
of the neutrino (see reference 4). In particular, 
formula (6) gives for the ratio of the probabilities 
of processes (1) and (5) for the C!2 nucleus 


W (uo + C8 C* + @)/W (u- + C2 BY + y) 


saalbaales LOS Soy. (8) 

2. An effect which hinders the observation of 
reaction (1) (if the a@ particles are registered ) 
is the Coulomb excitation of the nucleus of the 
u.-mesic atom by the decay electrons from the 
meson. This effect, however, occurs relatively 
seldom owing to the smallness of the phase volume. 
The calculation leads to the following formula for - 


f 
| 
} 
| 
| 
| 
| 
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the probability of this effect: 


ee” 2 4 af , , 
Woo =F rams Za5u8 (55 — ©) | w2Q0 2". (9) 


The ratio of the probabilities for the two effects is 


Wi O86. 105(1— +0) | 1. (10) 


(Here we neglected the small difference between 
Q) and Qj.) It is seen from (10) that this ratio 
becomes comparable to unity for 7 ~ 3 x 107°, 
which is about 10° times smaller than the upper 
limit for n calculated by Weinberg and Feinberg 
from the data of Steinberger and Wolfe (n <4 


Bx 107°). 


I express my gratitude to M. Ya. Balats and Ya. 


_ B. Zel’dovich for an interesting discussion. 


ee Weinberg and G. Feinberg, Phys. Rev. Lett. 
Bedi 1-{1959). 

2 J. Steinberger and H. B. Wolfe, Phys. Rev. 100, 
1490 (1955). 

od Ajzenberg-Selove and T. Lauritzen, Nucl. 
Phys.°11, 1 (1959). 

4B. L. Ioffe, JETP 37, 159 (1959), Soviet Phys. 


JETP 10, 113 (1960). 


5H. Primakoff and A. Fujii, Nuovo cimento 12, 


327 (1959). 
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POLARIZATION OF NUCLEI IN NONME- 
TALLIC FERROMAGNETIC SUBSTANCES 


G. R. KHUTSISHVILI 


Institute of Physics, Academy of Sciences, 
Georgian S.S.R. 


Submitted to JETP editor March 13, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1647-1649 
(May, 1960) 


In 1955 a method for polarizing the nuclei of fer- 
romagnetic atoms was proposed by us! and simul- 
taneously by Kurti and his co-workers.” The 
corresponding experiments on the anisotropy of 
y radiation have been made by a number of au- 
thors.!~4 All of these experiments were made on 
ferromagnetic metals. 

It would be interesting to make experiments of 
this type also in the case of nonmetallic ferromag- 
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netic substances. As an example let us consider 
the case of a ferrite, i.e., a compound of the type 
XO* Fe,O3;, where X is a divalent metal ion. The 
ferrite is ferromagnetic if-X is the ion of a di- 
valent metal of the iron transition group (Fe, Co, 
Ni, Mn, Ti, Cu).* These ferrites have the recip- 
rocal spinel structure. It is well known that in the 
spinel lattice there are one tetrahedral cation po- 
sition A and two octahedral cation positions B 
for each molecule. In the case of the reciprocal 
spinel structure the X** ions occupy half the po- 
sitions B, and the Fe*** ions occupy all the 
positions A and half the positions B. 

We assume that the external magnetic field is 
larger than the saturation field. Then the speci- 
men is a single domain. If furthermore the tem- 
perature is sufficiently low, the state will be close 
to the state of absolute saturation. We proceed 
further to apply the Néel model,° according to 
which each of the sublattices A and B is magne- 
tized to saturation, with their magnetizations op- 
positely directed. Therefore the resultant mag- 
netization is determined by the X** ions whose 
magnetic moments are directed along the external 
field. It follows that the fields exerted by the 
shells of X** ions on their nuclei will all have the 
same direction (parallel or antiparallel to the ex- 
ternal field, depending on the sign of the hyperfine 
structure constant). At an extremely low temper- 
ature we get a considerable polarization of the X 
nuclei. The limiting degree of polarization (ob- 
tained if the Zeeman energy of the nuclear spin 
in the internal field caused by the ion shell is 
much larger than kT) will be equal to unity. 

These considerations apply to the ferrites of 
Co, Ni, Mn, Ti, and Cu. It is easy to see that 
in these ferrites the iron nuclei will not be polar- 
ized, but only aligned. It is also obvious that in 
the ferrite of iron (i.e., in magnetite, Fe,0,) the 
limiting degree of polarization of the iron nuclei 
will be ¥. 

As a second example let us consider the case 
of a ferromagnetic garnet, i.e., a compound of 
the type 3X,03°5Fe,03, where X is the trivalent 
ion of a rare-earth element. A model analogous 
to the Néel model has been proposed to explain 
the properties of garnets®:" (cf. also reference 8). 
According to this model there are three types of 
positions for cations in a garnet, namely, in each 
molecule there are six so-called d positions, 
four a positions, and six c positions. The d 
and a positions are occupied by Fe*** ions, and 
the c positions by X*** ions. At low tempera- 
tures all the sublattices are magnetized to satura- 
tion, with the c and a sublattices magnetized 
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parallel to each other, and the d sublattice mag- 
netized in the opposite direction (with the total 
magnetization parallel to the external field). It 
is clear from this that at ultralow temperatures 
both the X nuclei and the iron nuclei will be po- 
larized, and that the limiting degrees of polariza- 
tion will be unity for the X nuclei and — Ye for 
the iron nuclei. 

Thus we see that by applying a magnetic field 
to a ferrite or garnet cooled to an ultralow tem- 
perature one can obtain polarization of the nuclei 
not only of ferromagnetic atoms, but also of many 
paramagnetic atoms. 

Measurements of the nuclear polarization pro- 
duced can be made by means of nuclear magnetic 
resonance, with the resonance frequency corre- 
sponding to the internal field.’ In the case of radio- 
active nuclei the polarization can be observed by 
studying the angular anisotropy of the y radiation 
or the angular asymmetry of the 6 radiation. The 
study of 6 radiation is more advantageous, since 
it gives a possibility for direct determination of 
the degree of polarization of the nuclei. 

Experiments of this kind can be made not only 
for the purpose of obtaining polarized nuclei, but 
also in order to study the properties of ferrites 
and garnets and of other nonmetallic ferromag- 
netic materials. In particular, such experiments 
can be made with so-called mixed ferrites and 
garnets, for which the structure problem has not 
yet been finally solved. 
~ *This class also includes the ferrite of magnesium, which 
is ferromagnetic in spite of the fact that the Mg** ion is non- 
magnetic. 


1G_R. Khutsishvili, JETP 29, 894 (1955), Soviet 
Phys. JETP 2, 187 (1956). 

2 Grace, Johnson, Kurti, Scurlock, and Taylor, 
Communications at Conference on Low-tempera- 
ture Physics, Paris, 1955. 

3N. Kurti, J. phys. radium 20, 141 (1959). 

4Samoilov, Sklyarevskii, and Stepanov, JETP 
36, 1366, 1944 (1959), 38, 359 (1960); Soviet Phys. 
JETP 9, 972, 1383 (1959), 11, 261 (1960). 

5L. Néel, Ann. phys. 3, 137 (1948). 

6. Bertaut and F. Forrat, Compt. rend. 242, 
382 (1956). 

TR. Pauthenet, Ann. phys. 3, 424 (1958). 

8k, P. Belov, Marnurusie npespamenna, (Magnetic 
Transitions ), Fizmatgiz, 1959. 

9A, C. Gossard and A. M. Portis, Phys. Rev. 
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ON THE PROBLEM OF THE DIRECT 
RECONSTRUCTION OF THE ELASTIC- 
SCATTERING AMPLITUDE 


G. I. KOPYLOV and Z. D. LOMAKINA* 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 18, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1649-1651 
(May, 1960) 


nN paper by Puzikov, Ryndin, and Smorodinskii! 
has dealt with the problem of the reconstruction 
of the scattering matrix. In particular, it contains 
a suggestion that phase-shift analysis be replaced 
by direct solution of the system of equations that 
follows from the unitarity condition. 

We have made an attempt to find a method for 
solving this system for the simplest case of the 
scattering of spinless particles by a center of 
force. In this case one gets the following system 
of equations for the real part R(y) and the imag- 
inary part I(u) (u=cos #) of the scattering am- 
plitude (o is the scattering cross section): 


R?(u) + 2?(u) =9(¥), (1) 
Iw =ge \ \U@)TH)+RE)RUM Ads, 2) 
where 


we” = wy’ + VY (1—p?) (1 — pi) cos @. (3) 


It must be remarked that the choice of I(u) and 
R(y) as the unknown functions is to be preferred 
to the description of the complex amplitude by its 
absolute value and phase, which was suggested in 
reference 1. The latter description is unstable 
under small changes of the amplitude. 

The system (1) — (2) was solved by Newton’s 
method for functional equations.? Instead of the 
nonlinear equation (2) one gets for the correction 
€(u) to the n-th approximation I,(u) the linear 
integral equation (k = 1) 


Ru) In @— Rae ine), , 
Ry (1’) He Ge 


E(u) +o WEw) 


= —In(v) + ge \\[ Reale) Re (u!) + In!) In (H") 


3 (u/) — RE (w’) — 12 (p’) 


ae Rr (u”) Re (u’) 


| du'dg. (4) 


The successive approximations for I(u) and R (yn) 
are obtained from the formulas 


Taig = la +5 | Rati! =|o—TJiay ee 
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When Rn,i(u) passes through zero the sign of 
Ryii(u) is fixed by the requirement of continuity 
of the derivative. 

The integrals in Eq. (4) lose their meaning if 
Ry (v’) has zeroes uM, in the interval (-1, 1). 
To regularize the integrals we can use their 
principal values: 


1 


O(R) = | AE t= | 


7) 9 (Hs) 
| Re crear, my | 4 


9 (5) Ue 
+ Brey Fe, (5) 


1 


It was found that such applications of the theory of 
generalized functions assure convergence even in 
cases in which the numbers of zeroes of the solu- 
tion and of the zeroth approximation are not the 
same (see diagram). Equation (4) was solved 
with an electronic computer by reducing it to an 
algebraic system of linear equations. The number 
of equations is then equal to the number of points 
used in the numerical-integration formula (that of 
Gauss) plus the number of zeroes of the real part 
of the scattering amplitude [cf. the factor y(ug) 
in Eq. (5)]. In the examples solved the number of 
zeroes does not exceed three, and the number of 
points for the integration formula was six. As a 
rule the functions chosen as zeroth approximations 
were extremely far removed from the actual solu- 
tions of the system. 

In spite of this, rapid convergence of the itera- 
tion process was found in seven out of the ten ex- 
amples solved. The correction to the zeroth ap- 
proximation, which was often larger in magnitude 
than I)(u) and Ro(u) themselves, at once gave 
almost the correct value of |R(u)|- The next 


Convergence of the iteration process. Curves 0, I, II are 
respectively the zeroth, first, and second approximations, 
and * is the exact solution. 
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approximation led to the correct value of I(p). 
Three or four approximations were usually enough 
to get three-figure accuracy (see diagram). The 
convergence is slower in the three examples in 
which either R or Ry, has no zeroes, i.e., in 
which the regularization by Eq. (5) either is un- 
necessary (Ry >0) or leads toa ®[Rpo(u)] that 
differs sharply from @[R(y)] (R>0, Rp changes 
sign). In all ten examples the scattering amplitude 
in forward directions (u >0) was reconstructed 
with particularly high accuracy; the reconstruc- 
tion for R was better than that for I. 

The numerical experiment which we have made 
allows us to hope that also in the more complicated 
case of scattering of particles with spin direct so- 
lution of the system of nonlinear equations can give 
the desired scattering matrix, bypassing phase- 
shift analysis.! 

For a detailed exposition of the results of the 
present work, see reference 3. 

The authors are grateful to R. M. Ryndin and 
L. A. Chudov for suggesting this problem. 


*Staff member, Computation Center, Moscow State University. 
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592 (1957), Soviet Phys. JETP 5, 489 (1957); 
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(Functional Analysis in Normalized Spaces), Fiz- 
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ELECTRONIC PARAMAGNETIC RESO- 
NANCE OF THE Ti+ ION IN CORUNDUM 


L. S. KORNIENKO and A. M. PROKHOROV 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor March 21, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1651-1652 
(May, 1960) 


Up to recently, electronic paramagnetic reso- 
nance (e.p.r.) of the Ti?* ion was observed only 
in cesium-titanium alum.!»* The authors of these 
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papers mentioned certain difficulties in the inter- 
pretation of the results obtained. 

We observed e.p.r. of Ti* ions, introduced 
isomorphically in the crystal lattice of corundum 
(Al,O;), at temperatures of liquid helium. The 
average concentration of the titanium ions in each 
of the three investigated samples was several hun- 
dredths atomic percent. The investigations were 
made at wavelengths near 3 cm. 


The e.p.r. line of the Ti*+ ion in corundum for 0 = 0° (the 
magnetic field increases to the right). 


We observed one e.p.r. line, the shape of which 
had an unusual asymmetry with a steeper descent 
on the side of increasing magnetic field (see pho- 
tograph). An investigation of the behavior of the 
line with varying angle 6 between the directions 
of the permanent external magnetic field H and 
the trigonal axis of the electric field of the crystal 
has shown that the theoretical interpretation can 


be carried out with the aid of the spin Hamiltonian? 


H = g,8H.S,+ ¢,8(H.S2+ H,S;), 


where g, and g, are the g factors in direc- 
tions parallel and perpendicular to the trigonal 
axis of the crystal field, B is the Bohr magneton, 
and §S’ is the effective-spin operator, with value 
iene 

The g factors, determined by the points of 
maximum line intensity, were found to be 


g, = 1.06740.001; g,<0.1. 


The estimate of g; was made by studying the de- 
pendence of the line position on the angle @ as 

the latter was varied from 0 to 67 deg. The e.p.r. 
line was studied here at magnetic field values from 
6,000 to 16,000 oe, and the upper estimate of gy 
was chosen to obtain good agreement with the theo- 
retical relationship H = hv/gB, where g 

= (gi; cos’ @ + gi sin?6)'/*, This estimate of a 
agrees with the extremely low density of the ob- 
served e.p.r. line of the Ti** ion, the peak value 

of which at 6=0deg is approximately equal to 
the peak intensity of the e.p.r. lines observed in 
the same specimens and produced by Cr** and 
Fe** ions at a concentration 10° or 10‘ times 
smaller than the concentration of the Ti?* ions. 
This is explained by the fact that when the high- 
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frequency magnetic field is perpendicular to the 
external magnetic field the intensity of the ab- 
sorption line is proportional to the square of the 
quantity 


g' = 8g, (g3, cos?d + g2 sin? 6)“, 


The width of the e.p.r. line of the Ti®* ion in 
corundum at @ = 0°, measured between points of 
maximum slope of the line at 4.2°K, was found to 
be 50 oe. The shape and the width of the line did 
not change as the temperature was reduced to 
1.55°K. A study of the dependence of the line 
width (in oersteds) on the angle shows the pres- 
ence of a considerable deviation from the law 
AH = hAp/gf, which in this case, assuming Av 
to be constant, can be represented with sufficient 
accuracy by AH=const/cos 6. Actually, the line 
broadening was much faster, particularly at small 
values of 6. A satisfactory explanation for this 
fact can be proposed by assuming for the individ- 
ual ions a dispersion of order 0.5 to 1° in the di- 
rections of the trigonal axis of the crystal electric 
field, about a certain average direction. At all 
values of 6, the line retained the characteristic 
asymmetric form. 

When the specimen was heated, the line began 
to broaden noticeably with increasing temperature, 
starting with ~9°K. This enabled us to estimate 
the spin-lattice relaxation time 7,, for the indi- 
cated temperature, at approximately 5 x 107° sec- 
onds. We also measure T, by the continuous- 
saturation method. If it is assumed that g, = 0.1, 
the values of 7, will be approximately 1074 sec 
at 4.2°K and approximately 107! sec. at 1.55°K. As 
in the case of the Co”* in corundum, 7, has a 
rather strong temperature dependence at these 
temperatures. This has not yet been satisfactor- 
ily explained. 

The authors express their sincere gratitude 
to R. P. Bashuk, A. S. Bebchuk, and A. A. Popova 
for preparation of samples for the investigation, 
and also to G. M. Zverev for useful discussions. 
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THEORY OF RESONANT INTERACTION OF 
GAMMA RAYS WITH CRYSTALS 


M. V. KAZARNOVSKII 
P. N. Lebedev Physics Institute 
Submitted to JETP editor March 28, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1652-1654 
(May, 1960) 


As MO6ssbauer has shown, the probability of elas- 
tic resonant interaction (without change of the 
quantum state of the crystal lattice) of gamma 
rays with nuclei in crystals contains the factor 


f= exp [oo (T)] ’ 
where 


pe,) 
g,,(T) = 


ho, ‘ 1 

ae Dlemaa |e (is) +5 | » 4(X) = ae 
(1) 

Here p is the momentum of the photon, T is the 
temperature of the crystal, m is the mass of the 
atoms in the crystal, N is their density, and e, 
and Wg, are the polarization and frequency, respec- 
tively, of the s-th phonon in the crystal. 

Since f depends on g.(T) exponentially, an 
evaluation of the latter in the Debye approxima- 
tion! is not always satisfactory. If, however, no 
correlation exists between the direction of the vec- 
tor e, and the frequency w, (as in crystals of 
cubic symmetry), then g,,(T) can be more ex- 
actly calculated directly from the experimental 
data on the heat capacity at constant volume* 
(referred to a single atom ) 


. co 
Co(T) = 3-7 \ ¥ (0) how (Fe ar) do, 
0 
where v(w) is the spectrum of frequencies of the 
lattice vibrations. It is easy to verify that in this 
case 


g.(T) = 


(2) 


—\ (E2/2mc”) [Go a Uy (T)]; 
6,(r) =2\ fy y(o) a (42). 


By direct substitution one obtains 


1B = Faroe 


(3) 


Gy = (nk)? | Cy (T) aT /T?. 
0 
By a method similar to that described in reference 
3, one can show that 


(4) 


G(T) = 3h 3 f og Fer), 
He T/n 
d(T) = Sua | Co(P) aT", 


n==1 0 


(5) 
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where p4=1, Un+1= (-1)? if n is the product of 
1 different prime numbers, and py, = 0 in all re- 
maining cases. 

The values of g(0) computed from the spe- 
cific data?*4 for Ir!®! (E = 129 kev) and Zn®"(E 
= 93 kev){ are —2.75 and —5.6, respectively. 
From the experiments’ on the resonant interaction 
of gamma rays in Ir'*! one obtains Zo(0) = —3.0 
EOE Ss 

In conclusion the author expresses his gratitude 
to A. V. Stepanov and F. L. Shapiro for helpful dis- 
cussions. 


*Strictly speaking, formula (2) gives only that part of C, 
which arises from the lattice vibrations. Therefore one should 
subtract the electronic heat capacity from the experimental 
values of Cy before substitution into formulas (4) and (5). As 
is shown by the numerical calculation of g,.(0) for Ir’®*, how- 
ever, the pertinent correction amounts to 3% in all, as the 
Debye temperature (in particular its dependence on T) varies 
considerably’ in the calculation of this correction. 

TAs is known, Zn°’ can be used for measuring the red shift 
in the laboratory. 
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NEW ISOTOPE Te’ 


I, P. SELINOV, N. A. VARTANOV, D. E. KHULE- 
LIDZE, Yu. A. BLIODZE, N. G. ZAITSEVA, 
and V. A. KHALKIN 


Submitted to JETP editor March 29, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1654 
(May, 1960) 


On the basis of the systematics of radioisotope 
half-lives, it was hypothesized that the unknown 
Te!!>. isotope decays with T * 7 min, changing 
into the recently discovered isotope Sb! (T 


1192 


= 32 min).! To observe the new isotopes, a tin 
foil enriched with Sn'!? (52.3%) was irradiated 
in a cyclotron by 21-Mev @ particles. The foil 
and the chemically separated tellurium and anti- 
mony fractions were investigated with end-window 
counters and with a one-channel scintillation y 
spectrometer. In the tellurium fraction contain- 
ing elemental tellurium (precipitated by tin 
chloride) there was observed an activity with 

T = 6 min belonging to the new isotope Te!!® 
formed in the reaction Sn!!?2 (a, n) Te!!®. 

In order to make a positive identification of 
this isotope, we carried out a fractional separa- 
tion (in intervals of 5 min) of the isotope Sb! 
(T = 32 min) by precipitating the antimony with 
hydrogen sulfide from the solution containing the 
tellurium. After the activity of the antimony de- 
creased, it was found that the half-life of Te!">, 
which is the parent of Sb!4®, is 6.0 + 0.5 min. 

The authors express their gratitude to E. N. 
Khaprov and the cyclotron crew for irradiating 
the target. 


1 Selinov, Grits, Kushakevich, Bliodze, Vasil’ev, 
and Mikhaleva, Aromuas 9Heprua (Atomic Energy ) 
No.7, 547 (1959). 
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ON NEW STRANGE PARTICLES 


B. PONTECORVO 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 31, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1654-1656 
(May, 1960) 


Wee Gell-Mann systematics of elementary par- 
ticles! provides for the possibility of the existence 
of as yet unknown baryons and mesons, in particu- 
lar of particles Z* (T=0, S=+1, baryon number 
N=1) and D*® (T=0, S=+2, N=0). At the 
present time there are strong arguments which in- 
dicate that the Z* baryon does not exist. In fact, 
if the mass of the Z* baryon is such that it can 
decay by the scheme Z*—-7+N, then it would 
have been found already without difficulty, and if 
its mass is close to that of the nucleon, it could be 
formed along with the A particle in a reaction of 
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the type p+n— Z*+ A, which is excluded by 
the experiments.” 

At the conference on high-energy particle phys- 
ics in Kiev, Wang Kang-Ch’ang and his co-workers 
reported an interesting event of the interaction of 
a ™ meson in a bubble chamber, which can be in- 
terpreted by assuming the existence of a new par- 
ticle —a D particle with mass ~ 750 Mev, which 
decays by the scheme 
Kea 
Ke=bre 

If we identify this particle with the positive 
meson of strangeness +2 predicted by Gell-Mann, 
then the lifetime expected for the hypothetical D 
particle is of the order of 107° sec. In fact, the 
isotopic spin of the (K7) system can be Y, or le, 
so that the selection rule AT = yy cannot hinder 
the decay, as it does in the case of the decay of 
the K* meson. 

It is assumed below that the lifetime of the hy- 
pothetical D particle does not exceed a few times 
107!° sec, so that it is not possible to get colli- 
mated beams of these particles by ordinary meth- 
ods. Therefore it is desirable to look for new 
methods for detecting these particles. A special 
property of the new particle, which distinguishes 
it from all the well known particles, is that it de- 
cays with the emission of a K meson. This prop- 
erty can be used in the following way. Let us 
think of a target bombarded by high-energy par- 
ticles. In the vacuum near the target K mesons 
will be produced by the decay of D particles, and 
these mesons can be registered after they have 
passed through 2 collimator that does not point 
toward the target. This method is reminiscent 
of that of Garwin, in which strange particles were 
studied by registering the y rays from the decay 
of 7° mesons emitted “in vacuum” by strange 
particles (cf. e.g. reference 2). 

The ratios of the intensities of K and 7 me- 
sons from the target and from the “vacuum” near 
the target are respectively characterized, roughly 
speaking, by the fractions of interactions in the 
target that lead to the production of the strange 
particles and the relative probabilities for produc- 
tion of D particles and ordinary strange particles. 
It is clear that if the probability of production of 
D particles is minute, then (K/1),4, « ( K/T )targ- 

If, for example, we assume that the number of 
D mesons produced is ~ 10~* of the number of in-- 
teractions produced in the target by protons of en- 
ergy ~10 Bev, and the number of K mesons is 
~ 107 of this number of interactions, then about 
1 percent of the total K-meson beam has the D- 
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particle nature. At a distance of several meters 
from the target the intensity of the K mesons 
that are of pure m-meson (sic) character, i.e., 
that are obtained under conditions in which the 
detector cannot see the target, will be ~100a 
times smaller than the intensity of the K mesons 
from the target. The factor a (210) takes ac- 
count of the loss of intensity caused by the fact 
that the K mesons from the D particles are 
emitted at some distance from the target. 

Let us consider first the emission of K® me- 
sons from D particles. As is well known, half of 
the neutral K mesons (K$) have a lifetime ~ 107? 
sec,‘ and can be detected at a distance of several 
meters from the target of the proton synchrotron 
under conditions of good collimation that assure 
that the detector cannot see the target. The shield- 
ing of the detector from the target must be mas- 
sive. Unfortunately, the efficiency of detection of 
K} mesons is small, but calculation shows that 
with a proton synchrotron that has high intensity 
(10!° — 10!! protons/pulse) the experiment is 
feasible with registration of the K} mesons by 
means of a large decay Wilson chamber, bubble 
chamber, or emulsion chamber. In the experi- 
mental arrangement we are considering the target 
is not visible, and therefore the main background 
will be due to photons from the decay of the 7° 
mesons emitted by strange particles and to neu- 
trons from the decay of strange particles. 

It is convenient to secure registration of K$ 
mesons in photographic plates by using the capac- 
ity of the K3 mesons to produce hyperfragments.° 
Whatever method is used, one must measure the 
ratio KS d nr” from the target and from vacuum. 

The registration of the K* mesons from D* 
particles (D*— K*+ 7°) decaying near the target 
is possible by means of an emulsion chamber or 
by electronic methods for registering particles. 
In this case also the criterion for the existence 
of D particles must be found in comparable values 
of (K*/t)targ and (K*/T)yac- 

In the planning of such experiments attention 
must be given to the fact that the K meson from 
the decay of a D particle with mass 750 Mev can 
be emitted at a large angle with the direction of 
the parent D particle only if the latter has a small 
energy. This complicates the problem of making 
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the target invisible to the K -meson detector if the 
decaying D particles have energies larger than 
say 100 Mev (for Ep = 100 Mev the limiting angle 
of emission of K mesons is close to 43°, and the» 
limiting angle decreases rapidly with decrease of 
the energy of the D mesons). We note, however, 
that the emission of “slow” mesons at large angles 
in collisions of protons with complex nuclei must 
be a relatively frequent phenomenon. We can judge 
this from the analogy with the case of emission of 
K° mesons at angle 90° by protons of energy 6 Bev 
(the average energy of the K® mesons is close to 
50 Mev).®° We remark that favorable conditions 
for the experiment correspond to a K -particle 
collimator that looks at a region near the target 
and above (or below) it. This arrangement de- 
creases the background from the walls of the cham- 
ber and also is a convenient way to make possible 
the observation of K particles emitted at angles 
245° with the direction of the D particles. 

In conclusion we remark that if the D*N forces 
are attractive, D* particles must form D nuclei, 
in which the D particle lives in nuclear matter up 
to its (quasi-free) decay. This is due to the fact 
that even in the presence of several nucleons there 
is no possibility of the D particle’s experiencing 
strong-interaction processes. 

It is a pleasure to thank V. I. Veksler, Chou 
Kuang-Chao, M. Ya. Danysh, and M. I. Podgoret- 
skii for interesting discussions. 
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